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Commutators of Anisotropic Maximal Operators
with BMO Functions on Anisotropic Total Morrey
Spaces

M.N. Omarova

Abstract. In this paper we consider the anisotropic maximal commutator Mg and the
commutator of the anisotropic maximal operator [b, M?] on the anisotropic total Morrey
spaces Li A, N(R”). We obtain necessary and sufficient conditions for the boundedness
of the operators M and [b, M%) on LZ»\,H(R”) when b belongs to the bounded mean
oscillation space BMO(R™). We also obtain new characterizations for some subclasses

of BMO(R™).
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1. Introduction

The aim of this paper is to study anisotropic maximal commutators lel and
commutators of the anisotropic maximal operator [b, M? in anisotropic total
Morrey spaces L;‘i »,u(R™) when b belongs to anisotropic BMO spaces BMO(R™).

Let R™ be an n-dimension Euclidean space with the norm |z| for each x € R,

and S™~! denote the unit sphere on R™. For x € R” and r > 0, let £(x, ) denote
the open ball centered at z of radius r and CS(:C, ) denote the set R"\E(x, 7). Let
d=(di,...,dyp), di>1,i=1,...,n,|d =37 d; and tdo = (t4ay,... t%"z,).
By [5, 8], the function F(x,p) = Y1 | 22p~2di  considered for any fixed x € R",
is a decreasing one with respect to p > 0 and the equation F'(z, p) = 1 is uniquely
solvable. This unique solution will be denoted by p(z). It is easy to verify that
p(z —y) defines a distance between any two points z, y € R"™. Thus R", endowed
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with the metric p, defines a homogeneous metric space ([5, 7, 8]). The balls with
respect to p, centered at = of radius r, are just the ellipsoids

2

2
yl_ml y—:[;
gd(ﬁar):{yERn:(T%)_f_..._'_(nrzdnn)<1}’

with the Lebesgue measure |Ey(x, )| = v,,71%, where v, is the volume of the unit
ball in R™. Let also ITy(z,7) = {y € R™ : max;<j<y |z; — y;|'/% < r} denote the
parallelepiped, and Cé’d(x,r) = R™\ &i(z,r) be the complement of £;(0,r). If
d=1=(1,...,1), then clearly p(x) = |z| and &1 (x,r) = E(x,r). Note that in
the standard parabolic case d = (1,...,1,2) we have

/12 /14 2
P(@Z\/wl VAL x = (2, 3).

2 )

Let f € L'*°(R™). The anisotropic maximal operator M? is given by

t>0

Mif) =suwplg | [ Iy
E(z,t)
and the sharp anisotropic maximal operator M%?f is defined by
M (@) = sup €l )| [ 1(0) = Fotuoldy
t>0 E(z,t)

where |E(x,t)| is the Lebesgue measure of the ellipsoid &(x,t). If d = 1, then
M = M? is the classical Hardy-Littlewood maximal operator and M*? = M% is
the sharp maximal operator. For a fixed ¢ € (0,1), any suitable function h and
z € R, let Mi¥h(w) = (M*4(|h|7)(2))"/* and M2h(z) = (M%(|h|7)(2))"/".

The anisotropic maximal commutator generated by the operator M9 and
be Li _(R") is defined by

loc

r>0

Mg f(z) = sup |z, 7)] /g @) b))

The commutator generated by the operator M? and a suitable function b is
defined by
(b, M) f () = b(a) M f () = M (bf) ().

Obviously, the operators Mbd and [b, M¥] essentially differ from each other since
M¢ is positive and sublinear and [b, M9 is neither positive nor sublinear [1, 2, 3].
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Morrey spaces, introduced by C. B. Morrey [23], play important roles in the
regularity theory of PDE, including heat equations and Navier-Stokes equations,
see also [20]. In [15], Guliyev introduced a variant of Morrey spaces called total
Morrey spaces Ly x ,(R™), 0 < p < 0o, A € R and p € R. In [1], the anisotropic
total Morrey spaces Li Al u(R”), have been considered, their basic properties and
some embeddings into the Morrey space Li Au(R™) have been studied. In [16],
necessary and sufficient conditions were found for the boundedness of the frac-
tional maximal operator M, in the total Morrey spaces Ly ,,(R™). Necessary
and sufficient conditions for the boundedness of the anisotropic maximal operator

M? on anisotropic total Morrey spaces Lg au(R™) were obtained in [17] .

The operators M¢, Mgl and [b, M%) play an important role in real and har-
monic analysis and applications (see, for instance, [1, 2, 3, 9, 21, 22, 25, 26, 27]).
The nonlinear commutator of Hardy-Littlewood maximal function [b, M| can be
used in studying the product of a function in H' and a function in BMO [6].
The boundedness of the anisotropic maximal operator M? on LP(R") is one of the
most fundamental results in harmonic analysis. It has been extended to a range
of other function spaces, and to many variations of the standard maximal opera-
tor. The commutator estimates play an important role in studying the regularity
of solutions of elliptic, parabolic and ultraparabolic partial differential equations
of second order, and their boundedness can be used to characterize some function
spaces (see, for instance, [4, 10, 11, 18, 19, 24]).

This paper is organized as follows. In Section 2 we give some definitions and
auxiliary results. In Section 3 we obtain necessary and sufficient conditions for the
boundedness of the anisotropic maximal commutator Mg on the anisotropic total
Morrey spaces LZ} A (R™). In Section 4 we find necessary and sufficient conditions
for the boundedness of the commutator of anisotropic maximal operator [b, M9]
on L¥, (R™).

By A < B we mean that A < C'B with some positive constant C' independent
of corresponding quantities. If A < B and B < A, we write A ~ B and say that
A and B are equivalent.

2. Fractional maximal operator in total
anisotropic Morrey spaces

In this section we find necessary and sufficient conditions for the bounded-
ness of the anisotropic fractional maximal operator M¢ in the anisotropic total

d
Morrey spaces Ly , ,(R").

Definition 1. Let d = (dy,...,dy), d; > 1,i=1,...,n. Let also 0 < p < o0,
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A€R, peR, [t = min{l,t}, ¢ > 0. We denote by Lg)\(R”) the anisotropic
Morrey space, by EZA(R”) the modified anisotropic Morrey space [12, 14], and

by sz/\u(R") the total anisotropic Morrey space [1, 15], the set of all classes of

locally integrable functions f, with the finite norms

2
1Fla, = xeﬂz}}%ot P | fll e

2
||f”z§iA = s O[th "Ny e

xelR"™,

_A B
— P P
171z, = _sup_ (" WAL I e

respectively.

Definition 2. Letd = (dy,...,d,),d; > 1,i=1,...,n. Let also0 < p < o0, A €
R and u € R. We define the weak amtsNotropic Morrey space WL;A(R”), the weak
modified anisotropic Morrey space WLg)\(]R”) [12, 14] and the weak anisotropic
total Morrey space WL? , (R™) [1, 15] as the set of all locally integrable functions

. ! P
f with the finite norms

A
= t
1 lwea s P | fllw e, @)
_a
=~y = su t], ?
F e | xeRnEw[h £ lw L, (e (2,t))s
A
[fllwrpa . = sup [ty " [1/47 [[fllwr, @)

P Z‘ERTL,t>O

respectively.

Lemma 1. [17, Lemma 2.1] If0 <p < oo, 0 < pu < X <|d|, then
L (BY) = LiA(RY) A L, (RY)

and

1lzs ey = max {1 Flza 1S g, -
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Lemma 2. [17, Lemma 2.2/ If 0 <p < o0, 0 < pu < X <|d|, then
WLL, (R") = WLL (RY) N WLY (R
and
1wz, @y =max {1 flwee I flweg, b
Remark 1. Let 0 <p < oco. If u <0 or X\ > |d|, then
Ly, (R") = WL, ,(R") = O(R"),
where © = O(R™) is the set of all functions equivalent to 0 on R™.

The following Guliyev local estimate is valid (see also [13]).

Lemma 3. [13, Lemma 4.1] Let 1 < p < co. Then, for p > 1 the inequality

|d]

Ldl _ld
IMOfI L@y ST tSSQPt PNz, (1)

holds for all E(z,r) and for all f € Lt (R™).

loc

Moreover, if p = 1, then the inequality

1M fllw iy @y S ' sup 1N 1l L (2)

holds for all £(x,r) and for all f € LY°(R™).

Theorem 1. [17, Corollary 2.1] Let 1 <p < o0, 0 < A < |d| and 0 < p < |d|.

1. Ifp>1, fe Lg’A’#(R"), then M2f € Lz)\’u(R”) and

HMdeLZJVH S va)‘uu' HfHLZ,A,u’

where Cp » ,, depends only on p, X, p and |d|.
2. If f e Lcll’)w(R"), then Mf € WL%A’#(R”) and

d
HM fHWLl,A,M < Cl,A,u HfHL‘linL’

where C1 y,, depends only on p, X, p and |d|.
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3. Anisotropic maximal commutator M on spaces L{, (R")

In this section we find necessary and sufficient conditions for the bounded-
ness of the anisotropic maximal commutator M, gi on the anisotropic total Morrey
spaces Lg u(R™) when b belongs to BMO spaces BMO(R").

Definition 3. We define the bounded mean oscillation space BMO(R™) as the
set of all locally integrable functions f with finite norm

1l = swp [E e /g( 150 = Feldy < o
x,t

z€R™,t>0

where fS(:L‘,t) = |8(1‘,t)’71 fcﬁ'(ac,t) f(y)dy

Theorem 2. [21, Lemma 1] If b € BMO(R"™), then for any q € (0,1), there
exists a positive constant C such that

My (M f) () < Clloll M (M) () (3)

for every x € R™ and for all f € LL (R™).

loc

The following theorem is the first of our main results.

Theorem 3. Let 1 < p < 0o, 0 < A < |d| and 0 < pu < |d|. The following
assertions are equivalent:

(i) be BMO(R™).

(i) The operator M{ is bounded on Lg7A7M(R”).

(tit) There ezists a constant C > 0 such that

H (b(-) - bS)XXHL;l%M(]R")

sup <C. (4)
£ HXEHLZ’AM(]R")
(iv) There exists a constant C > 0 such that
b(-) — be)x n
00l .
£ €]

Proof. (i) = (ii). Suppose that b € BMO(R™). Combining Theorems 1 and
2, we get

; A rpd d(yd
185 F g, S W0l I VN g ol IV (M) g,
< d S
S Mol M Sl S WSl
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(i4) = (7). Assume that M{ is bounded on Lg/\M(R”). Let &€ = &(z,7) be a
fixed ellipsoid. We consider f = xg. It is easy to compute that
g =2 i

Ixella = (7 171 (6)

On the other hand, for all x € B we have
1
pa) — be] < [ o) bl
€] Je
1
= &7 [L @)~ bl el < M(xe) )

Since Mgl is bounded on L¢

pu(R™), by (6) we obtain

. d
1o =be)xellpe, — NMg(xe)llze, _Ixellag

— ~Y
Ixellre, | Ixellre, | Ixellre, |

=1, (7)

which implies that (4) holds because the ball £ C R™ is arbitrary.
(#i7) = (iv). Assume that (4) holds. Let’s prove (5). For any fixed ellipsoid
&, by (4), (6), it is easy to see that

|51| 1(o() - bS)XsHLl(Rn) = ‘gl| 1(o() - bS)XsHLl(S)

1

A _B 14|
S /7 (b= be)xellg

16— be)xellpa, | -

~

~

Ixellze

(iv) = (7). For any fixed ellipsoid &, we have

1 / (b —be)xellr
— [ |b(z) — be|dy =
&l e | €|
b—1b
< sup (b — be)xellr <1
5 €]

which implies that b € BMO(R"™). Thus the proof of Theorem 3 is completed. <
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4. Commutator of anisotropic maximal operator [b, M?] on spaces
LZ,)\,M (Rn)

In this section we find necessary and sufficient conditions for the boundedness
of the commutator of the anisotropic maximal operator [b, M d] on the anisotropic
total Morrey spaces L%, (R™) when b belongs to BMO spaces BMO(R™).

DA
Let b be a function defined on R™ and denote

b= (z) = {o, %fb(a:) >0
|b(x)], ifb(x) <0

and b+ (z) := |b(z)| — b~ (x). Obviously, b* (x) — b~ (z) = b(z).
The relations below between [b, M9] and M are valid.
Let b be any non-negative locally integrable function. Then for all f €

Li (R") and x € R™ the following inequality is valid:

loc
|[b, M9 f ()| = [b(z) M f(z) — M (bf) ()|
= [M*(b(x) f)(z) — M (bf)(z)]
< M(|b(x) — b|f)(x)
= M f(=).

If b is any locally integrable function on R", then
b, MY f(x)] < My f(x) + 207 (x) MPf(z), = €R", (8)

holds for all f € L} (R") (see, for example, [15, 21]).
Obviously, the operators Mgi and [b, M%) are essentially different from each
other because M{ is positive and sublinear and [b, M9] is neither positive nor
sublinear.
Let £ = &(x,r) be a fixed ellipsoid. Denote by MZf the local maximal

function of f:
d 1 n
Mgf(r):= sup —- lf(y)|dy, x € R™.
grozerce €] Jer
Applying Theorem 3, we obtain the following result which is the second of

our main results.

Theorem 4. Let 1 < p < 00, 0 < A < |d] and 0 < p < |d|. The following
assertions are equivalent:

(i) be BMO(R™) and b~ € L>®(R™).
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(ii) The operator [b, M%) is bounded on Ld L (R™).
(#i1) There exists a constant C > 0 such that

100 - MEDO ellag, ey

sup (9)
: Drelzs, @
(tv) There exists a constant C > 0 such that
b() — ME(D)(-))x n
o 60 = MO _ "

£ 1]

Proof. (i) = (ii). Suppose that b € BMO(R™) and b~ € L*°(R™). Combining
Theorems 1, 3, and inequality (8), we get

b, MU fll e < |IMEf+ 26~ M La
DA, DA,
<M fllga A 07 e Ml
< IS
< (bl + 167 o) 1l |

Hence it follows that [b, M?] is bounded on Lg apu(RY).

(i) = (ii). Assume that [b, M9] is bounded on LgA ,(R™). Since

M%(bxe)xe = ME(b) and M%(xe)xe = xe,

we have
|ME(b) — bxe| = [M(bxe)xe — bM*(xe)xel
< |M(bxe) — bM(xe)| = |[b, M xel.
Hence
Mg (1) = bxellps ) < 10, Mxel L my:
Thus we get

— MY M
(b g(b))XsHLgM _ | [b, ](XE)IIL;M - HXsHLgM

Y

~Y
Ixellr, Ixellre, | Ixellre, |

which implies (7i7).
(7i7) = (iv). Assume that (9) holds. Then for any fixed ellipsoid &, by (6),
we conclude that

g7 @) — MA@ S o 10— MEG) el e el
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|d|

o771 10— MEO)xe g,
H(b_Mg(b))XeHLgAM

Iellze

(tv) = (i). Assume that (10) holds. Let’s prove that b € BMO(R"™) and
b~ € L*(R"™).
Denote

E={yef:bly) <be}, F:={yec&:bly) >bs}

L Ib(y) — be| dy = /F Ib(y) — be| d,

in view of the inequality b(z) < bg < MZ(b), x € E, we get

1 2
w/g\b@)—bg\dyz ,g‘/ Ib(y) — be| dy

,g‘/\b (5)(y) ds|

[b(y) (0)(y) dy| S 1.
“el .
Consequently, b € BMO(R").

In order to show that b~ € L>°(R™), note that MZ(b) > |b|. Hence

Since

0<b =|bl—b" < MZ(b) —b" + b = MZ(b) —b.

Thus
(b_)g < c,

and by the Lebesgue differentiation theorem we get

0<b (x) _;1|1E>10‘g|/ )dy < c¢ for a.e. z € R".
|
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