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Abstract. In this paper, a parametric problem is solved in some part of the complex
plane. This problem involves a parabolic equation in the sense of Petrovsky. The ir-
regular boundary conditions include integro-differential derivatives of higher order. An
analytical expression for the solution of the considered problem is obtained, along with
some transformation formulas for this solution.
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1. Introduction

At the beginning of the 19th century, Fourier and later Cauchy [2], in their
attempts to integrate some linear homogeneous partial differential equations with
given homogeneous boundary conditions and nonhomogeneous initial conditions
(mixed problem 1), arrived—through mathematically unjustified methods—at a
corresponding parametric (often so-called “spectral”) problem, which depends
on some parameter A\, which is any number from the complex plane (parametric
problem 2).

Fourier, Cauchy [2], Tamarkin [12], Naimark [10], Rasulov [6], Shkalikov [14]
and many other mathematicians studied “parametric problem 2” with the pur-
pose of solving “mixed problem 1”. Their solution method was based on expan-
sion formulas

f(x) = crpn(e) (1)
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for an arbitrary function f(z) from some class of functions (here, ¢y (x) are eigen-
functions and adjoint functions of “parametric problem 2”).

To derive this formula (1), it is necessary to have the appropriate asymptote
of the fundamental solution system of the parametric equation throughout the
entire plane (for example, see Birkhoff [1], Vahabov [7]). For the validity of
the expansion formula (1), the conditions of “regularity and weak regularity of
boundary conditions” are sufficient (see, e.g., [6, 10, 12, 14], etc.). There is a
sufficiently broad class of problems (with irregular boundary conditions) from
both scientific and practical perspectives, for which the expansion formula (1) is
not valid, and therefore, these problems cannot be solved using the methods of
Fourier, Cauchy [2], Tamarkin [12], Naimark [10], Rasulov [6].

In the second half of the 20th century, a new method-the method of finite
integral transformation—to solve “mixed problem 1”7 (in homogeneous and non-
homogeneous cases; regular and wide ranges of irregular mixed problems) was
proposed in [8]. As a result of applying this method [8] to the solution of “mixed
problem 17, a corresponding “parametric problem 2” (for all complex parameters
A) was obtained in a strictly mathematically justified manner.

The above method showed that to solve “mixed problem 17, it is not necessary
to study “parametric problem 2” on the whole complex plane (i.e., it is not
necessary to rely on the expansion formula (1)), and it is sufficient to solve it
within the irregular boundary conditions in some part of the complex plane,
obtain the analytical expression for the solution, and derive the corresponding
transformation formula for it. Using this method in [8, 3, 4, 5], helped to obtain
the analytical expression for the solution of “mixed problem 1”. It is worth
mentioning that, in practice, one may encounter mixed problems of type 1 where
the boundary conditions involve integro-differential terms (e.g., Ionkin [9]) and
derivatives of the sought function of an order exceeding the order of the equation
(e.g., Tikhonov [13]). Note that investigation of similar problems was carried out
in [15] -[22] and other studies.

The main goal in solving the parametric problem (and obtaining some results
for it) in this paper is to make it possible to solve the corresponding mixed
problem in a short, clear, and precise manner by using the obtained results.

1.1. Main Results

1. The parametric equation corresponding to the parabolic equation in the
sense of Petrovsky [11]
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where a(z) > 0, has the following form:
(a(2) + ib(a)) " — X2y = 0. )

In previous works, the asymptotics for the fundamental solution system of
this equation (2) have been obtained (see, e.g., Rasulov [6]) for the case
where

b
bz) = const. (3)
a(x)
However, for the general case
a(x) >0, blz) # const., (4)

a(x)

the asymptote for the fundamental solution system of equation (2) has not
been studied. In this work, the equation (5), under the conditions (4),
encompasses equation (2).

. We study the parametric problem not on the entire complex plane, but only

on a suitable part of it, and we obtain results that allow us to derive the
analytical expression for the solution to the corresponding mixed problem

. The boundary conditions (6) include local and global integro-differential

expressions of the sought function, as well as higher-order derivatives re-
sulting from the formulation of equation. The concept of “correctness” of
boundary conditions is introduced, and this concept is more general than
the notions of “regularity” and “weak regularity”; that is, if the conditions
(6) are “regular” or “weakly regular”, then they are “correct” in the sense
of our definition, but the converse is not true.

. In classical works, the formula for the solution of the parametric prob-

lem (5)-(6) (via the Green’s function) exists if and only if the order of
the derivative included in the boundary conditions is less than the order
of the differential equation under consideration. In this work, the order
of the derivative in the boundary conditions may be higher than that of
the differential equation, and in this case, a new formula is provided—a
generalization of the classical one (see (12)).

. In general, the expansion formula (1) is not valid for the solution of the

parametric problem (5)—(6) under consideration. Instead, the validity of
the transformation formula (23) is proven for the solution.
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6. The results obtained in this work for the parametric problem (5)—(6) are
sufficient to solve the corresponding mixed problem.

In this work, the following parametric problem is solved in some part of the
A-complex plane.

1.2. Problem Statement

Find the solution of the equation

satisfying the conditions

58 e[ e (@)e] - e

k=0 p=—m;
(6)

where a;(z), 1/)(1‘),’7]1“ are the known functions, *y]i‘;,%,vs O=vo<vm<---<
vg = 1) are the known numbers; n,m;, ¢ are non-negative integers, and A is a
complex parameter.

2. Solution of Parametric Problem

Let us accept the following constraints 1° and 2° to solve the parametric
problem (5)—(6) in some part of the A\ complex plane.
1°. Let aj(z) € C™NFi([0,1]) for j = 0,1,2, where as(z) > 0 for all
x € [0,1], and N > 0 is an integer.
2°, Let ag(z) = |ag(z)|eV " 12892(®) | argay(z)| < 5 —4¢ for z € [0,1], where
%) (0 <p< %) is a constant.
Assume
0(1.) = )
as(x)

Ro={X: N2 R JargA < T+ 6}

Although it is not specifically stated in this article, it is understood that the
number A belongs to the domain R, of the complex plane, i.e. throughout this
article A € R,,.
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Theorem 1. Under the constraint 1°, there exist the functions

@) @], G=1,2)

Bl ) = exp(-N05(0)) o) + | i

A

for which we have

2
(Z ai(x)
i=0

) Y; (x A) = ;nqjm( ) exp(—A0;(z)),

where
. 1
— / 0(¢)de,  Oo(x) = / 6(£)de,
O xX
7,0 — 1 X _1 fa (S) ) :
% (1) = s p( 2/0 2§ ")
gg’y(_x) (v=1,...,m), ¢jm(x) are some functions from C"([0,1]).

Proof. The proof of the existence and the method of finding the gé’”(x)
functions that satisfy the conditions of Theorem 1 are the same as in [1, 3, 6, 10,
12]. «

Assume
d
Wo(&,A) =406, N) 52/2(57 A) = y9(EN) §y1(5 S A)s
- 1 YOz, V(€ N), if0<e<z<,
Pl &) = = e N {y8<x,A>y?<s,A>, Dseses<l

Theorem 2. Under the constraints 1° and 2° and for A € R, (R is a rather
large positive number), the equation (5) has a fundamental solution represented
by the formula

P(.T,f,)\):Po(.f,E,A)—i-Pl(ﬂf,g,)\), (7)

where Py (z,&, \) is some function satisfying the inequality

C

8k
7 e—eM==E] —
l e 2,6 €[0,1],\A € Ry, k=0,1,2,

S P63 <

where C' and € are some positive constants.
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Proof. The method of finding the fundamental solution P(x,£,\) given in
this theorem is the same as in [3]:

1
P(x,6,)) = Po(w,6,\) + /0 Po(z, n, A\Vh(, £, \)di.

The method of finding the leading part of the fundamental solution Py(x, &, \)
in this work differs from the known methods in other papers (for example, see
Rasulov [6]). Choosing Py(x, £, \) by this method allows determining the asymp-
tote of the fundamental solution, i.e., Py(x, &, A), with an accuracy up to ﬁ The
theorem is proved by a method analogous to the ones in [3, 5|. <

Theorem 3. Under the constraints 1° and 2° and for A € R, the homogeneous
equation corresponding to (5) has a system of fundamental particular solutions
yj(x, N), represented by the formula

yi(@,A) =) (2, A) + gj (2, \) (8)
where q;j(z, \) are some functions satisfying the inequalities
d" C
e )] < e (< i)
d* C
‘dwkq2($’ )\)‘ < A E exp(—¢|A[(1 — ),
ze[0,1,A€ R, k=0,1,2,

Proof. The method of finding the fundamental solution system of the equation
(5) in this work is similar to that in [3, 5], unlike the methods in [1, 6, 10, 12],
and is as follows:

1
yi(w, ) :y;?(x,A)Jr/o Po(z, &, Ny (&, N)dE.

Using this formula, Theorems 1, 2, and 3 can be easily proven. <«

Assume

Using (8), we have

Ui(yj) = Azj()‘) + Blj()‘) + Oij()‘)7i7j = 1a 27 (9)
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where

h k
Z Z % {vkod ol :0+/0 MW )ddkyldl‘}

k=0 p=—my;
n m ; dk h ; dk
:Z Z A {’Yk’éméh(ﬂcw\)‘w_o—l-/ ’qu(x)MQI(afa)\)dx}é
k=0 pu=—m;, - 0
n 1 dk
Sy Y Zm Lol [ @ a
k O/J‘__ml
n 1 ; dk
OB DG Lt [ e TR
k=0 u=—m, - 1-h
n_oom; ” dk 1 m d
_ p) i & i 4 .

1-h k
Z Z /\“{Z%sd kyz‘ . /O W (@ );;kyzda:};

k=0 p=—m;

h(0 < h < 1) is any fixed number.
3°. Let the functions +;(z) in the segment [h, 1-h] be piecewise continuous and

7,];“(:1/‘) € CY[0,h]U [l = h,1]), where h(0 < h < 1),I(I >0) are some numbers.
The integrals

" iy @5
— i1
L 2/0 (@ )dxkyld:U’

contained in the expressions A;;(A) and A;2(A), can be transformed into the form

h
0
Ilzxf/o gi(x exp< /9 ) :)\k_lgel((()))+lfl)+lf2),

where

1o :Ak—l/oth($) exp <—)\/Oz 0(§)d£> dz, go(z) = % (%1((;:))>’

h
1 = A’f—lg;((:)) exp ()\ /0 0(§)d§> .
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For A € R, taking into account the estimate

h
C
exp (—A / 9(§)d£>‘ < Cexp(—<|Alh) < T2
0
(p is any real number), we have the asymptote
I = A-1910) +O0(\"2),\ € R,,. (10)

6(0)

If the functions g1 (z) and 6(x) are sufficiently smooth, then repeating the above

(1)

procedures for Ill , the asymptotes for I; can be further refined. Similar proce-
dures are performed for I.
Expanding the determinant

we have
Ao(N) = by A by AN by AT OV for A € Ry, (11)

where M (M = mj + 2n + my), S are some integers, and by, ...,by/—s are some
numbers.

Note that the number S, included in (11), can be taken sufficiently large (i.e.,
for Ag(A) we can obtain more accurate asymptotes) if the functions a;(x) for
z € [0,1] and ~7"(z) for € [0,h] U [1 — h,1] are sufficiently smooth, i.e., the
numbers m,n are [ sufficiently large.

4°. Let at least one of the numbers

bM,bel,...,bM,S (from (11)) (12)

be non-zero.
Let in the sequence (12) the first non-zero number be b,, i.e., b; = 0 for
M >j>wv, by, #0. Then for Ag()), withA € R, we have the asymptotes

Ao(N) = b,A" + O\ 1), (13)

Note that

C SRS ; b
’Bh()\)fﬁmz Z {”Ykl(ﬂ"‘/o ”Yk“(xﬂdx};

k=0 p=—m;
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n my q ) 1 )
[0 (V)] < CIA™ 7 e e =R S 7 % {ZW;@ZLH/}L \VZ“(w)Idﬂf};

k=0 p=—m; \s=1

c iy ! iy .
B < s {1+ [ @)

n m; qg—1 4 1-h
|06 (V)] < CPA™ e Mg Y 7 % {Zlﬁfs“\ +/0 I’Y;?“(ﬂf)ldﬂf};

k=0 p=—m; \s=0
(14)
l=q—1.
Assume () (42)
Ui(y1) Ui(y2
AN = . 15
*) ’U2(y1) Us(y2) 15)
Taking into account equalities (9), (13), and estimate (14), we have
AN) =b, A" +0\Y, N€ER,. (16)

Definition 1. If constraints 1°, 2°, 3°, and 4° are fulfilled, we say that conditions
(6) for equation (5) are well-posed.

Remark 1. To avoid imposing unnecessary restrictions on the functions a;(x)

and 72“, the numbers m, N and | should, as far as possible, be taken sufficiently
small to obtain the asymptotes (16).

Remark 2. For the equation (5), the well-posedness of integro-differential con-
ditions (6) is affected only by:

1. the coefficients of derivatives ZZ—%, contained in (6), only for x =0 and for

x =1, i.e. only the numbers 'y% and 'yif]‘;

2. the values of the functions fyi“ (z) and their derivatives at the extreme points
for x =0 and for x = 1;

3. the values of the functions a;(z) (i = 0,1,2) and their derivatives at the
extreme points for x =0 and for x = 1.

For the equation (5), the well-posedness of the integro-differential conditions
(6) is not affected by:

i) the coefficients of the derivatives d%y, contained in (6), for x = vs, where

0 <wg <1, i.e. the numbers 'yi‘; for 0 < s<gq;
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it) the values of the function 'yi“(x) and their derivatives for 0 < x < 1.

Assume
Qo(z, 0,02 =0, V@ ) =1, FP%) =0,
Qi(z, v, ) =0, FO@ =0, FY\)=1
Qk(xa ¢, )‘2) - %Qkfl(xa 1/1, )‘2) + Fk(;l,)l(x7 )\2);/;((2))7

9
ox

CLO(»"?) 9 1
ar(x) T az<x>>’

FV(2,2%) = FY, (2,)%) - %F,ﬂl (2,22) — EO (2, 42) <-a1($)> .an

FO%, %) = ZF9 (2,)2) + FV, (2, ) <_

Then for the function
1
yol, \) = / P, € (€,
0

we have

d* 2 (0) 2y [
() = Qua ) + V(@) [Pl g i)+
0

Lop A
0w [ 2SRyt

Assume
OP(x,&, )

H=—mm;

/B(ZQU)\ Z/\MZ,Y ka)\Q)

p=—m k=j+2

D= 3 NS Al ¥

p=-m  k=j+2

)
T=vg
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here the functions Qg (z, A?) are defined from the identity

()

—2
5 9
Qk] (QU, )\ ) d.'EJ

T

Qk(xv ¢, )‘2) =

J

Il
=)

5°. Let v (z) € C([0,1]) for n < 2 ,while ¢(x) € C"2([0,1]) for n > 2 .

Theorem 4. Under the constraints 1°-5° for X € R, the problem (5)-(6) has
a unique solution, and this solution is represented by the formula

1 = d(€)
v @ (8)
+ 5‘5('%'7 )‘) i ’
j:(]; ’ dg ’5—%

(18)

where

0 yl(x7)‘> yQ(xv/\)

1
TS| 2L v o |
1 Pl’,f,/\) yl(xv)‘) yQ(xa/\)
G($7£’ )‘) = ﬁ gl(gv >‘) Ul(yl) Ul(yQ) s
92(§&,A)  Uz(y1)  Ua(y2)
1 ~ 0 yl(x7)‘) yQ(xv)‘)
Gi(r.60) = 37 BYEN i) Uilw) |,
BPEN) Ua(y)  Us(uo)
. 0 y1(z, ) yo(x, )
(2.0 = X753 BYN Ui(y)  Un(ye)
BP0 Ua(yr)  Ua(ye)

Proof. The general solution of the equation (5) is defined by the formula

1
y(, N) = e (2, 0) + ex(, A) + /O P, € \)(€)de.

Here, ¢; and ¢y are arbitrary constants. By using this function in (6), we obtain
a system of linear algebraic equations to determine c¢; and cp, and the main
determinant of this system is A(z). When A(z) # 0, we can solve this system
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for ¢; and c¢2 and obtain the formula (19) for the solution to the problem (5)—(6).
<

We have
Theorem 5. Under the constraints 1° and 2°, if the function ¥ (x) is piecewise

absolutely continuous in the segment [0,1] and ¥'(z)| € L,(0,1), (p > 1), then
for 0 < x <1, we have the following inversion formulas:

for k=0,

)\kd)\/P MNY(€)d
/ z, & AP (§)dE = {ﬁ(g+2¢)W7 fork =1,
(19)

where L is an infinite smooth line, the distant part of which coincides with the
continuations of the rays arg A = + (% + cp) R, and in (16) the line integral over
L is understood in the sense of principal value.

Proof. From (7), we have

P((lf, )‘) = Q0($,€7)\) + Ql(x7£7 )\);

where
( )9(&) | S ai(r)
Qe = hran(©) © </ i)~
exp _)‘fg T)d for0<¢<z <1,
exp —)\f£ (1) for0 <z <E<1;
= exp | —= 1(7) T
9lo) = Q(x) p< 2/0 as (7 )d>'

Gi(z,&, ) is some function for which we have the inequality

C
|Gj(2, 6, M| < 7z exp(—e|A||z = £]), 2,6 € 0,1], A€ R,

[A2

Let z(0 < & < 1) be an arbitrarily fixed point, and 6 = §, be some positive
number for which 0 <z —-Jd <z <2+ < 1. Then we have

1
/0 Qo € N(€)dE = I + I,

z+0 o 1
Il - /:,;—6 QO(x7§7 A)lﬁ(f)dfv I2 - I2 - /0 N /a:+5

where
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Consequently,

1
—ﬁ[lﬂ(ﬂf —0) +9(z + 0)] + I,

I = 2;9(4’3)5’(5)’“_5 [exp <—A ;59(” dT)] i
+2/1\29(x)§(5)‘£ . (-] G )d7>}+
00 [ [ (- / o)) e
o) [ . oo (-2 [ m)]jf )de,

oy 9©vE) o [Fa(r)
9O = 5 )arle) ™ </0 ax(r)” > |

For A € R, , using the inequality

o

([, Iw’(f)V’); ([ ewt-ealalia - é\)dff < (G+1-1).

we have

L —
sl < B

for X € R,

And also we have o c
I —56‘)\| < €§p
BN = T

for A € R,. p is any positive number.

1
/0 Qi (2,6, \)(€)de| <

<
AJ3
Let R<R<r <19 <---<ry<...beasequence of such positive numbers
that lim,, oo 7, = o0 and let T, = {)\ Al = rn,|arg)\\ <T +cp} Let L, be

a part of I'r remaining inside the circle [\| = r, > R. R > R is such a posi-
tive number that for |A\| > R, a part of L coincides with the half-straight lines
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{/\ DA > Ryarg A = + (Z+¢) } By the analyticity of the integrand function in

the domain R, we have

/ AFdA /01 P(x, &, \)p(€)de = = I + I, (20)
where
L s /F apdh
12| < /F ) W’Zdlﬁ < :gsz (21)

The validity of (20) follows from (21) and (22). The theorem is proved. «
We have

Theorem 6. Under the constraints 1°—4°, if the function 1(x) is piecewise ab-
solutely continuous in the segment [0, 1] and |¢(z)| € Ly(0,1), (p > 1), then for
0 <z <1, we have the following inversion formulas:

1 0, or k=0,
/kadx/o G(z,8, MY(§)ds = {—ﬁ(g | 2p) Ua=01u(at0) ;Ork: 1
(22)
Proof. From (19), we have
G(z,&,N) = P(z,6,\) — G(x,&,\). (23)
For z € R, using the inequalities
[y1(@, A)| < Cexp(—¢|A|[z]), A€ Ry, (24)

ly2(z, A)| < Cexp(—¢[A|[1 - z]),
we obtain
G (2,&,N)| < CIAY (exp(—e|A|[z]) + exp(—e|A||L — z)),

z,£€10,1], A€ R, N issome number.
Consequently,

1
/ )\”d)\/ Gz, &, Np(6)dE =0, as0 <z <1, (25)
L 0
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where n is any integer.
Taking into account (24), (26), and (20, we obtain the validity of (23).
The theorem is proved. <«

Using the inequality (25) and following the proof schemes of Theorems 5 and
6, the following Theorems 7 and 8 are proven.

Theorem 7. Under the constraints 1°—4°, if ¢ (x) is an absolutely integrable
function in the segment [0, 1], we have

1
//\Sd)\/ Gj(z, &, )()dE =0, asO<z<1, j=0,1,....,n—2, (26)
L 0

where s is any integer.

Theorem 8. Under the constraints 1°—4° and for 0 < x < 1, we have

/ A0(x, Ay y1,72)dA\ = 0,
L

/)\s5jl(x,)\)d)\:0, _] :O,TZ—Q, izO,q,
L

where s is any integer.

Theorem 9. Under the constraints 1°—4° and in the case n < 2, if the function
(z) is absolutely continuous in the segment [0, 1] and |¢'(z)| € L,(0,1), (p > 1),
and in the case n > 2, if the constraint 5° is fulfilled, then for x € (0,1), we have
the following inversion formulas:

0 for k=20
Ny(z, \)dh =4 OVt ’ 28
/L (@ 4) {—\/—1 (% + 290) $@=0)+v(@+0) O)ng( +0), for k=1, (28)

where y(x, ) is defined by (18).

Proof. Using the analytical formula for y(x,\) in (18) and the statements of
Theorems 7 and 8, the correctness of the transformation formula (28) is proven
in accordance with the method discussed in [3, 5]. <«
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