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On Convergence of Spectral Expansion in
Eigenfunctions of Dirac Operator

V.M. Kurbanov*, A.L. Ismailova, Kh.R. Gojayeva

Abstract. In this paper, we consider one-dimensional Dirac operator on the interval
G = (0,7). Absolute and uniform convergences of spectral expansion in eigen vector-
functions of this operator are studied. Necessary and sufficient condition for uniform
convergence of spectral expansion of the vector-function from the class WZ}(G) , p>1,
is obtained. The rate of uniform convergence on G = [0, 7] is estimated.
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1. Introduction and formulation of results

Consider on the interval G = (0, 7) the one-dimensional Dirac operator

du

Du = B@ + P(z)u, u(x)= (u'(2), uQ(x)) T
where B = < (11 10 ) , P(z) = diag (p(x), q(x)), and p(z), q(x) are real func-

tions belonging to L, (0,7), r > 1.
Let Lg(G), p > 1, be a space of two-dimensional vector-functions f(x) =

(fi(z), fa(z)) T with the norm

I/

oo = (Jo | f (@) P da) VP, <HfHOO’2 — s%pvrai \f(x)\) ,
1/2
@)= (I@P +|fa))
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Obviously, for f(z) € LZ%(G), g(x) € Lg(G), pl4+q¢g ' =1 p>1, there
exists the “scalar product”

2
)= [ <fa>do= [ Y f@ide,
j=1

Following [1], by the vector-function of the operator D corresponding to
the real eigenvalue A, we mean any non-identically zero vector-function y(z) =
(y'(z), y*(z)) T, which is absolutely continuous on G = [0,n] and satisfies the
equation Dy = Ay almost everywhere in G.

Let {un(z)}>2; be a complete orthonormalized in L3(G) system consisting of
eigen vector-functions of the operator D, and {A,},2, A, € R, be a correspond-
ing system of eigenvalues.

For the vector-functions f(z) € W, (G), p > 1, we introduce a partial sum
of its spectral expansion with respect to the system {u,(z)},~;:
ou(z, f) = Z fnun(z) = Z (fsun) up(z), v=>1.

[An|<v [An|<v

Denote R,(z, f) = oy(z, f) — f(x) and

An(f) = <f7 Bun)

5= (1@ @) - fa@) ui@) 5,

f(x) = (fi(@), fo@)",  un(@) = (un(2), up(x)) T

The following theorems are the main results of this paper.

Theorem 1. Let p(z), q(x) € L.(G), r > 1, and the vector-function f(x) belong
to WI}(G), 1< p<oo. Then
a) for the uniform convergence of the series

Dol lun(@) , z €@, (1)
n=1
it is necessary and sufficient that the series
Yo T AN un(@)] = € G, (2)
[An|>1

is uniformly convergent;
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b) for the uniform convergence of the spectral expansion
o0
S futin(a), (3)
n=1

on G, it is necessary and sufficient that the series

> N AN un(x), @ €G, (4)

[An|>1

s uniformly convergent;

c)if Ap(f) =0, n=1,2,..., then spectral expansion (3) of the vector-function
f(x) converges absolutely and uniformly on G = [0, ] and the following estimates
are valid:

1Ry (s H)lleqom < constv™ {1Pflla + Iflwyo | (5)

IR0 G Dlleom =0 (v7) v = +oo, (6)

where § = min{1/q,1/r",1/2} , p ' +q¢ 1 =1, v +¢'~1 =1, const is inde-
pendent of f, and the symbol ”0” is dependent on f.

Theorem 2. Let p(z), g(x) € L.(G), r > 1, f(z) € WE(G) and, for some
ng > 1, the following numerical series converge:

> T lw(fnh). (7)

Then all the statements of Theorem 1 remain valid. But this time, instead of
(5), (6), the following estimates are valid:

1Ro o Dllciom < const { v | PFl,o+

ol + S nton(fn ) (1+IIPH1)},

n=[v]

_l’_

1 1 m—h
a:min{, ,}, r T =1, wi(g,0) = sup / lg(x + h) — g(z)| dx,
2 r 0<h<6J0

1P, = /0 " (Ip(@)| + lq(@))) d.
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Remark 1. If the system {u,(x)},2, and the vector-function f(z) =

= (fi(x), fg(x))T satisfy one of the self-adjoint conditions

ul(0) = u*(m) =0, (9)

u'(0) + wu' (1) = 0, @u*(0) + Bru' (1) +u?(r) = 0, (10)

Baut (0) + u?(0) +wu'(m) = 0, —wul(0) + fau'(m) + () =0, (1)

then An(f) =0, n=1,2,..., where B;, i = 1,3, are arbitrary real numbers, and

w # 0 is an arbitrary complex number.

2. Proofs of the results

Proof of Theorem 1. We will consider all the sums only for the numbers
n, for which |\,| > 1, because the finite number of terms of the series (1), (3),
corresponding to eigenvalues |A,| < 1, does not affect the convergence of these
series. Finiteness of the number of eigenvalues, satisfying the condition |A,| < 1,
follows from the inequality

Z 1 <const, V12>0, (12)
T<| A |<T+1

proved in [2].

Since the eigenfunction w,(x) satisfies the equation Du,, = \,u, the follow-
ing is valid (A, # 0) for the Fourier coefficient of the vector-function f(x) €
Wpl(G), p > 1, with respect to the system {u,(x)}>2

n=1-

Fo = ) = [ (o). F@) do = 5= [ (Do), ) d =

- Al /0 (Bup(v), f(x)) da + )\1 /0 (P(@)un(2), f(x)) da.

Integrating by parts in the first integral, we get

= A7 (Bun(), f@) [§ — A5 /0 " (Bun(a), f/(2)) du+

A7 /0 (P(2)un(x), f(@)) dz = A; AL (F) = A7 /0 (Bun(x), f'(x)) da+
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! /0 " (P()un(a), f(2)) do.

Consequently, when |A,| > 1, for the Fourier coefficient f, of the vector-
function f(z) € W} (G), p > 1, the following formula is valid:

o= (fa Un) = )‘ElAn(f) - )\7:1 (B*f/aun) + )\7_11 (P*f>un), (13)

P (250 - (19,0,)

Prove that for 1 < p < 2 the series

Do B )| ()] (14)

[An|=1

Y Pl TP )| fun ()] (15)

[An]=1

where

converge uniformly on G = [0, 7].
Due to the orthonormality of the system {u,(z)}>°; in LZ(G), the following
inequalities hold:
[unllo 2 < Cllunllz e = C, (16)

[unllgz < Crllunllc o < C2y 1< g <00, (17)

where C,Cy,Cy are some constants (see [2]). Then for uniform convergence of
the series (14) and (15) it suffices to prove the convergence of numerical series

>l (B wnllual3) | (18)
|/\n‘21
S a7 |(Pr o ual7) | (19)
[An|>1

where v = min {2,7}, vy 1+~ = 1.
The functions B*f'(x) and P(z) f(x) belong to the spaces L2(G) and L2(G),

o o0
respectively. The systems {un(:z) HunH;%} ) and {un(a:) ||un\|;,12} | are Riesz
’ n= K n=

spaces in L2(G) and Lg(G), respectively (see [3]). Therefore, due to the Holder
and Riesz inequalities, from (18) and (19) we obtain

S Pl (Bl 3) | <

[An|21
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1/p g
<| X Il S (Bl )] <
‘)‘n|21 ‘)\n|21
1/p
< CgHB*f/Hpg Z | 7 : (20)
[An|>1
Sl (P a7 ) | <
[An|21
/ N L/
= (Zlma |)‘n|77>1 ! (me }(Pf, Up, Hun|\;,%2> ‘7) < (21)
1/

S CellPfllyz | D0 1Al

[An]>1

The inequality (12) implies that the series 7\ |~ [An 7%, 0 > 1, converges.
Consequently, it follows from (20) and (21) that the series (14) and (15) converge
uniformly with respect to = € G.

Let the series (1) converge uniformly on G. Then by equality (13) and uniform
convergence of the series (14) and (15), it follows that the series (2) also converges
uniformly on G. Vice versa, if the series (2) converges uniformly on G, then by
uniform convergence of the series (14), (15) and from the equality (13) it follows
uniform convergence of the series (1). Item a) of Theorem 1 for 1 < p < 2 is
proved. For p > 2 the validity of this item follows from W, (G) € W3(G), p > 2.

Now we prove item b). It follows from the uniform convergence of the series
(14) and (15) on G that the series

>N (B un) (@), (22)

[An|>1

Z M (PF,up) un(z) (23)

[An|>1

converge uniformly on G.

Let the series (3) converge uniformly on G. Then the series Y.  fun () also
[An|>1
converges uniformly. By the Cauchy criterion, for any € > 0 there exists a number

No(e) such that for any Ny, No > Ny (N1 < Na), the following inequalities hold:

S AN (B un) un(z)] < /3, (24)

N1<|An|<N2
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ST NN (Pfun) un(z)| < /3, (25)

N1 <|An <N

Z foun(z)| < /3. (26)

N1<|An|<N2

By (12) it follows from the equality (13) that

S N A(Pun@) = D faun(a)+

N1<|An | <N N1<|An|<N2

+ ) N (B ) unlx) = > NP fu) un(x). (27)

N1<|An|<N2 Ni<[An|<N2

Consequently, from (24)-(27) we obtain

> N Au(Hun(a)| <,

N1§|>\7L|SN2

i.e. the series (4) converges uniformly on G.

Let the series (4) converge uniformly in 2 € G. Then, by the Cauchy cri-
terion, for any ¢ > 0 there exists a number Ny(e) such that for any Ny, Ny >
No(e), (N2 > Nj) , the inequalities (24), (25) and

> N An(Plun(x)| <e/3, z€G,
N1<|An|<N2

hold.
Hence, from the equality (27) it follows that

Z fnun(x)

N1<|An | <N
shows the uniform convergence of the series (3) on G. The item b) is proved.
We now prove item c¢) of Theorem 1. If A,(f) =0, n = 1,2,..., then uni-
form convergence of the series (3) follows from item b). By the completeness
of the system {u,(z)}°2, in L3(G) and continuity of f(z), this series converges
uniformly just to the function f(x), i.e. the following equality is valid:

< &, which

f(z) = Z foun(z), z€G. (28)
n=1
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123
Let us prove the validity of the estimate (5). By the equality (28),

| Ry (wf)”c[o,n] =|f—=oy (wf)“c[o;r] -

- anun()_ Z Jntun(:) = Z Frun (")
n=1

|An|<v cox]  Pnl>e Cl0,x]

Applying the estimates (16), (17), taking into account the equality (13) and the

conditions A,(f) = 0, n = 1,2,..., we obtain (see (14), (15), (18), (19), (20),
(21))

1/q 1/p
* -1\1 -
1Ro G Dlliom < Cs | 2 |(BF i lunlly3) | Sl o+
|)‘n|21’ ‘)‘n|2U
1/ 1y
1 o4 —
+Co | 30 |(Prown lunllh)] Sl <
[An|>v [An|>v
1/p 1/~
SXC 1A N B S PWe S ISEN TSI B S Wil IE")
P\n‘ZU ‘)‘n|2U
Since by (12)
1/p 1/p

o <Y Y T <

[An|[>v k=[v] k<|An|<k+1
o 1/p 1
< const Z kP < Cov q,
k=[v]
1/
_1
Y Il < Civ 7,

[An|>v
from (29) we obtain the estimate (5).
To prove the estimate (6), it suffices to note that in (29) the sums of the series

_ q
S (B lenl3) |

[An|>v
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and ,

_ Y
Z ’(Pf, Unp, HunH—y/}Q)

Anl>v

are o(1) as v — +o0.

Theorem 1 is completely proved. «

Proof of Theorem 2. Let p(z), ¢(z) € L.(G), r > 1, f(x) € W}(G) and the
numerical series (7) converge. Since B*f’ € L3(G), Pf € L2(G), r > 1, it suffices
to prove the uniform convergence only for the series (14) (uniform convergence
of the series (15) for Pf € L2(G), r > 1, was already established in the proof of
Theorem 1). To this end, we estimate Fourier coefficients of the function B* f,
ie. (B*f,uy). For that, we apply the following formula (see [2]):

U (t) = (cos Ayt - I —sin Apt - B) up(0)+

+ /0 (Sin At — €) - T+ cos An(t — €) - B)P(€)un(€)dE.

As a result, we have

(un, B*f) = /0 (un(a), B f () dic =
= /7r ((cos Apt - I —sin Ayt - B) upn(0), B* f(t)) dt+
0

+/O </0 (sin Ay, (t —&) - I 4+ cos Ay (t — &) - B) P(&)un(&)dE, B*f(t)> dt = Ty ATy,

By the estimate (16) and the equality B*f = (—fa, f1)T, we obtain

71| < |un(0)] {‘/W COS)\nth(t)dt' + ‘/W sin)\nth(t)dt' +
0 0

_l’_

/ cos )\ntfl(t)dt‘ +
0

/7r sin )\ntfl(t)dtH <
0
< C’{ /07r cos )\ntfg(t)dt’ + ‘/OW sin)\ntfg(t)dt' +

/7r oS )\ntfl(t)dt' + /7T sin )\ntfl(t)dt'} .
0 0

Here, taking into account (see [4], lemma 2)

_l’_

)

/ sin Antg(t)dt‘ <
0

/ cos Atg(t)dt
0
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< const {wr (9,10l ™") + 0l M llglh } o Pl = 4,

where g(z) € L1(G), we obtain
T3] < const {wr (B*f, 0l ™) + Xl T IB fllio s 1l = 4,

We estimate the integral T5. Obviously,

73/ | /< (0 = €)1+ 05, (0 = ) - B) Pl (€. B°S0) | <

<| [ weurie A ZGEE £>dt) ae| +
.
o ess- o)
J; e ([ Aot gur)a

where un (€) = (u5,(6), up (8)) T
Applying for the internal integrals the inequality

o0 { i) pee] = const {n (oc ™) + ol

[Anl =4, g(t) € Li(G),

_l’_

+

I

and the estimate wq (g¢,0) < const {wi(g,9) + 0 |lg|l;} (see [5], inequality (19)),

where ( )
_ gz+£7 OSZSW_§7
95(2’)_{0 T—¢<z<m,

we obtain

ITy| < const [un]loy 5 /0 (Ip(@)] + g(2)]} dox

xc{wr (BT + Dal B flla} s Al 2 4

Since ||up]| o o < const, we have

To] < const | Pl {wr (B, 10l ™) + Pl 1Bl 0} -
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Consequently, for |\,| > 4 the following estimate holds:
((B* fun)| < const {eor (B* £, 0l ™) + Dl T Bl }

(TPl s [Aal = 4. (30)

We now prove the uniform convergence of the series (14) on G. By the esti-
mates (16), (30) and the equality wq (B*f, |)\n|71> = wy (f, |)\n\71), we obtain

Z ’)‘nrl [(B*f,un) un(z)| < Z [ An] ‘71 (B*f,un)l ||unHoo,2 =

P\nIZu |>\n|2l~‘

< const Z { An| "t wi (B*f, \)\n|_1) + A2 ||B*f‘|12} I+ [IP[) <

[AnlZp

<const (1 1PI) | 2 Pl eor (£ ™) + 1B fls 30 Il

[An|>p [An|>p

where u > 4.
We estimate each of the series on the right-hand side of this inequality. By
the estimate (12) and the convergence of the series (7), we obtain

Y e ()€Y Y e (A <

< Z k~twn (f, k_l) Z 1| < const Z k~tun (f, k_l) < 005

k=[u] E<|An|<k+1 k=[u]

o
Z An| 72 < const Z k™2 < constu™L.
An|2p k=[]

Consequently, the series (14) converges uniformly on G and its remainder does
not exceed the value

const (1+|[P[l) ¢ S k7twy (fk7Y) + | B*fllyput
k=[u]

Thus, under the conditions of Theorem 1, the series (14) and (15) converge
uniformly on G. Based on this and using the equality (13), we complete the proof
of Theorem 2 by the same scheme used in the proof of Theorem 1. «
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