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Fredholm Property of a Nonlocal Boundary Value
Problem for an Integro-Differential Equation of
Elliptic Type in a Cube

Y.Y. Mustafayeva

Abstract. This paper deals with a boundary value problem for a three-dimensional
integro-differential equation of elliptic type with nonlocal boundary conditions in a unit
cube. Singular necessary conditions of solvability are derived, the regularization of which
is carried out according to a new original scheme. Based on the regularized necessary con-
ditions, in combination with boundary conditions, the Fredholm property of the problem
is proved.
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1. Introduction

As is known, for an ordinary differential equation the number of additional
conditions (Cauchy conditions or boundary conditions) always coincides with the
order of the considered equation.

In the theory of equations of mathematical physics and partial differential
equations, the canonical form of an equation of elliptic type is the Laplace equa-
tion (second-order equation) for which one local boundary condition (Dirichlet,
Neumann or Poincare) is specified.

The non-local boundary conditions free us from the above mismatch between
ordinary differential equations and partial differential equations. For nonlocal
boundary value problems, the authors have found the possibility of proving Fred-
holm property with the help of so-called necessary conditions.
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It should be noted that for an ordinary differential equation these necessary
conditions, similar to nonlocal boundary conditions, are mentioned by A.A. Dezin
[1, 2, 3] (who came to these conditions by an artificial way and so couldn’t build
them for partial differential equations).

The idea of necessary conditions for partial differential equations was first used
by A.V. Bitsadze for the Laplace equation [4, p.185] both in two-dimensional
and three-dimensional cases. But the regularization of the singularities in the
necessary conditions was artificial, particularly in three-dimensional case, and
contained some uncertainties.

Finally, Begehr derived these necessary conditions for Cauchy-Riemann equa-
tion [5, 6].

Some of the necessary conditions obtained for three-dimensional problem con-
tain singular multiple integrals. But the regularization of these singularities
doesn’t subject to the conventional scheme [7, 8, 9].

As is known, the regularization of singular integral equations in general case is
conducted by the method of successive substitutions: after the first substitution
a double singular integral is obtained and, after changing the order of integration,
the Poincare-Bertrand formula is applied to get a regular kernel and a jump which
doesn’t “eat” the external function. Thus, a Fredholm integral equation of the
second kind with a regular kernel is obtained.

In the considered problem, the obtained necessary conditions, or integral equa-
tions, are in spectrum, so when they are regularized by the mentioned scheme we
come to Fredholm integral equations of the first kind which is a “deadlock”.

By the suggested new scheme, the singular necessary conditions are regular-
ized using the given boundary conditions, which is principally new. As a result,
the considered problem is reduced to a system of Fredholm integral equations of
second kind with regular kernels [7, 8, 9].

2. Problem statement

Let us consider a second order integro-differential equation in a 3-dimensional
domain — a unit cube D = {z € R*: 0 < z; <1, i =1,3} (Fig.1):

5 Ou(x)
Lu(z) = Au(z) + Z a;(x) s + a(x)u(z)+

J=1

3 d
+ /D N Kj(2,¢) 52 + K (. Qu(C) pd¢ =0, € D, (1)
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with nonlocal boundary conditions binding boundary values of the desired func-
tion and its partial derivatives on the opposite facets I'y, n = 1, 6, of the cube
D (@D =T=J°_,T,): Fig.l.

X2

Figure 1:

[0 o (@, ) B2 + af) (22, 2)u(@)| 010 +

2 ou(zx 2
+ ol @2, B + ol (@, 23)u(@)] oy =
= ¢1(22,73), 0 < w2 < 1, 0<z3<1,

(25 o8 @1,2) B8 + ol (1, 25)u(@)| [eao +

-+ [2?21 ag,) (1'1 €T ) U(:v) + 04(2)(:5'1,:6'3)U($)] ’352:1 —
= po(z1,23), 0 <21 < 1, 0<uz3<1,

Za (x1,x i ?) +a(1)($1,$2)’u,($) lws=0 +
i

3
(2 Ou(r) (2) _
+ ;a (x1,x2) oz, + oy (T1, 22)u() | |ps=1 =

= @3(x1,22), 0 <21 <1, 0< 2 <1, (2)

(»)

where the functions @, (1, Tm), (p)(

$l7xm) ‘-Pi(xl, l’m), 1, = m) p=12%l,m=
1, 3,1l <m, l,m # i, are continuous in the domains 0 < z; <1, 0 < z,,, < 1.
A fundamental solution of the principal part of equation (1) is [10]

1

U(m—§):m.
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3. Basic relationships and necessary conditions

Let us multiply (1) by (3) and integrate over the domain D:

/ Lu(z)U(x — &)dx =
D

Bu ()
/D { )+ Za] 8x + a(:n)u(x)} Uz — &)dz+

/ (/ {ZK aC)+K(x,g)u(c)}dg> Uz —€&)dz =0, z €D,

(4)
Integrating by parts and taking into account that A,U(z — &) = §(z — &), where
d(z — &) is Dirac’s function, we obtain the first basic relationships:

3 ou(z) OU (z — €)
_;/F [( Oz, U(x_g)_u(‘r)ij cos(v, x;)dzr | —

ox
23:/ ou(x
- ar ()
k=1"D

)U(CE —&)dx — /D a(x)u(z)U(x — &)dx—

the second of which (on the boundary I') is called the 1-st necessary condition
of solvability of the problem (1)-(2). Taking into account that

oU(x—§  (xj—&) _  cos(x—Exj)

Oz, drle—¢® Amla—¢P
and, therefore,
3
Z 8U(‘T - 5) COS(V, l']) — _COS([L‘ - f?VQx)7
" oa, drlz—g]
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we get the 1-st necessary condition in the form
1 . cosx E,l/z-) 1 1 Ou(z)
U u() |§€F 47rfr |z—€[? dx_ﬁfmx & Ovs dr—
u(z ) (@)u(z)
fD Zk la’k ) Oy, 47r|x §|d‘r B fD dm|z—¢] dz—
3 1)

I (Jp {30 K. O %D + K (@, Qu(0)  de )

or, taking into account that the boundary I' consists of 6 facets I',, n = 1,6, we
have

w
u(&) |§€Fn 2T an le—¢|? xzecly, dut
gely
6 w —
+>2 g=1, frg z—&[? zely, dx
g#n $€ln

ou 3 ) .
5 Jr g e — [ Yo, an(@) 5 g de — [ S da—

/ / ZK )+K( » Qul€) p dC 47T|fl;c_£‘,7z:1,6. (6)

Theorem 1. The first necessary conditions (6) of the problem (1)-(2) are regular.

Multiplying (1) by 8U( &)

the notation

and integrating over the domain D, and also taking

K;j(x,&) = (cos(x — &, x;) cos(vg, x5) — cos(x — &, xj) cos(Vg, 74)) ,

we obtain the second basic relationships:

) Kinw.8) [ 00e) Kalw©)
r Oz, 47r|x—§| r Oz 477\:3—5]
du(z) OU (= (x) U (z — &)
r Oz; 8% /Dk f ﬁxk oz dr—

U (z - )
_/[)a($)u(x)(9:z:id$_
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2u(¢)
- Kj(z,()—>" + K d¢ | Uz — &)da =
Jo L 0% e 0u0 | vt -
ou(§)
>, §eD,
=1 1% i=13, (7)
{5885)’ 561—‘?

where i, m, [ are permutations of the numbers 1, 2, 3. The second of the relations
(7) on the boundary T is called the second necessary condition:

10u(€) Ou(z) Kim(z,§) Ou(z) Ka(w,§)
2 08, leer = A T p—E 5dx + S T ]a;—§|2dx+
Ou(x) cos(x — &, I/x (z) cos(z — & )
r 0z Ar|r—¢| e +/Dk 1 8mk 47r|x—f|2 o

cos(z =& wi) ,
+/Da(x)u(x)4ﬂ|x_€|2 dx

3
-[ 1/ ZKj(:B,()@géQ+K(%C)U(C) i) gt ®
j=1 J

Obviously, the first two terms in (8) are singular, while the rest are weakly sin-
gular.

Theorem 2. The second necessary conditions (8) of the problem (1)-(2) are
singular.

The boundary of D consists of six faces I'y, n = m Then, expanding the
first two integrals in (8) over Iy, n = m , we isolate the singular terms:

du(€) (z,6) K (x.€)
DE; leer, = frn 8:1:m 2ﬂ|z ¢? | z ey, dx+f1“ Bwl 27r|z & | xely, dat
§ el, € el
8“ Z‘) K’Ll(x f)
(fr o 2Tr|z o dm+ff Oz 2mla—gf? dm)

J#n

Ou(x) cos(z— {,Vz Ou(x) cos(z—&,x;)
+f1“ 8:1:1 om|o— J dwﬂ}gEk 1 ag(x )amk Wd:U—F

+ [pa( m)%ﬁrl)daz

- Ip (fD {Zj:l Kj(z,¢) Séf) +K($,C)U(C)}d4) 27r|x 5|d:l7 n=1,6.

(9)
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4. Regularization of necessary conditions

Let’s create a linear combination of second necessary conditions (9):

Ou(g)  2) 0 ulE) —
Zﬁkj ¢, le=0 + Zﬁlﬂ €) B¢ lee=1, k=1, 3, (10)
Jj=1

where the unknown coefficients 51(5-) (&), p = 1, 2, are chosen in order to obtain
regular relations.

Remark 1. To simplify the calculations, we make the following notations:

)(.Il,l'g) :EERS’ $2:P—17p:1,27
3)(5617952) tER, x3=p—1,p=1, 2.

By putting 5]4 (f) = 1,3; p = 1,2, under the integral sign in the first
two singular terms in (9) and subtracting and adding ﬁ,(f;) (x), with the Holder

condition satisfied for ﬁ,(f;) (), we obtain weakly singular integrals with the ex-
B ()BT (x)

pressions Iz £|2 =p—1"

We are now only interested in singular integrals

with 518;') () under the integral sign over the face I',,(§ = p — 1), associated with
the indices and by the formulan =2(k — 1) +p,k=1,3; p=1,2:

3 1) Ou( Ou(
[zlﬁ,im O gm0 + Zﬁm() ) o1 =
]:
2 3
ou(x) Kim(x, K
=2 > f Bkl (z) (8x(m) 27r|3:( |£) + 85(Cl)27r|x ¢ ) |§k —p—1 dz+
P=Li=1Ts 0 1)4p
203 B (€)- Bi’j)(w) Oulz) Kin(2.6) | Ouls) K(z:8
Z Z f lz—¢|? <8xm pra 9z, pr ) |£k:p—1 dr+
p=li=1 Lak—1)+p
6
Ou(z) il(T,
+Bl(£)(§) ) > f az(m 27r|x §| dx"i_ f azl 27T|lx( é dx) ‘£k =p-1 7T

Jj=1,
J#2(k=1)+p
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O | DG e dot

7€) ] 32 @) F S ey dot

+ﬁf£> (©) gamu(x)m(lﬂ \gk_p | do—
&)

(Jp {20 K@, 0%

8u(a¢

(2, )u(€) } dC) rptg leu=p-1 da.
(1)

lzer, , n = 1,6, in (11) under the integral.

Let us group the terms with

Then, equating them to the correspondlng coefficients at 2 ‘xer in the bound-

ary condition (2), we obtain a system of equations for the unknowns ﬁk ; ( ), k,j=
1,3, p=1,2:

®) (o, 25) K < &) + M 23) K (2,€) = alf) (wa,23),
) (39 23) KB (2, €) + B <x2,:c3>K§ V(@,6) = ) (za.23), p=1,2
A® <x2,x3>K§3 (,6) + BB (22, 23) KD (2, €) = o'®) (wn,23),

[TV~

w

(p) -
where K/ (x,€) = Kij($’£) T E FQ(k—1)+p’

§€lok—1)4p

B (w1, 5) KR (2,€) + B (21, 23) K (2,€) = of) (21, 23),
B (w1, 25) KB (2,€) + B (w1, 23) K (2,€) = o) (w1, 25), p=1,2
5§€)($1,$3)Kg)( &) + B§§ ($17x3)K§§)( €)= Oég‘?(ﬂfhm),
) (@1, 22) K (2,€) + B (21, 22) K (2,€) = olf) (w1, w2),
:g,zf)(ffl,fUz)Kg (x,€) + Bé’é)(wl,xz)Ké’g’)(w’ aé’é)(whxz), p=12. (12)
) (21, 22) K8 (@,€) + B8 (21, 02) K (2,€) = off) (a1, 22),

If system (12) has a unique solution, then, substituting (12) into (11), we obtain:

[i B¢ W)] oo +

=1
2 3
- Z Z f (27r‘xl—5|2al(£)(x) 85520)) ‘fkp—L da+

p=1i=1Ty_1)4p Tp=p—1

Zﬁk]()%]kl—
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2 3 (p) (p)
( )— /3 (=) ( ou(x sz z, 8u z) Ky (z,€)

ou(x il (%,
+l8’(£) (&) j=1 2 f 3r(m 27r|a: §| dx + f 31"1 27r\lz( é) dx) ‘§k=p*1 +
i#2(k=1)+p

ou(x) cos(x—&,vy
+ﬁl(£) (&) 2 8o(ci) 27(r|z £5|2) |§k:P—1 dr+

3 [
+B(e f Z aj(z gif)% l¢=p—1 da+

+ﬂ$%£5£a@»u@»9§%;%%lkfwfldw—

3
—82(e) J (g { > K, )% + K, <>u(<>} dc) s lemp1 dz, k=13
=

(13)
Expressing Zp—l PO 0‘1(5 (x) ng) e, =p—1 in (13), from the boundary conditions
(2) we obtain:
] |£k =

2
> {F{ <27r|r Ak o (@l >>

:p—l p=1

ZB()

[i B¢ >*’““] o +

J

-5

=1T

gp=p—1, dT+

f ¢, (2)
2
) nla—P Ge=p-l,

=

HMM

3 (p) (p)
By (§) =87 () [ du(x , u(z) K (x,
Z ( f [ kj ‘33_5\;] (8:]:(7”) ( &) + 6( ) l2(ﬂ§ >:| |§k=P—1 dl‘—i—
=1 \o(k—1)+p

6

Ou(x) il (T,

+ﬁ§f?<s> > (f G pe i de 1% G e dw) P
J: , . .

j;é2(l~c—1)+p

£V (p)
85O | B i e de + BT ]

+5,7(€) fa(w)u(w)% leu=p-1 dar—
D

_5155)(5) / (f { ilKj(x,C)agéC)

3 z) cos(z—&,;)
Z1 a;(@ zj 27r\x—€7|21 ley=p—1 dz+
j:

D \D

K({L’, C)U(C)} dC) m |§k:p71 dx

(14)
(p) (:ﬂ)

where the functions oy, and ¢, (x), k = 1,3, are defined as follows:

agp) (z) = agp)( (p) (z) = (p)

x2, .1'3), Q9 = Oy (:Bla .%'3), Oé:gp)(l') (v)

= ay (x1, 22),
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p1(z) = p1(z2, 23), va(2) = @a(1, 3), P3(2) = w3(21, T2).
S ={(zg, x3) : 0 <29 < 1,0 < 23 <1},
So=A{(z1,23):0< 21 <1,0< 23 <1},

S3Z{($1,$2)!0<.%’1 <1,0<x2<1}. (15)

Assuming that the functions ¢, (z), k = 1,3, satisfy the Holder condition, we
obtain the convergence of the first integral on the right-hand side of (14) in the
sense of Cauchy. Substituting the first necessary condition (6) into the second
term on the right-hand side of (14), we obtain:

€l pik, dx =

I (el @u@)

Fok—1)+p €Ly 1k
_ 1 (p) 1 cos(¢—,v¢)
f 27r|x—§|2ak ('r) 2 f U(C) |C_£‘2 - Cerp+k, dC +
Pak—1)+p Po(k—1)4p €T g
6 1 cos(—x,v¢) 1 (C) (16)

> o . W)= cer, Q*Ff

=1, S

2k ke

3
ou(¢ _
_g > ar(Q) ag(k 47T|C m‘dC f 47r|§ de} dr,k=1,3

£€T2 (k1) 4
€l (k—1)+4p

Changing the order of integration in the first term on the right-hand side of (16),
we obtain:

d (p) 1 COS(C*I,Vc) .
f 2W|xi§|2ak (2) §€la(k—1)+4p> 21 f u(Q) Ic—¢]? CET 2 (k—1)4p> d¢ =

Foe—1)4p €l (k—1)4p Fok—1)4p €l (k—1)4p

= [ fuQd [ o (@) =G dr,k =1,3

- o k 2m |c—¢2lz—¢)? | SEL2(k—1)+p y =519,
Fotk—1)+4p Fotk—1)+p ZEL 2 (k—1)4p>

€l (k—1)4p-

(17)

Taking into account that li_>mc cos(¢ —x,v¢) = 0, as well as the fact that the faces
€T

of the cube D are the Lyapunov boundary since the extreme position of the vector
¢ —x at * — ¢ with respect to the normal v, is perpendicular, the inner integral
in (17) has a singularity of order 2 — « that is less than the order of the outer
integral: 2 — o < 2, which ensures convergence of the integral (17). Thus, taking
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into account (16) and (17) in (14), we obtain the regularized relations:

S 0u(e) _
IGE o [N 25@() o =
j:
_ (@) dp—
- Z f 2ﬂ.|1. £| Er=p—1, €L

P=1T9_1)4p zp=p—1

2
cos(C—z,v¢)
2 P L o () Bt er e Aot

Poe—1)4p Foe—1)4p €LY (k—1)4ps
€€l (k1) 4p-
+ f 1 a(P) (.%‘) Z 1 f U(O cos(C—z,v¢) dC B
2r|z—£|? Tk 27 [C—z|? ¢ely,
Pak—1)+p = r z€l(k—1)+p
g#2(k—1)+p

ou(¢ 9u(¢
e B d = ] 2 % s - | TR dC}

gEFQ(k—l)-‘—;ﬂ ) dx+

€L (k—1)4p

J
r
2.3 ﬁ(p')(f)*ﬂ(p)( ) ([ du(z im (T x,
+ Z Z { f |: = |:t7§|gJ (dac(m) B 2£r . + 3:&1) Kll2(7r§ ) ‘ﬁkzp—l dx+

6
Ou(zx) il (%,
+’3’(£)(€> i Z (f 8l"(m 27r|:1: §| d + f 8$z 27 \lx( gldx) ‘ﬁkzpfl +
;‘7527(k—1)+p x

ou(x) cos(x—&,vy
+5l(fi)) (€) 8:1(:1-) 27|(-|I,E§|2) |§k:P—1 da+

r
Ou(x z—&,x;
85O | X 0@ 5 G levmpr dot
1o}

z) cos(z—&,vy)

(O [ B S levmp dat

3
O ] X 0@ G ey dot
a

7j=1
€ ] ale)u(e) SEE ey do
617 (€) gamum% lev=p-1 do—
8O | f { > (.0 %9 + Kz, <>u(c>} dc) s lop do k= T3

(18)

Remark 2. Obviously, the right-hand sides of the regular relations (18) contain
the values of the desired function and its partial derivatives under the integral both
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over the boundary I' and over the domain D, which will be taken into account
when proving the Fredholm property of our problem.

Obviously, if ¢;(z), i = 1,3, in the boundary conditions (2) are continuously
differentiable in the domains S; (15) and are equal to zero on the boundary of \S;,

f _pp(2)
Toe—1)4p 2nfa—€* | € =D

zr=p—1
Thus, the following assertion is proven:

then the integrals dx converge in the usual sense.

Theorem 3. If ag’)(x), i,j7=1,3,p=1,2,2 €T, belong to the Holder class

with index p > 0 and agp)(a:) e C(Sy), i=1,3,p=1,2, and pi(z) € CH(S,),
goi(m)\asi =0, i = 1,3, then, under the conditions of Theorems 2 and 3, the
relations (18) are regular.

5. Fredholm property

There are 24 unknowns: u(&) |eer,, ,ag—g) lcer,, , 2 =1,3,n =1,6, in problem
(1)-(2). From the theory of analysis it is known that

Gu(g) _ 8“(5) 0 _ 8“(517 07 53) o aU(g) ‘5220
gg, =0 = m 5T = g dm ) = e T s
Similarly we obtain:
0 0 = . — .
;S) lepmp—1 = u(f(;gg’”’ ik=1,3,k#i,p=0, 1. (19)

Therefore, 12 unknowns 885 le=p - 0,k =1,3, k# 1, p=0,1, are expressed
through the derivatives of the boundary Values of the desired function u( ) e =
k=1,3, p=0,1. Then we have only 12 unknowns: u(¢) ‘&:pa 8& |§Z —p, =
1,3, p=0,1, and 12 equations consisting of boundary conditions (2), necessary
conditions (6) and regular relations (18). The resulting system (2), (6), (18) is a
system of Fredholm integro—differentlal equations of the 2nd kind.

The solution u(§) |¢,=p. agg lei=p » i = 1,3, p=0,1, to the system (2), (6),
(18), and, therefore, according to (19), all the 24 boundary values u(&) |¢,—p,

ou(§)
9€;
D which are present in (18):

’U,(f) ‘ﬁi:p: /Dalp dg—i_ Z/ zpm 8Cm dC,

lei=p » 4,7 = 1,3, p=0,1, are expressed through integrals over the domain
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e e N 1(9
g, leor = [ enOuOC+ 3 [ i

i,j=1.3,p=0,1 (20)

dg,

Substituting (20) into the 1st basic relationship (5) and the three 2nd basic

relationships (7), we obtain a system of Fredholm equations of the 2nd kind over

du(§)

the domain D with respect to u(§), e, 0 J = 1,3, with regular kernels. So we

have proved

Theorem 4. If the conditions of Theorem 3 are satisfied, the problem (1)-(2)
has a Fredholm property.

1]
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