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1. Introduction

Let a € Ry = {ae R‘aZO};x = (x1,...,2,) be a point in the space
R"™ Q C R"™ be a bounded domain with the boundary 99 of class ¢?®, b > 1; Qr =
Q x (0,T) be a cylinder of the given height 7' > 0; Q; = Q x (a,a+1t) be a
cylindrical domain in the space R, t € Ry; 0Q; = 09 x (a,a + t) be a lateral
surface of the cylinder Q.

Throughout this paper, the functions are assumed to be real-valued. We will
use the following function spaces [8, p.126], [9, p.118], [10] and [11]: the spaces
of summable functions Ly, (Q¢), p > 1 with the norm

a+t 1/p
lull, o, = / / o (z, O dadt |
a 0

the anisotropic Sobolev space I/Vp2 b1 (Qt) with the norm

62b

O 2b + [l gy, -

[ellyze g, = el g,
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By Diu we denote a vector from partial derivatives D% of the function
u(z,t), a = (a1,...,0,,0), |a] = i. This vector has n; components, where
n; is the number of various multiindice o = (a1, ..., ap,0), |a| = 1.

Each section of the paper has its own notations. Therefore, in different sec-
tions, C1, C9, Cs, etc. can denote different constants.

We deal with the generalized solutions u € Wg b (Qr), p > 1 of the problem

Lu + %—;‘ =f (:L‘,t, u, Du,...,DQb—lu) , (x,t) € Qp,

Biu‘aT:O (i=0,1,....b—1), (x,t) € Qr, (1)
u(z,0) =0, ze€Q

(Qp) 1D the space VVQb’1 (Qr)
and b > ”TH . Thus, the boundary value problem (1) is considered in the intersec-
tion of spaces W' (Qr) N W™ (Qr). Note that [see. 17] for [2b+ (n + 2)]p >
2 (2b+ n) we have the embedding T/Vp%’1 (Qr) C I/VQb’1 (Qr).

Here D'u = {Dgu ‘7 is a multiindex with |[j| = l}, Lu is a quasilinear ellip-

provided that there exists a priori estimate ||lul[} ;.1
2

tic operator of order 2b > 2 of the form

Lu = Z Gy <x,t,u, Du, ... ,Dku> D%u
|ae|=2b

with some k, 0 < k < 2b — 1, the coefficients a, (:J:,t,u, .. .,Dku) (|| = 2b) of
the operator L are real and continuous functions on Q7 X R X R" X --- x R™
and B; (i=0,1,...,b— 1) are linear boundary differential operators of orders
b; < 2b — 1 with real coefficients.

In what follows, & = {57‘7 is a multiindex with |y| = l} is such that & €

R, & € R, ..., € R™ with corresponding n; and || = > |&] .
Iv|=t

The following conditions are to be fulfilled.

A.1) Let the function f (x,t,&o,&1,...,&2_1) be defined on Qr x R x R"™ x
-+ X R™b-1 with the values in R and also be a Caratheodory function, i.e. mea-
surable with respect to (z,t) for all (§y,&1,...,8-1) € R X R™ X -+- x R"-1
and continuous with respect to (§o,&1, - ..,&%p—1) almost for all (z,t) € Qp.

A.2) Let b > "TJFQ . By lg we denote the least positive integer larger or equal
tob— 242 (ie. lp>b— "2 ) and let & = {g’ | < zo}.

Let

2b—1

|f($7t7§01617 R 7521171)’ < b(x7ta€*) + Z bl (x7t7£*) ' ‘§l|m

l=lo
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almost for all (x,t) € Qp and for all {§; € R, & € R™, ..., -1 € R™-1 with
non-negative Caratheodory function b, b;, such that for any r > 0

~

bT’ ($7t) :Sup b(l’,t,f*)

el= 3 lgl<r

+2
fri<b—232

belongs to L, (Qr) with p > 1 and [2b+ (n + 2)] p > 2 (n + 2b), while the function

~

bl,T‘ (I’,t) = sup {bl <$7t7§*>

I Sr}

belongs to Ly, (Q7) with ¢ > p for [ = 1o, lp+1,...,2b— 1.

A.3) Let
_ 2b+n+2 2 n+ 2b @)
M T2+20-b) n+t2+2(-0 q
forl =1y, lo+1,...,20—11if b > ”7“ Here py, is any positive number for

n+2+4+2(y—0b)=0.
A.4) Let b > ”T‘*'Q and the integer £ > 0 be such that b — k > ”T‘*'Q
Let the operator u (x,t) linear with respect to L,u, equal to

Lyu= Z Qe (x,t,v, .. .,Dkv) D%u,
|a|=2b

for any function v € C*:0 (@) be a linear elliptic operator, and B; (i = 0,1,...,b— 1)
be linear boundary differential operators of orders b; < 2b — 1, respectively, with
real coefficients such that the linear with respect to u (z,t)) boundary value prob-
lem ou

St + Lou(z,t) = g (2,t), (x,t) € Qr,

Biu‘aQ =0 (i=0,1,....,b—1), (z,£) € 92 x (0,T), (3)

T

u(z,0) =0, €

. . . 2b.1 . . . .
is coercive in the space W), (Qr) , i.e. a priori estimate

lullyzer gr < € (19 + Il ) (4)

with a positive constant C, independent of g € L, (Qr) and of the solution u €
Wy 1 (Qr) of linear problem (3) is true. This time, the constant C' can depend
on the modules of continuity of the coefficients aq, (Ja| = 2b) and modules of
continuity of the functions v, Dv, ..., D¥v. Note that sufficient conditions on the
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coefficients of the operator L and B; (i =0,1,...,b— 1), providing coerciveness
of linear (with respect to u (x,t)) boundary value problem (3) were stated in the
papers of S.Agmon, A. Duglis, L.Nierenberg [12], V.A.Solonnikov [9, p.112] and
[10].

This paper organized as follows.

(Qr)’ expressed by

. In Section 2, there is a counterexample showing the unimpovability

In Section 1, we give a theorem on a priori estimate |[u| ;251
P

HUHW;J(QT)
of the growth of the function f with regard to the derivatives D7u with |y| < 2b—1
under the general conditions of the theorem from Section 1. A theorem on the
solvability of boundary value problems for some quasilinear parabolic equations
of arbitrary order is proved in Section 3, Section 4. The main attention is paid to
the attainability of limits to growth for the nonlinear component of equations and
to restrictions on its summability. As known, for second order equations of elliptic
[1] and parabolic [4] types, the limit degrees are achieved. But as the examples
constructed in [2] show, this is not true for higher order elliptic equations. In the
parabolic case Wahl [5, 6] proved that subject to the coercive type conditions for
higher order equations and systems, the maximum limit to growth is achievable.

The solvability of boundary value problems is proved on the basis of known
theorems on a priori estimates using the Leray-Schauder method [7, p.235-236].

Quasilinear elliptic parabolic equations were considered by M.I Vishik [13],
Yu. D. Dubinski [14], F.Browder [18], V. Wahl [15], S.I. Pohozhaev [1, 2], G.G.
Laptev [3, 4] and other authors. In [13, 14, 15, 18], it was assumed that a
nonlinear operator has a divergent structure. In [1, 2, 3, 4], and in the present
paper this problem is studied without assumption of divergence of the structure
of subordinate nonlinear operator. This enables us to consider more general
nonlinear subordinated operators.

The paper is based on the following two moments: the use of an interpo-
lation inequality for estimating HDjuHM, 7l =1, 26 > 1 > b— "T"'Q through
Hungb,l(Qt) and HU/HWQb,l(Qt), and application of the theorem on solvability of
linear parabolic problems in the small cylinder Q¢ [9, p.112-129]. By means of
special constructions it is shown that the coefficients for HuHszb,1 (@) are inde-
pendent of the cylinder height, when this height is low. This allows through the
use of low-height cylinders to set the achievability of limiting degrees p; that are
not achieved in the elliptic case.

Lemma 1. Let u € szb’l (Qr), Qr =Qx (to,to+7) C Qr, u(z,to) =0 and
condition A.1) -A.3) be fulfilled. Then,

1-6,

HDjuHS“QT <Ci- Huuzé,pzbl HUHWQb,l(QT)

@) + o flullypr g, (5)
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with positive constants Cy and Coq, independent of the function u(x,t) from
ng’l (Qr), to and T, where

1 2(-b)+n+2 1 2b+n+2
S, 2(n+2b) "\p 2(n+20b)

2(l-b)+n+2
20+ n+2

<O, <1, |jl=1,2b>1>k. (6)

Proof. The function u (z,t) is originally defined in the cylinder of low height
7. Let’s continue it over the entire cylinder Q7 by extending it by zero on the
segment [0, o] and then redefining it elsewhere. In more detail,

0, 0<t<t,

u(x,t), to<t<to+T,
u(z,2(to+7)—1t), to+7 <t <ty+ 27,
0, t>tg+ 27

a(z,t) =

Note that according to the theorem on traces [9, p. 116], for each t €
[to,to + 7], the trace u (z,t) is determined as a function continuous in Q . In
particular, the functions u (x,tp) and u (x,to + 7) are completely defined. Obvi-
ously, u € ng’l (Qr), this time

<2+ fullyps

1l weror) @)

HaHWpr'l(QT) <2 HuHWz?b’l(Qr) ’ HD]aHSz;QT =z HD]uHSz;Qr ' (7)
From the Galiiardo-Nirenberg interpolation inequality [16] for the derivative
|Dial|, |l =1, 2b > > k, we have

~110 1-6 ~
| Dd <l g, Nl o) + ol

“Hs Qr Wi (Qr)

Qr)

The direct calculation shows that 6, = 1/p;. Taking into account the inequal-
ities , we obtain the statement of Lemma 1. <«

Lemma 2. Let the conditions A.1) - A.3) be fulfilled. Then the operator F' (u) (z,t) =
I (x, t,u, Du,... ,D2b*1u) acts completely continuosly from I/Vp%’1 (Qr) to L, (Qr).

Proof. Estimate |F'(u)l|,.q, by means of conditions A.1)-A.3). It follows
from condition A.2) that

2b—1

Z Z Hblr

I=lo |j|=1

IF ()]0, < IP7ull g,
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with r = const ||U||Wb,1(Q ¥ Sy = EIEL and the positive constant C'3 independent
2 T

of the function u (z,t) from Wg b1 (Q+), to and 7. Then, based on the equalities
(2) and interpolation inequalities (5) with |j| = | = lo,lop + 1,...,2b — 1 and
corresponding S; and p;, defined by formula (6), we obtain

2b—1

p;Qr+C3.ZZ’

1=lo [j|=1

£ (u) br

bl,r

o < :
‘ILQT ql;QT

Hi
. . 0, . 1-6; <
Ol Tl g+ Colulhypg, | <

2b—1
3 ) Com—1 o1
= | p;QTJrCS ;Hbl” @:Qr 2 O - llullyzer g, Hu||W2b’1(QT)+
=to
2b—1
+C5 - Hbl R Lo i e | P |V S—
I:Zlo g |PeR 2l HWQl”1
= [r] . + @1 (g gy ) - Tlyzen oy + @2 (Hulugrigny)
where
2b—1
¢ ( : ) =C5- HbA Com=l ok w1 ’
1 ||u”W2bl(QT) 3 lzl;) l,'l’ aw:Qr 1 HUHWval(QT)

2L O ful

2b—1
D) <||u||W2b’1(QT)) =0Cs- IZZ Hbl,r w0 5 (Qr)
=to

ie. &1, 3 : Ry — R, are the increasing functions defined by the given data.
This proves the boundedness of the operator F' (u).

Since p[2b+ (n+2)] > 2(n+ 2b), from Sobolev‘s embedding theorem [17,
p.74-95] it follows that the embedding operator F' : szb’l (Qr) — Lg, (Qr) is
completely continuous. By estimate (8), the operator F' : L, (Qr) — Ly (Q) is
bounded and, by the general properties of a superposition operator, is continuous.

Then the operator F : Wp%’1 (Qr) — Lp(Q) is completely continuous as a
composition of completely continuous and continuous operators. <«
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Theorem 1. Let conditions A.1) - A.4) be fulfilled. Then there exists such an

increasing function ® : Ry — Ry that for any possible solution u € I/Vp%’1 (Qr)
of problem (1) the following a priori estimate is true:

lullyzet gy < @ (lelly o, ) - (9)

The function ® depends only on unknown data included into the conditions of

the theorem (including those on the quantities by , ‘ Blo,r e ng_17r
p,Qr a0y QT a26—-1;QT

with r = constHung,l(QT) :

Proof. In the cylinder @, = Q x (to,to + 7), we consider the following linear
problem:
Lou+ %% = g(a,t), (z,) € Q-,
Biu‘aQ —0 (i=0,1,....b—1), (z,t) € 9Q-, (10)

u(z,to), =€
The linear boundary value problem (10) (with respect to u (x,t) ) is coercive
in the space W,?b’l (Qr), i.e. the following a priori estimate is true:

v, ) (11)

with positive constant Cy, independent of g € L, (Q;), the solution u € W,? b1 (@Qr)
and tg, 7 . On the other hand, from the Sobolev embedding theorem [17, p. 74]
we have

lullyzes g,y < Ca (g, +

ullg, < Cs-| (12)

[l g

for 2b > n+ 2, with the constant C5 > 0, independent of the function u (x,t) and
to, T.
Now, using the coerciveness inequality (11) with

gz, t)=f (x,t,u, Du,. .. ,DQb_lu) = F (u) (z,t),

for the problem

Lu+ 2% :f(x,t,u,Du,...,D%_lu), (z,t) € Qr,
Biu’aQ —0 (i=0,1,....,b—1), (z.t) € 9Q, (13)

P

u(z,tg), = €Q,

estimate (12) and inequality (8) we obtain

o+ ()

YT

br

lulhyaq,) < G- |
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Nullyzvag,) + @2 (lelygag,)) +Cs - lullypig,y] - (14)
Based on the aforesaid, we choose 7 so that the inequality Cy - &1 < 5 is
satisfied or

2b—1

CyCa- 3 O -2l o
I=lg

<

1
wo, =5 (15)

Recall that the constants C3 and Cy are independent of the choice of #y and
T.

We decompose the domain @Qr into the cylinders Q¥ = Q x (0,7), Q' =
Qx(1,27),,QF =Qx (kr,(k+1)7),...,Q% = Q x (K7,T) of height 7. Since
T is fixed, the number of these cylinders are finite.

Let ug € Wpr’l (Qr) be the solution of (1). Let us consider problem (1) in the
cylinder Q° as linear one with the right-hand side fy = f (3:, t, uo, . .. ,D2b*1u0).
According to the inequalities (11), (12) and (14)

lwolly201 goy < Ca (Mol + oo ) <

~

= ( Prllpgo T2 (ol o) - Tolhyzr oy +
3 (Jluollyy21 oy ) + C5 - oot oy ) (16)
By virtue of (15), the coefficient for Hugszb,l(QO) does not exceed 3, so the
p

inequality (16) takes the form

1 c°
HUOHngJ(QO) < 9 ) HUOHWSbvl(QO) + DR
(1

where the constant C° is defined by (16). Hence
0
||UOHW§b’1(QO) S C .
Consider the cylinders Q*~! and QF,1 < k < K and assume that the estimate

HuQHWEbJ(Qk,l) < Ckfl

is already obtained.
Let us make sure that it implies the estimate

k
Juollyy 20 (guy < C*
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Let us denote V (x,t) = ug (z, 2k — t) and assume
u (1’,t) = Up (I‘,t) -V (.%',t) ) (xat) S Qk

Obviously, @ € W™ (Q*) and @ (z, k7) = 0.
Consider in Q¥ the following problem:

Li+ 3% = f(z,t,a+V,...,D®* 1 (a+v)) — (LV+ L), (2,t) € QF,
u(x,kt) =0, z €,

u
Bm‘ —0 (i=0,1,....b—1), (x,) € IQF,

(17)

The function @ (z,t) is the solution of the problem (17) since according to the
assumption, the function wug (z,t) is the solution of problem (1).
Using the estimate

Iallyergry < Zlluollyeig,) (18)
and the equality
IV llwze ey = luollyzes(gr-ry s (19)
similar to (16), we obtain
g1y <

ov
<Oy <Hf (wta+ V... D@+ V) - (m + LV> H + IlﬂHp;Qk> =
R~

S C’4 (;7'

2b—1 )
pQFk +Cs- Z Z Hbl?r

I=lo |j|=1

o | D7 (a + V)Hgi;Qk +

qi;

+Co Vil ey + Cs- Ny gn)) <
b,

§C4<

+ @ (Hﬂ + VHW;l(Qk)) + Cp - HUOHWE}’J(Qk—l) + C5 - |lug — VHwaJ(Qk)) <

SC4<13

DOt + &, <Hu + VHW2E)1<Q’€)) la+ VHW}?b,I(Qk) +

r

0" + &, (HuOHWZb,l(Qk)) . Huo”wgm(@k) + &9 (HUOHWQbJ(Qk)) +

+Ci ol (guer) +205- ol gu) - (20
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where Cg > 0 is a constant independent of the function u (x,t) and tg, 7.
Since the coefficient |[ug|l;; 261 (@*) does not exceed 3, the inequality (20) takes
p

the form

- 1
HUHW%,1 B <o HUOHWQb,l vy +C7- HU()szb,1 w1y + Cs, (21)

where C7 and Cy are defined by (20).
Note that ug = a4+ V, so

HUOHngJ(Qk) < HUHst,l(Qk) + HV”WEb’l(Qk) .

Using (21) and (19), we obtain
1
HUOHng’l(Qk) < 5 HUOHngﬂ(Qk) + C(7 : Hu()”wgb’l(Qk—l) +

1
+Cs + HVHngJ(Qk) < 5 HUOHW,,%J(Qk) +
+C7 - HuOHngJ(Qk—l) +Cs + HuOHng’l(Qk—l) .

Hence
H’LLOHWZ?b,l(Qk) <2(1+Cy)- Huongb,l(Qk,l) + 2Cs. (22)

According to the assumption Huonzb,l(Qk,l
P

) < CF1) (22) implies

k
H’LLOHng,l(Qk) S C .

Application of induction completes the proof of Theorem 1. «

2. Unimprovability of growth indicators under the conditions of
Theorem 1

In this section, we give an example of boundary value problem (1) for which
all the conditions of Theorem 1, except condition A.3), i.e. equality (2), are
fulfilled. An appropriate inequality for this counterexample is satisfied, and it is
shown that the statement of Theorem 1 is not fulfilled.

Let us consider the function u (x,t), dependent on the parameter €, 0 < € < 1,
defined by the relations

u(z,t) = ek (y,7), y= (23)
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where v € C® (R"H) and k=b— ’%2 Assume that

LSS /|DO‘ 5.0)? dxdt+/

|a\<b

dxdt <C, Yee(0,1], (24)

where the constant C' is independent of ¢.
On the other hand, we have

1/p
o 1p ou |
ullyyzer (g, = Z Dl dedt + [ |5 dedt| >
|oz\<2b Or
11/p
P
> / | Dl dwdt + / ?;: dodt| =
la|= 2b - |
1/p
n p
_ k: 20+ +2b_ Z /‘Dav|l’dyd7+/ % dydr ,

2b
||=2b e :

where Q5 = {(y,T) ‘ eyeq, 7-e?¢ (O,T)}. Hence, for a domain Qp such
that

Qgﬁgz{yeR” 6yEQ} for ¢ € (0,1], (25)
we obtain
1/p
k—2b+ 12t o 1p ov|P
lully 2o,y <€ : |Z D[P dydr + | || dydr
2b
Then for the function v (y,7) with
o 1p ov|P
Z |D*v|P dydT + 3 dydr >0 (26)
|ar|= 2bg
andfork—2b+%2b:b—"T“—zm%?b:—b—nT”Jr"”b >0, i.e. for
2 2b
(n + 2b) (27)

2b4+n+2’
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we obtain the relation

||U”W5b,1(QT) — 400 ase — 0 (¢ >0). (28)

Note that the inequality (27) implies the embedding

WP (@Qr) € Wy (Qr) - (29)
Now for the function u (x,t) we compose an equation of the form
Ay (z,t) — 27: by (z,t) - |Lyu (z, )| (30)

with a linear homogeneous differential operator L; of order [ with constant coef-
ficients. Then,
Aby (z,t) ou (x,t) /Ot

by (z,t
) = e, ) ™ T (o, )
and
1/
Ity = | [ Il dode | <
T - T u a
P / | APy dyd7+/ |0v/0T|% dydr
- |LZU‘QZHl ‘LI,UIQZNL
0 0 0 Q.
Hence, for
2b4+n + 2 2 n+2b
- : l=1lp,lo+1,...,2b—1 (31
M= i o+20=b) nt2+20=b q it h . (31)
we obtain
1/q
|Abo|" dydr |Ov/oT|" dydr
10l g0 < e T e | (32)

Rn

Now, we assign to the equation (30) the initial-boundary conditions

ou a1y
U =0, 5 =0,...,5% =0, (z,t)€0
‘BQT > Qv 00y ’ ? gvb—1 Yo ) ( ) ) Qr, (33)
u(z,0) =0, z€Q,
where %, . gbv%”f are appropriate order derivatives of the function w (z,t) on

0Qr in the direction of outer unit normal v to 0Qr.
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Thus, the construction of a counterexample in the domain Qr, satisfying
condition (25), for k = b—%” and p > 1, satisfying the inequality (27), is reduced
to the construction of the function v € C* (R™*!) satisfying the inequality (25)
and the inequality

a

A" dyd e
/ |A%[* dydr /|av/ar\ dydr\ (34)

|le\q”” |LZU|QZM

Rn+

and generating boundary conditions (33) for the function u (z,t).

3. Conditional existence theorem

Based on Theorem 1 on a priori estimate, a general theorem on the solvability
of boundary value problems for quasilinear parabolic equations subject to the

existence of intermediate a priori estimate [|u||;;.1 (@r) for solving a corresponding
2

family of boundary value problems, was obtained.
Let us consider the boundary value problem (1) in the real Sobolev space

W31 (Qr) , p > 1, provided that there exists a priori estimate for HU||W2b,1(QT) in

the space I/VQb’1 (Qr), and b > "T‘"Q
Let us associate to the problem (1) the following parametric family of bound-
ary value problems:

%?—i-‘ |Z2béa (z,t,\u,...,DFu) Do = f(m,t,A,u,...,DQb*lu), (z,t) € Qr,
al=

Bu =0, (1=0,1,...,b—1), z€099Q, t€(0,T)
aQr
u(z,0) =0, z€Q,

(35)
dependent on the parameter A € [0, 1].

We consider the boundary value problem (35) in the real Sobolev space
sz b1 (Q7) with p > 1 under the following conditions .

B.1) Let the function f (x,t, X, &, ...,&p—_1) be defined on Q7 x [0,1] x R x
R™ x --- x R™-1 with the values in R and also be a Caratheodory function, i.e.
measurable with respect to (z,t) for all (A, &o,...,&p-1) € [0,1] x RX R" X --- X
R™-1 and continuous with respect to (X, o, . .., &2p—1) almost for all (z,t) € Q.

B.2) Let b > "T” By lp we denote the least positive integer either larger or

equal to b — ”T” and let &, = {57) lv| < lo}.

Let
2b—1

f(x7t7A7£07 <o 7§2b71)‘ < b(l‘,t,{*) + Z bl (.’L',t,f*) ' ‘§l|m

l=lg
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almost for all (z,t) € Q7 and for all A € [0,1],& € R, & € R",...,&p-1 €
R™b-1 with nonnegative Caratheodory functions b, b; such that for any r > 0

br (‘T’t) = Sup b(x,tag*)

|§*‘ = Z <r

2
l&y|<b—"32

belongs to L, (Q7) with p > 1 and [2b+ (n+ 2)]p > 2 (n + 2b), while the func-
tions

by, (z,t) = sup {bl (2,1,&) | [6+] < 7’}

belong to Ly, (Q1), @ >p,l=1ly,lo+1,...,20—1.
B.3) Let

2b+n+2 2 n+ 2b

M 2+20-b) n+2+20-0 q

for l =1lo,lo+1,...,2b—1, of b > 242

B.4) Let b > 212 and the integer k > 0 be such that b — k > 22, Let the
functions aq (z,t, A, o, ..., &) (Ja] = 2b) be real and continuous on Q7 x [0, 1] X
R x -+ x R™ . Let the operator

be linear with respect to u (z,t) for any A € [0,1] and v € C*° (QT), be a linear
parabolic operator, and B; (i =0,1,...,b—1) be linear boundary differential
operators of orders b; < 2b — 1, respectively, with real coefficients such that for
any A € [0,1] and v € C*° (Q7) the linear (with respect to u (xz,t)) boundary
value problem

%+l~}vu:g(a€,t), (z,t) € Qr,
Bian =0, ({=0,1,....,b—1), z€9Q, te(0,T) (36)

T

u(z,0) =0, ze€Q,

is a parabolic coercive boundary value problem uniquely solvable in the space
W2 (Qr) for any function g € L, (Qr) with p > 1 so that the following estimate
is true for the solutions u (z,t) from ng’l (Qr) of problem (36):

lullyyze: gy < Ci 9l 2,00

where the positive constant C is independent of A € [0, 1].



254 R.A. Amanov, N.R. Amanova, A.R. Safarova

Let all possible solutions u (x,t) from the space Wg b1 (Qr) of boundary value
problem (35) satisfy a priori estimate ||U||Wb,1(QT) < M for all X € [0,1], where
2
the constant M > 0 is independent of A € [0, 1].

B.5) Let the boundary value problem

% +‘ ;Qb&a ($,t707u) Du, . ,Dku) DO‘U — f(x7t’0’u’Du’ . ’D2b—1u) ,
al=

(mat)EQTu
—0, (i=0,1,....,b—1), €8, te(0,T),

have finitely many solutions in the space sz b1 (Qr).

B.6) Let aq (7,t,1,80,81,--+,&k) = aa (2,t,80,€1,- .., &) (Ja| =2b) for all
(z,t) € Qp, & € R, &1 € R™,...,& € R™ and let f(x,t,1,&,&1,...,8%-1) =
f(z,t,&,&1,...,&p—1) almost for all (z,t) € Qp and for all §, € R, & € R, ...,
§op—1 € R0,

Theorem 2. Let conditions B.1) - B.6) be fulfilled and for the parametric family

of problems (35) with X\ € [0,1] there exist a priori estimate ||’LL||Wb,1(QT) . Then
2

the boundary value problem (1) has a solution in the space ng’l (Qr) withp > 1,

and [2b+ (n+2)]p > 2 (n + 2b).

Proof. Let us consider a parametric family of problems (35) for A € [0, 1].
For that family, all the conditions of Theorem 1 are fulfilled, by virtue of which
there exists such a constant Cy, independent of A, that for any possible solution
u(z,t) € W 1 (Qr) of problem (35) the following inequality is satisfied:

HuHngvl(QT) <Oy, VA€ [0, 1] . (37)

It follows from condition B.4) that the linear boundary value problem (36) is
uniquely solvable and for its solution u (z,t) the relation u = Ag is valid, where A
is a linear continuous operator from L, (Q7) to Wg ®1(Qr). Then the boundary
value problem (35) is equivalent to the operator equation

V=PV, (38)
considered in the Banach space
W 3N (Qri Bo) = {V € W (Qr) [BV|og, =0, (i=0,1,....b—1)

xed te (0,T); V(x,0)=V (z,T)=0,z€Q}.
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Here P (V,\) = Af (V,\) and f (u, ) (z,t) = f (z,t, A u(z,t),..., D lu(z,t)).

The operator f (u, ) is defined in the space sz 1 (Qr) with the values in
L, (Qr) and is a completely continuous operator from ng’l (Qr) to Ly, (Qr)

[17]. Therefore, the operator P is a completely continuous operator acting in the

space W 3" (Qr).

For possible solutions V' (z,t) from the space W %b’l (Qr) , by virtue of the
estimate (37), the following inequality is satisfied:

HVHVf/ 25,1 <Cs, VAel0,1].

P (QT;BO)

where (3 is a positive constant independent of neither V', nor A\. Then, by the
Leray-Schauder principle [7], equation (38) for A = 1 and, consequently, boundary
value problem (1) have the solution ug (z,t) € W' (Qr).

Theorem 2 is proved. «

4. Solvability of some quasilinear parabolic problems

Let’s represent the principal part of the quasilinear parabolic operator in the
divergent form and consider the following boundary value problem:

(—1)b >  D* (aaﬁ (:L‘,t, u,. . .,Dku) Dﬁu) + % =

llaell,[18]1=b
=f (x,t, u, Du, . .. ,D2b_1u) , (z,t) € Qr, (39)
ou o1y
= = = e es = — — O7 ,t E a 9
Yoar = 9 logy W |agy (1) € 6Qr

u(z,0) =0, z € Q.

Here € is a bounded domain from R™ with the boundary 99 of class C?*, Qp =
Qx(0,7), T >0 and %, ceey % are the derivatives of corresponding order
of the function w (x,t) on the boundary 0Qr in the direction of the outer unit
normal v.

The boundary value problem (39) is considered in the real Sobolev space
ng’l (Qr) with p > 1 and b > ”T‘*'Q, and this time the integer k > 0 is such that
b—k > 2,

2

For the boundary value problem (39) we assume that the following conditions
are fulllfilled.

C.1) Let the function f (z,t,&o,&1,...,82—1) be defined on Q7 x R x R™ X
-+ X R™b-1 with the values in R and also be a Caratheodory function, i.e. mea-
surable with respect to (z,t) for all (,...,&s—1) and continuous with respect
to (o, ..., &w—1) almost for all (x,t) € Q.



256 R.A. Amanov, N.R. Amanova, A.R. Safarova

C.2) Let b > ’%rz Denote by [y the least positive integer larger or equal to

b— "2 and let &, = {57’ | < zo} and €)= &)
ly|<b—2%2
Let
2b—1
|f (xvtag()agla e a€2b—1)| S b(‘r’taé‘*) + Z bl (ﬁ,t,f*) : ‘§l|#l
1=y

almost for all (z,t) € Qp and for all, § € R, § € R", ..., &1 € R"-1 with
nonnegative Caratheodory functions b, b; such that for any r > 0

br (CE, t) = sup {b (CE, tv&*) |£*| < T}

belongs to L, (Q7) with p > 1 and [2b+ (n + 2)]p > 2 (n + 2b), while the function

61,7’ (J;) t) = sup {bl (]3, tu 5*)

&l < r}

belongs to Ly, (Q1), with ¢; > p for [ =1, lo+1,...,20—1.
C.3) Let

_ 2b+n+2 _ 2 n+ 2b
MU=t ntrz 20-b+nt2 g

for I =1lp,lp+1,...,2b—1, if b > 242,

Here fy, is any positive number for 2 (lp —b) +n+2=0 .

C.4) Let b > "TH, and the integer k > 0 be such that b — k > ”7“

Let ang = aga (|af, |B] = b) be real functions defined on Q7 x R x R"™ x - - - x
R™ belonging to the class C?.

Let the operator L,u, linear with respect to u (x,t), equal to

LUU: (_1)b Z (026954 (l’,t,U,DU,...,Dk’l)) DaJrﬁu
o, [B]=b

for any function v € C*9 (@T), be such a linear elliptic operator that the linear
(with respect to u (x,t)) boundary value problem

Lvu—i-% =g(x,t), (z,t) € Qr,

ou b1y
ul =0, o.M —0 (2,¢) € 0Qr,
oor  ¥logy W oq, (1) € 0Qr

u(z,0) =0, z€Q,
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for any function v € C*9 (QT) is coercive in the space W2b ! (Qr) for any function
g € L, (Qr) with p> 1 and p(n+ 2+ 2b) > 2 (n+2b), so that

lully 20t gy < C - ol -

Let there exist a constant Cy > 0 such that

Z /aag x,t,v, Dv,. Dkv> DPu - D dx dt >
laf, 1B]=b ).

dedt |, YueWw 21 (Qr;Bo) (40

2
> Cj - Z /]Dau| dxdt—k/‘g::

lal=bg

for any function v € C*0 (QT).

(o]
Here W ;b !

ngl (Qr), satisfying homogeneous inital-boundary conditions from boundary
value problem (39).
C.5) Let there exist £ € R™ and the constants C; > 0 and C3 > 0 such that

(Qr) is a subspace of all functions from the real Sobolev space

A/U f (%t,u,Du, .. .,DQbflu) e&D) dydt <
Qr

Z Z / 7 aap (ac,t, u,. .. ,Dku> DBy D Ty - &) dpdt—

Ial IBl=by=ag

> /|Dauy d:cdt+/

lal=bg

dxdt +Cy, YA el0,1], Vu€W2Bl(Qt).

Here (45,96) = &1+ -+ &urn; 7 < « means the totality of all (integral
non-negative) multiindices v such that v; < a1,72 < ag,...,7m < an; al =

ol caplia—y= (g — 1,00 =72, 0 — ) and £ =&MLy

Theorem 3. Let conditions C.1) - C.5) withp > 1 be fulfilled, and p (2b + (n + 2))
> 2(n+2b). Then there exists the solution ug € Wpr’l (Qr) of the boundary
value problem (39).

Proof. Let us consider the parametric family of boundary value problems

0
Z D (aaﬁ (:L’,u, Du, ... ,Dku> Dﬁu) + 871; —
lal, [B]=b
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=N f <$,t,’u,, Du, ... ’D2b_1u> ’ (:C,t) € QT7 (41)

ou b1y
U‘QQT 81/ ’8QT T W’@QT - O> (.’L‘,t) € aQTv (42)
u(z,0) =0, z €, (43)

for A € [0,1] in the space W% " Qr).
We decompose the further proof into several steps.

Step I. A priori estimate for HUHWQI;,I(QT).

We multiply equation (41) by the function e&®) . v (z,t) € W p20.1 (@13 Bo)
and integrate over the domain Qp allowing for boundary conditions (42) and
(43). Then we obtain

Z Z / (@—7)! 7'5 Ao <m t,u,...,DF >D5u-D°‘_7u-e(f7x)dmdt:
lal, |B]=br=a g
=\ / uf (m,t, U, ..., D2b*1u> &) dpdt.
Qr

Hence, by virtue of C.5), we have

Z /|Do‘u\ dxdt+/‘g7:

lal=bg,,

2
Co

dadt < ==, 44

x oy (44)

for VA € [0,1] and for any possible solution u € W;2"!

problem (41)-(43).
Step II. A priori estimate for ||U”W2b,1(
P

(Qr) of boundary value

Qr)’
The belonging of functions as (x,t,£0,&1,---,&k) (Jaf, |B] = b) to the class

C* (Qr x R x R™ x -+ x R") makes possible to rewrite the equation (41) as
follows:

ou

(1" > aag (:z,t, u,...,Dku) DBy 4 S

|al, |8]=b
=\f (:c, tu,..., D2b_1u) +f <:U, tu,... ,D2b_1u> . (45)

Here the function f is defined by the rule of differentiation of corresponding
complex functions (composition of functions). This time the obtained function
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f(x,t,8,&1,...,&p—1) is continuous on Qr X Rx R" x -+ x R™1 and satisfies
the inequality
. ) 26-1 i
f (xvtvg()aglu o 7€2b71)‘ S b ((E,t,f*) + Z bl ($7t7§*) : |£l’ul
1=lo

for all (z,t) € Qp, & € R,..., 1 € R™-1 with continuous functions b and
bo(l=1o,lo+1,...,2b—1) and with ¢, = {57( | < b— ”T”} The growth
indicators ji; of this function f relative to the derivatives D7u of order |j| =
I, 1=1o,lo+1,...,2b— 1 satisfy the equality (2) with §; = oo, i.e.

20+ n+2
M= S0—b)+n+2

for I =1lo,lo+1,...,2b—1,if b > 2,
Thus, the right-hand side of the equation (45) is a linear function A- f + f that
satisfies conditions C.1), C.2), and C.3) (uniformly with respect to A € [0, 1]).
From the condition C.4) it follows that the condition A.4) is fulfilled. This
time, uniform parabolicity of the operator

<_1)b Z aaﬁ (:U,t, v, D’U7 e 7Dkv) DOH_B’U, + —
|et], |B]=b

in the domain Q; for all v € C*0 (@T), follows from inequality (40).
Consequently, all the conditions of Theorem 1 with appropriate constants and
functions independent of A € [0, 1] are fulfilled for boundary value problem (41)-
(43). Then, using Theorem 1, taking into account estimate (44) and homogeneous
initial-boundary conditions (42) and (43), we conclude that there exists such a
constant C3 > 0, independent of A € [0,1], that
HuHngvl(QT) <Cj (46)
for all possible solutions u € Wp2 b1 (Qr) of boundary value problem (41)-(43) for
any A € [0,1] .
Step III. Solvability of problem (39).
Let’s consider the boundary value problem

(—1)b > D« (aag (:L’,t,v, . ,Dkv) Dﬂﬂ) + % =

|a‘nB:b
:)\'f((I,',t,'U,DU,...,DZb*LU) ; (.’B,t) € QT7 (47)
~ ol la

= == == T = 0, ’t (= a ,
u’aQT loqr P oy (z.1) € 0Qr

u(x,0) =0, z€Q,
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linear with respect to @ (x, t) for any arbitrary fixed function v (x, t) from W Zb L(Qr)
and for A € [0,1]. Then it follows from conditions C.1) - C.4) that this problem is

uniquely solvable in W ;b’ (Qr; By) for any function v (z,t) from I/(I)/ 21 (Qr), so
that @ = P (v, A), where P is an operator defined by the problem (47) and acting

from VC[)/' IQ,b ! (Qr) x [0,1] to I/?/' f,b ! (Q7; By). The conditions of Theorem 3, by
the virtue of Sobolev-Kondrashev [17] embedding theorem, imply the complete
continuity of the operator

Pow 2H(Qr) x [0,1] = W 2N (Qr).

Then the boundary value problem (41)-(43) is equivalent to the operator
equation
w=P(u,N), (43)

considered in the space W ?,b Y (Qr). For possible solutions u € W f,b Y (Qr) of
this equation, a priori estimate (46) with the constant C3 > 0, independent of
A € [0,1] is true.

Since the boundary value problem (41)-(43) for A = 0 has a unique isolated
solution, by the Leray Schauder [7] principle the equation (48) for )\ = 1 and,

consequently, the boundary value problem (39) has the solution ugy € W 12,17 ! (Qr),
for which the following estimate is valid:

luollyze1 gy < Cs-

Theorem 3 is proved. «

Let’s present the corollary of Theorem 3. To this end, we consider the par-
ticular case of condition C.5), the condition of the existence of a priori estimate
(Qp)* We assume that the vector parameter £ € R™ is equal to zero.

C.6). Let there exist constants C7 > 0 and Cs such that

for [lufl; .
2

A / uf <:L’,t,u,Du, e ,D%_lu) dxdt <
Qr

Z / aag x,t,u, Du, . Dku> DPuDudzdt—
Ia\ 181=b3),.

Z /|D°‘u dmdt—{—/ @2
ot

lal=bg

dxdt| + 02,
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YAe[0,1], Vuew 21 (Qr).

For this condition to be fulfilled, it is sufficient that the condition C.4) holds,
so that the following condition is fulfilled.

C. 7). Let the inequality (40) with the constant Cy be satisfied, and let there
exist positive constants C; < Cy and Cy such that

/uf <w,t,u, Du, ... ,D2b*1u> dxdt <
Qr

2
<G| Y /Dau]2da:dt+/‘?;; dxdt | + Co,

lo=bg, Qr

Yu e ng’l (QT; Bo) .

Corollary 1. Let conditions C.1)-C.6) be fulfilled. Then there exists the solution
ug € ng’l (Qr) of boundary value problem (39).

Corollary 2. Let conditions C.1)-C.5) and C. 7) be fulfilled. Then there exists
the solution ug € ng’l (Qr) of the boundary value problem (39).

As an application of Corollary 1, we give an example.
Let us consider in Q7 C R™ the following boundary value problem:

(-1 > D~ (aas (z,t,u,..., D*u) DPu) + b (2, t) - u(z,t) x
|a‘7B:b

X Hzl’D%u‘M - % = g(l’,t), (l’,t) € QT;

’y:
ou b1y

= == — ... = e O, 7t - a s

Yoor ~ o, 0w oqr (1) € 9Qr

( u(z,0)=0, ze€q.

Let conditions C.4), [ =1lp,...,20—1, g(x,t) € L, (Qr) withp > 1, b(x,t) >
0 be fulfilled almost everywhere in Qr, b(z,t) € Ly (Qr) with ¢ > p, and let in

thecaselzb—”T*Q, q>gb—t2l.
Then for
2b+n+ 2 2 n+ 2b

M=s0 -t +n+r2 20-b+n+t2 ¢

ifl >0b— "T“, the boundary value problem (49) has a solution in the space
2b,1
Wy (Qr).
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