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Hardy Inequalities on Cones of Monotone
Functions on a Measure Space

K. Mynbaev

Abstract. Consider a Hausdorff topological space X with Borel measure ν. Let {Ω (t)}
be a totally ordered family of open subsets of an open set Ω in X parameterized by
t ∈ [0,∞). This family generates a partial order in the set of functions defined on Ω. We
obtain Sawyer-type bounds for a linear functional on cones of decreasing and increasing
functions in weighted spaces. These results are further applied to obtain criteria of
boundedness of averaging operators in those weighted spaces.
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1. Introduction

In the seminal paper [1] Sawyer characterized a linear functional L (f) =∫∞
0 fg on a nonlinear set (cone) of decreasing functions and applied his result to
the study of Lorentz spaces. Variations and generalizations of his results in the
one-dimensional case have been obtained in [2, 7, 3]. [5] completed those results by
investigating spaces of sequences. A series of general statements with relatively
simple proofs is given in [11]. [6] has order-sharp three-weight estimates. [8]
have developed further three-weight estimates. [4] extended results for monotone
functions to Rn and [9] applied them to study potential operators on homogeneous
groups.

We concentrate on the original Sawyer’s results and obtain their very general
versions by employing the theorems on the boundedness of the Hardy operator
in a topological Hausdorff space with measures from the recent paper [10].
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Assumption on Ω (t)

Let Ω be an open subset of a Hausdorff topological space X with σ-additive
measures µ, ν. The measures are defined on a σ-algebra M that contains the
Borel-measurable sets.

Assumption 1. a) {Ω(t) : t ≥ 0} is a one-parametric family of open subsets
of Ω which satisfy monotonicity condition:

for t1 < t2, Ω(t1) is a proper subset of Ω(t2).

b) Ω(t) start at the empty set and eventually cover almost all Ω: Ω(0) =
∩t>0Ω(t) = ∅, ν (Ω\ ∪t>0 Ω(t)) = 0.

c) Further, denote by ω(t) = Ω(t) ∩ (Ω\Ω(t)) the boundary of Ω(t) in the
relative topology. We require the boundaries to be disjoint and cover almost all
Ω:

ω(t1) ∩ ω(t2) = ∅, t1 ̸= t2, ν(Ω\ ∪t>0 ω(t)) = 0. (1)

d) Passing to a different parametrization, if necessary, we can assume that

ν (Ω\ ∪t≤N ω(t)) > 0 for any N < ∞.

e) Finally, we assume that boundaries are thin in the sense that

ν(ω(t)) = 0 for all t > 0. (2)

(1) implies that for ν-almost each y ∈ Ω there exists a unique τ(y) > 0 such
that y ∈ ω(τ(y)). The Hardy operator is defined by

Pf(x) =

∫
Ω(τ(x))

fdν, x ∈ Ω,

for any non-negative M-measurable f. On the set Ω0 ⊂ Ω of those y for which
τ(y) is not defined we can put τ(Ω0) = ∅. (2) allows us to define segments
Ω [s, t] = Ω (t) \Ω (s) without having to distinguish between variations such as
Ω (t) \Ω (s) etc. The averaging operator generalizes 1

x

∫ x
0 f and is defined as

Tf(x) =
1

ν (τ (x))

∫
Ω(τ(x))

fdν, x ∈ Ω. (3)

Notation

Lp(vdν) denotes the space with the norm ∥f∥p,vdν =
(∫

Ω |f |pvdν
)1/p

, where v
is a weight function. The weights v, w are assumed positive and finite almost
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everywhere. Our main task is to find necessary and sufficient conditions for[∫
Ω

(
1

ν (τ (x))

∫
Ω(τ(x))

fdν

)q

w(x)dν(x)

]1/q
≤ C

(∫
Ω
fpvdν

)1/p

, f ≥ 0, (4)

where C denotes the least constant. Everywhere we can assume that f is inte-
grable, the general case following by passing to the limit. We write A ≍ B to
mean that c1A ≤ B ≤ c2A with positive constants c1, c2 that do not depend on
weights and measures.

We use the usual convention 1/∞ = 0 and 0 · ∞ = 0.

Auxiliary results on Hardy inequality

We need results on validity of[∫
Ω

(∫
Ω(τ(x))

fdν

)q

u(x)dµ(x)

]1/q
≤ C

(∫
Ω
fpvdν

)1/p

from [10]. Denote

Ψ(t) =

(∫
Ω\Ω(t)

udµ

)1/q (∫
Ω(t)

v−p′/pdν

)1/p′

, t ≥ 0,

Φ(t) =

(∫
Ω\Ω(τ(t))

udµ

)1/p(∫
Ω(τ(t))

v−p′/pdν

)1/p′

, t ∈ Ω.

Theorem A. a) If 1 < p ≤ q < ∞, then C ≍ supt>0Ψ(t).

b) If 0 < q < p, 1 < p < ∞, put 1/r = 1/q − 1/p. Then C ≍
(∫

ΩΦrudµ
)1/r

.

The corresponding result for the adjoint operator P ∗f (y) =
∫
Ω\Ω(τ(x)) fdν is

stated in terms of the functions

Ψ∗(t) =

(∫
Ω(t)

udµ

)1/q (∫
Ω\Ω(t)

v−p′/pdν

)1/p′

, t ≥ 0,

Φ∗(t) =

(∫
Ω(τ(t))

udµ

)1/p(∫
Ω\Ω(τ(t))

v−p′/pdν

)1/p′

, t ∈ Ω.

Denote by C∗ the least constant in the inequality[∫
Ω

(∫
Ω\Ω(τ(x))

fdν

)q

u(x)dµ(x)

]1/q
≤ C∗

(∫
Ω
fpvdν

)1/p

.
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Theorem B. a) If 1 < p ≤ q < ∞, then C∗ ≍ supt>0Ψ
∗(t).

b) If 0 < q < p, 1 < p < ∞, then C∗ ≍
(∫

Ω (Φ∗)r udµ
)1/r

.

2. Main results

The function f : Ω → R+ = [0,∞) is called A-decreasing (notation: f ∈ AD)
if τ (x) = τ (y) implies f (x) = f (y) and τ (x) < τ (y) implies f (x) ≥ f (y) .
Symmetric decreasing rearrangements on Rn generated by the family of balls in
Rn centered at zero are a special case and have numerous applications [12]. The
function f : Ω → R+ is called A-increasing (notation: f ∈ AI) if τ (x) = τ (y)
implies f (x) = f (y) and τ (x) < τ (y) implies f (x) ≤ f (y) .

We obtain Sawyer-type bounds for the functional

CAD (g) = sup
f∈AD

∫
Ω
fgdν

(∫
Ω
fpvdν

)−1/p

and a corresponding result for f ∈ AI. Applications to averaging operators are
given.

Denote

V (t) =

∫
Ω(t)

vdν, G (t) =

∫
Ω(t)

gdν, t ∈ [0,∞] .

Theorem 1. Let 1 < p < ∞. If V (∞) < ∞, then

CAD (g) ≍ G (∞)V (∞)−1/p +

(∫
Ω
[G (τ (x)) /V (τ (x))]p

′
v (x) dν (x)

)1/p′

. (5)

If V (∞) = ∞, then (5) holds without the term G (∞)V (∞)−1/p .

Let

CAI (g) = sup
f∈AI

∫
Ω
fgdν

(∫
Ω
fpvdν

)−1/p

,

V ∗ (t) =

∫
Ω\Ω(t)

vdν, G∗ (t) =

∫
Ω\Ω(t)

gdν, t ∈ [0,∞] .

Theorem 2. Let 1 < p < ∞. If V (∞) < ∞, then

CAI (g) ≍ G (∞)V (∞)−1/p +

(∫
Ω
[G∗ (τ (x)) /V ∗ (τ (x))]p

′
v (x) dν (x)

)1/p′

.

(6)

If V (∞) = ∞, then (6) holds without the term G (∞)V (∞)−1/p .
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Instead of the usual notation for composite functions V ◦ τ, G ◦ τ, V ∗ ◦ τ and
G∗ ◦ τ , it will be convenient to use Vτ , Gτ , V

∗
τ and G∗

τ , resp.

Consider an integral operator

Kf (x) =

∫
Ω
k (x, y) f (y) dν (y)

with a non-negative kernel k. The next corollary reduces a non-linear problem to
a linear one.

Corollary 1. Let 1 < p, q < ∞. a) The bound(∫
Ω
(Kf)q wdν

)1/q

≤ C

(∫
Ω
fpvdν

)1/p

(7)

holds for all f ∈ AD if and only if the bound
∫
Ω
K∗hdν

(∫
Ω
vdν

)−1/p

+

∫
Ω

(∫
Ω(τ(x))

K∗hdν/Vτ (x)

)p′

v (x) dν (x)

1/p′


≤ C

(∫
Ω
hq

′
w1−q′dν

)1/q′

(8)

holds for all h ≥ 0.

b) The bound (7) holds for all f ∈ AI if and only if the bound (8) holds with
Ω (τ (x)) in the inner integrals replaced by Ω\Ω (τ (x)) (Vτ gets replaced by V ∗

τ ).

For the averaging operator (3) with the notation

m (y) =
1

ν (Ω (τ (y)))
, P ∗f (y) =

∫
Ω\Ω(τ(y))

fdν

we see that T ∗f = P ∗ (mf) and

(PT ∗f) (x) =

∫
Ω(τ(x))

(∫
Ω[τ(y),τ(x)]

mfdν +

∫
Ω[τ(x),∞]

mfdν

)
dν (y)

=

∫
Ω(τ(x))

(mf) (z)

(∫
Ω(τ(z))

dν

)
dν (z) +

∫
Ω[τ(x),∞]

mfdν

∫
Ω(τ(x))

dν

= (Pf) (x) + ν (Ω (τ (x))) [P ∗ (mf)] (x) . (9)
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Theorem 3. Let C be the best constant in (4) and denote 1/r = 1/q − 1/p for
q > p. a) If 1 < p ≤ q < ∞, then C ≍ α+ β, where

α = sup
x∈Ω

(∫
Ω(τ(x))

wdν

)1/q (∫
Ω(τ(x))

vdν

)−1/p

, (10)

β = sup
x∈Ω

(∫
Ω(τ(x))

(Vτ/m)−p′ vdν

)1/p′ (∫
Ω\Ω(τ(x))

mqwdν

)1/q

, (11)

resp.
b) If 1 < q < p < ∞, then C ≍ A+B, where

A =


∫
Ω

(∫
Ω\Ω(τ(x))

V −p′
τ vdν

)r/q′ (∫
Ω(τ(x))

wdν

)r/q

V −p′
τ (x) v (x) dν (x)


1/r

,

(12)

B =


∫
Ω

(∫
Ω(τ(x))

(Vτ/m)−p′ vdν

)r/q′ (∫
Ω\Ω(τ(x))

mqwdν

)r/q

× (Vτ (x) /m (x))−p′ v (x) dν (x)

}1/r

. (13)

3. Proofs

All long proofs use binary partitions. In the proof of Lemma 1 we give such
derivations in full and later indicate shortened proofs with enough detail for the
interested reader to be able to restore complete proofs.

Lemma 1. Let 1 < p < ∞. Suppose that 0 < V (∞) < ∞. Then for all 0 <
G (∞) ≤ ∞ the following statements a)-c) are true: a) we have with some c1, c2 >
0

c1Vτ (x)
1−p′ ≤

∫
Ω[τ(x),∞]

V −p′
τ vdν ≤ c2Vτ (x)

1−p′ , (14)

where the right inequality is true for all x and the left one for x such that Vτ (x) <
1
2V (∞) . When τ (x) → ∞,

∫
Ω[τ(x),∞] V

−p′
τ vdν → 0 because if 1

2V (∞) ≤ Vτ (x) ≤
V (∞), then

1 ≤
∫
Ω[τ(x),∞]

V −p′
τ vdν

(
V (∞)−p′

∫
Ω[τ(x),∞]

vdν

)−1

≤ 2p
′
. (15)
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Thus the left side of (14) cannot be true for large τ (x) .

b) A Hardy type inequality∫
Ω
(P ∗f)p vdν ≤ c

∫
Ω
fpV p

τ v
1−pdν

holds with c independent of f, v, V .

c) For all y ∈ Ω we have(
P ∗ g

Vτ

)
(y) =

∫
Ω\Ω(τ(y))

g/Vτdν ≤ 8

(
G (∞) /V (∞) +

∫
Ω\Ω(τ(y))

GτV
−2
τ vdν

)
.

Parts a) and b) hold also with p replaced by p′.

Proof. a) Denote t0 = ∞ and define successively t0 > t1 > ... > tn → 0 such
that

vn ≡
∫
Ω[tn,tn−1]

vdν = 2−nV (∞) , n = 1, 2, ... (16)

This is possible because of (2). For s ∈ (0,∞), define n (s) by the condition
s ∈ [tn(s), tn(s)−1), n (s) ≥ 1.

Since tn(τ(x)) ≤ τ (x) and [tn(τ(x)),∞) = ∪n(τ(x))
j=1 [tj , tj−1), we can discretize

the integral in the middle of (14):

I1 (x) ≡
∫
Ω[τ(x),∞]

V −p′
τ vdν ≤

∫
Ω[tn(τ(x)),∞]

V −p′
τ vdν

=

n(τ(x))∑
j=1

∫
Ω[tj ,tj−1]

V −p′
τ vdν ≤

n(τ(x))∑
j=1

V (tj)
−p′ vj . (17)

By (16), vk = 2mvk+m, for k ≥ 1 and k +m ≥ 1, so

V (tj) =
∑

k≥j+1

vk = 2m
∑

k≥j+1

vk+m = 2mV (tj+m) , j,m ≥ 0, (18)

which implies V (tj) = 2n(τ(x))−j−1V
(
tn(τ(x))−1

)
≥ 2n(τ(x))−j−1Vτ (x) for 1 ≤

j ≤ n (τ (x)) − 1. For j = n (τ (x)), obviously, V
(
tn(τ(x))

)
= 1

2V
(
tn(τ(x))−1

)
≥

1
2Vτ (x) . Therefore, the right inequality in (14) is true:

I1 (x) ≤ c1Vτ (x)
−p′

n(τ(x))∑
j=1

2(1−p′)[n(τ(x))−j]vj+n(τ(x))+1−j
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= c1Vτ (x)
−p′ vn(τ(x))+1

n(τ(x))∑
j=1

2(1−p′)[n(τ(x))−j] ≤ c2Vτ (x)
1−p′ . (19)

When proving the lower bound in (14) we can use n (τ (x)) ≥ 2 because the
inequality Vτ (x) <

1
2V (∞) is equivalent to τ (x) < t1 and to n (τ (x)) ≥ 2.

I1 (x) =

∫
Ω[τ(x),∞]

V −p′
τ vdν ≥

∫
Ω[tn(τ(x))−1,∞]

V −p′
τ vdν

=

n(τ(x))−1∑
j=1

∫
Ω[tj ,tj−1]

V −p′
τ vdν ≥

n(τ(x))−1∑
j=1

V (tj−1)
−p′ vj .

Choosing m = n (τ (x)) − j + 1 in (18) gives V (tj−1) ≤ 2n(τ(x))−j+1Vτ (x) for
1 ≤ j ≤ n (τ (x))− 1. Using also vj = 2n(τ(x))−j−1V

(
tn(τ(x))−1

)
, we get

I1 (x) ≥ c3Vτ (x)
−p′

n(τ(x))−1∑
j=1

2(1−p′)[n(τ(x))−j]V
(
tn(τ(x))−1

)
≥ c4Vτ (x)

1−p′ .

In the case 1
2V (∞) ≤ Vτ (x) ≤ V (∞), (15) is evident.

Statement b) will follow from Theorem B if we prove that

A (x) =

(∫
Ω(τ(x))

vdν

)1/p(∫
Ω\Ω(τ(x))

(
V p
τ v

1−p
)1−p′

dν

)1/p′

= Vτ (x)
1/p

(∫
Ω\Ω(τ(x))

V −p′
τ vdν

)1/p′

≤ c.

But this follows from (14).
To avoid triviality in the proof of c), assume that G (∞) < ∞. Denote

gn =

∫
Ω[tn,tn−1]

gdν, G (tn−1) =

∞∑
i=n

gi, V (tn−1) =

∞∑
i=n

vi, n ≥ 1.

The first step is discretization. Since τ (z) ≥ tn(τ(z)), we have

Vτ (z) ≥
∫
Ω(tn(τ(z)))

vdν =
∞∑

i=tn(τ(z))+1

vi = V
(
tn(τ(z))

)
, (20)

so

I (y) ≡
∫
Ω[τ(y),∞]

g/Vτdν ≤
∫
Ω[tn(τ(y)),∞]

g (z) /V
(
tn(τ(z))

)
dν (z)
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=

n(τ(y))∑
i=1

∫
Ω[ti,ti−1]

g (z) /V
(
tn(τ(z))

)
dν (z) .

Here in the integral τ (z) ∈ [ti, ti−1) implies n (τ (z)) = i. Therefore,

I (y) ≤
n(τ(y))∑
i=1

∫
Ω[ti,ti−1]

g/V (ti) dν =

n(τ(y))∑
i=1

gi
V (ti)

≡ J (y) . (21)

The next step is essentially a change of the summation order.

J (y) =

n(τ(y))∑
i=1

G (ti−1)−G (ti)

V (ti)
=

G (∞)

V (t1)
+

n(τ(y))∑
i=2

G (ti−1)

V (ti)


−

n(τ(y))−1∑
i=1

G (ti)

V (ti)
+

G
(
tn(τ(y))

)
V
(
tn(τ(y))

)


≤ G (∞)

V (t1)
+

n(τ(y))∑
i=2

G (ti−1) vi
V (ti−1)V (ti)

≤ G (∞)

V (t1)
+

n(τ(y))∑
i=2

G (ti−1) vi

V (ti)
2 . (22)

The last step is bounding this expression by an integral. Note that for τ (s) ≥
ti−1, one has G (ti−1) ≤ Gτ (s) , and vi =

1
2vi−1, i ≥ 2, so

G (ti−1) vi =
1

2
G (ti−1)

∫
Ω[ti−1,ti−2]

vdν ≤ 1

2

∫
Ω[ti−1,ti−2]

Gτvdν, i ≥ 2. (23)

Further, for τ (s) ≤ ti−2 with i ≥ 2

V (ti) =
∑

j≥i+1

vj =
1

4

∑
j≥i−1

vj =
1

4

∫
Ω(ti−2)

vdν ≥ 1

4
Vτ (s) . (24)

Combining (23) and (24) and using τ (y) < tn(τ(y))−1, we see that

n(τ(y))∑
i=2

G (ti−1) vi

V (ti)
2 ≤ 1

2

n(τ(y))∑
i=2

1

V (ti)
2

∫
Ω[ti−1,ti−2]

Gτvdν

≤ 8

n(τ(y))∑
i=2

∫
Ω[ti−1,ti−2]

GτV
−2
τ vdν ≤ 8

∫
Ω[τ(y),∞]

GτV
−2
τ vdν.

The remainder at the right of (22) is, obviously, 2G (∞) /V (∞) . (21), (22) and
the last displayed equation prove c).



74 K. Mynbaev

Lemma 2. Let 1 < p < ∞ and V (∞) = ∞. Then

a) the right side of (14) holds for all x ∈ Ω,

b) part b) of Lemma 1 holds and

c) part c) of Lemma 1 is true without the term G (∞) /V (∞) .

Proof. a) Define the segments [tn, tn+1) by the condition vn =
∫
Ω[tn,tn+1)

vdν =
2n, n ∈ Z. Then,

V (tn) =

∫
Ω(tn)

vdν =
n−1∑

j=−∞
vj = 2n, V (tn) = 2n−mV (tm) , vn = 2n−mvm.

Define n (τ (x)) by the condition tn(τ(x)) ≤ τ (x) < tn(τ(x))+1. Then, instead of
(17) we have ∫

Ω[τ(x),∞]
V −p′
τ vdν ≤

∞∑
j=n(τ(x))

V (tj)
−p′ vj (25)

and (19) can be changed to bound the last expression by c2Vτ (x)
1−p′ . As a result,

we get the right inequality in (14). As in Lemma 1, it implies statement b).

c) We can prove the statement for gχΩ(N) instead of g and then let N → ∞.
Thus, we can assume G (∞) < ∞. With the notation gn =

∫
Ω[tn,tn+1]

gdν, we
have

G (tn) =

∫
Ω(tn)

gdν =
n−1∑

i=−∞
gi, V (tn) =

n−1∑
i=−∞

vi.

With this notation, (20) holds and with obvious changes in calculation, instead
of (21) we get

I (y) ≡
∫
Ω[τ(y),∞]

g/Vτdν ≤
∞∑

i=n(τ(y))

gi
V (ti)

≡ J (y) .

The analog of (22) is

J (y) ≤
∞∑

i=n(τ(y))+1

G (ti) vi−1

V (ti−1)
2 .

Instead of (23) we have G (ti) vi−1 ≤ 1
2

∫
Ω[ti,ti+1]

Gτvdν, while (24) does not

change. Putting all those inequalities together, we prove c).

Proof. [Proof of Theorem 1] Part 1. Here we assume that V (∞) < ∞. For
CAD (g) to be meaningful, we exclude the case v = 0 a.e. Then V (∞) > 0 and
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G (∞) > 0. If G (∞) = ∞, we can prove (5) for gχΩ(N) instead of g and then let
N → ∞. Thus, we can assume G (∞) < ∞.

Bound from below. Since f ≡ c > 0 belongs to AD, obviously,

CAD (g) ≥
∫
Ω
gdν

(∫
Ω
vdν

)−1/p

. (26)

Define f (x) =
∫
Ω[τ(x),∞] hdν with h (t) ≥ 0. Then f ∈ AD and∫
Ω
fgdν =

∫
Ω
gP ∗hdν =

∫
Ω
(Pg)hdν =

∫
Ω
Gτhdν. (27)

By Lemma 1b), ∫
Ω
fpvdν =

∫
Ω
(P ∗h)p vdν ≤ c1

∫
Ω
hpV p

τ v
1−pdν. (28)

(27) and (28) imply

CAD (g) ≥ c2 sup
h≥0

∫
ΩGτhdν(∫

Ω hpV p
τ v1−pdν

)1/p (replacing throughout u = hVτ/v)

= c2 sup
u≥0

∫
uGτ/Vτvdν(∫
Ω upvdν

)1/p = c2

(∫
Ω
(Gτ/Vτ )

p′ vdν

)1/p′

. (29)

(26) and (29) prove the lower bound.

Bound from above. Since f ∈ AD, by Lemma 1c) we have∫
Ω
fgdν =

∫
Ω

fg

Vτ
Vτdν =

∫
Ω

(
P ∗ fg

Vτ

)
vdν ≤

∫
Ω

(
P ∗ g

Vτ

)
fvdν

≤ 8

[∫
Ω
fvdνG (∞) /V (∞) +

∫
Ω

[
P ∗ (GτV

−2
τ v

)]
fvdν

]
.

By Hölder’s inequality,∫
Ω
fvdνG (∞) /V (∞) ≤

(∫
Ω
fpvdν

)1/p

G (∞)V (∞)−1/p . (30)

In Lemma 1b) replace f by F = GτV
−2
τ v and p by p′ to get∫

Ω
(P ∗F )p

′
vdν ≤ c

∫
Ω

(
GτV

−2
τ v

)p′
V p′
τ v1−p′dν = c

∫
Ω

(
GτV

−1
τ

)p′
vdν.
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Combining this with Hölder’s inequality we get∫
Ω
f (y) v (y)P ∗F (y) dν (y) ≤

(∫
Ω
fpvdν

)1/p(∫
Ω
(P ∗F )p

′
vdν

)1/p′

≤ c

(∫
Ω
fpvdν

)1/p(∫
Ω

(
GτV

−1
τ

)p′
vdν

)1/p′

. (31)

(30) and (31) prove what we need in the case V (∞) < ∞.
Part 2. Let V (∞) = ∞. The case G (∞) = ∞ is handled as in Part 1, which

means that for the purposes of bound (5) we put ∞
∞ = 0. Let G (∞) < ∞. The

proof of Part 1 goes through with the following changes. The right side of (26) is
zero. For (28), instead of Lemma 1b) we use Lemma 2b). For the upper bound,
instead of Lemma 1c) we use Lemma 2c). (30) becomes unnecessary. Further,
instead of Lemma 1b) apply Lemma 2b).

Lemma 3. If V (∞) < ∞, then a)∫
Ω
(Ph)p vdν ≤ c

∫
Ω
hp (V ∗

τ )
p v1−pdν. (32)

This is also true with p replaced by p′.
b)

I (y) ≡
(
P

g

V ∗
τ

)
(y) ≤ 8

(
G (∞) /V (∞) +

∫
Ω(τ(y))

G∗
τ (V

∗
τ )

−2 vdν

)
. (33)

Proof. Here and in the proof of Theorem 3 we use the notation F ∗ =
G∗

τ (V
∗
τ )

−2 v. The partition used here is different from the one applied in Lemma
1. Put s0 = 0 and define s0 < s1 < ... < sn → ∞ by

vk ≡
∫
Ω[sk,sk+1]

vdν = 2−k−1V (∞) , k ≥ 0,

and m (s) ≥ 0, for s ∈ [0,∞), with s ∈ [sm(s), sm(s)+1)
a) By Theorem A, we need to prove that

A1 (x) ≡

(∫
Ω\Ω(τ(x))

vdν

)1/p(∫
Ω(τ(x))

(
(V ∗

τ )
p v1−p

)−p′/p
dν

)1/p′

= V ∗
τ (x)1/p

(∫
Ω(τ(x))

(V ∗
τ )

−p′ vdν

)1/p′

≤ c.
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Using τ (x) < sm(τ(x))+1, we have

J (x) ≡
∫
Ω(τ(x))

(V ∗
τ )

−p′ vdν ≤
m(τ(x))∑
k=0

∫
Ω[sk,sk+1]

(V ∗
τ )

−p′ vdν

≤
m(τ(x))∑
k=0

V ∗ (sk+1)
−p′
∫
Ω[sk,sk+1]

vdν.

Here

V ∗ (sk+1) = 2m(τ(x))−k−1V ∗ (sm(τ(x))

)
, vk = 2m(τ(x))−k+1vm(τ(x))+1.

Hence,

J (x) ≤ c1V
∗ (sm(τ(x))

)−p′
vm(τ(x))+1

m(τ(x))∑
k=0

2(1−p′)(m(τ(x))−k)

≤ c2V
∗
τ (x)1−p′ .

Thus, A1 (x) ≤ c3V
∗
τ (x)1/p

(
V ∗
τ (x)1−p′

)1/p′
= c3, which proves a).

b) Denote

gn =

∫
Ω[sn,sn+1]

gdν, G∗ (sn) =

∞∑
i=n

gi, V ∗ (sn) =

∞∑
i=n

vi, n ≥ 0.

The first step is to discretize I (y) :

I (y) ≤
∫
Ω(sm(τ(y))+1)

g/V ∗
τ dν =

m(τ(y))∑
i=0

∫
Ω[si,si+1]

g/V ∗
τ dν. (34)

For τ (x) ∈ [si, si+1) we have m (τ (x)) = i and V ∗
τ (x) ≥ V ∗ (si+1) , so

I (y) ≤
m(τ(y))∑

i=0

gi
V ∗ (si+1)

.

Changing the summation order:

I (y) ≤
m(τ(y))∑

i=0

G∗ (si)−G∗ (si+1)

V ∗ (si+1)
≤ G (∞)

V ∗ (s1)
+

m(τ(y))∑
i=1

G∗ (si) vi
V ∗ (si)V ∗ (si+1)
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≤ G (∞)

V ∗ (s1)
+

m(τ(y))∑
i=1

G∗ (si) vi

V ∗ (si+1)
2 . (35)

Next we bound the sum on the right of (35) by an integral. Note that

G∗ (si) vi =
1

2
G∗ (si) vi−1 =

1

2

∫
Ω[si−1,si]

G∗ (si) vdν ≤ 1

2

∫
Ω[si−1,si]

G∗
τvdν

and for τ (x) ≥ si−1

V ∗ (si+1) =
1

4
V ∗ (si−1) =

1

4

∫
Ω[si−1,∞]

vdν ≥ 1

4
V ∗
τ (x) .

That is why

m(τ(y))∑
i=1

G∗ (si) vi

V ∗ (si+1)
2 ≤ 8

m(τ(y))∑
i=1

∫
Ω[si−1,si]

G∗
τ (V

∗
τ )

−2 vdν

= 8

∫
Ω[s0,m(τ(y))]

F ∗dν ≤ 8

∫
Ω(τ(y))

F ∗dν. (36)

Since also G (∞) /V ∗ (s1) = 2G (∞) /V (∞) , (35) and (36) prove b).

Lemma 4. Let
∫
Ω[t,∞] vdν < ∞ for any t > 0 and V (∞) = ∞.

a) (32) is true, also with p replaced by p′.
b) (33) holds without the term G (∞) /V (∞) on the right.

Proof. a) Define the segments [tn, tn+1) by the condition vn =
∫
Ω[tn,tn+1)

vdν =

2−n, n ∈ Z. Then

vj = 2n−jvn, V ∗ (tj) =

∫
Ω[tj ,∞]

vdν =
∞∑
s=j

vs = 2n−jV ∗ (tn) .

Instead of (25), this time we have∫
Ω(τ(x))

(V ∗
τ )

−p′ vdν ≤
n(τ(x))∑
j=−∞

V ∗ (tj+1)
−p′ vj ≤ cV ∗

τ (x)1−p′ .

As in Lemma 3, this inequality implies (32).
b) With the same {tn} as in part a), denote gn =

∫
Ω[tn,tn+1]

gdν, and then we
have

G∗ (tn) =

∫
Ω[tn,∞]

gdν =

∞∑
i=n

gi, V ∗ (tn) =

∞∑
i=n

vi.
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Instead of (34), we have for tn(τ(y)) ≤ τ (y) < tn(τ(y))+1

I (y) ≤
∫
Ω(tn(τ(y))+1)

g/V ∗
τ dν =

n(τ(y))∑
i=−∞

∫
Ω[ti,ti+1]

g/V ∗
τ dν

and instead of (35)

I (y) ≤
n(τ(y))∑
i=−∞

G∗ (ti) vi

V ∗ (ti+1)
2 .

Further, using

G∗ (ti) vi ≤
1

2

∫
Ω[ti−1,ti]

G∗
τvdν, V ∗ (ti+1) ≥

1

4
V ∗
τ (x) , for τ (x) ≥ ti−1,

we obtain

I (y) ≤ 8

n(τ(y))∑
i=−∞

∫
Ω[ti−1,ti]

G∗
τ (V

∗
τ )

−2 vdν ≤ 8

∫
Ω(τ(y))

G∗
τ (V

∗
τ )

−2 vdν.

◀

Proof. [Proof of Theorem 2] Part 1. Here we suppose that V (∞) < ∞.

In the proof of the lower bound, one part is trivial: since f ≡ c > 0 belongs
to AI, we have

CAI (g) ≥ G (∞)V (∞)−1/p . (37)

Define f = Ph with h ≥ 0. Then f ∈ AI,
∫
Ω fgdν =

∫
Ω hP ∗gdν and by Lemma

3a) we have (32). Therefore,

CAI (g) ≥ c1 sup
h≥0

∫
Ω hP ∗gdν[∫

Ω hp (V ∗
τ )

p v1−pdν
]1/p = c1 sup

h≥0

∫
Ω (hV ∗

τ /v) (G
∗
τ/V

∗
τ ) vdν[∫

Ω (hV ∗
τ /v)

p vdν
]1/p

(put u = hV ∗
τ /v and use duality (Lp)

′ = Lp′)

= c1 sup
u≥0

∫
Ω u (G∗

τ/V
∗
τ ) vdν(∫

Ω upvdν
)1/p = c1

(∫
Ω
(G∗

τ/V
∗
τ )

p′ vdν

)1/p′

. (38)

(37)-(38) prove the lower bound.

Bound from above. Using f ∈ AI and Lemma 3b), we have∫
Ω
fgdν =

∫
Ω

fg

V ∗
τ

V ∗
τ dν =

∫
Ω

(
P
fg

V ∗
τ

)
vdν ≤

∫
Ω

(
P

g

V ∗
τ

)
fvdν
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≤ 8

[∫
Ω
fvdνG (∞) /V (∞) +

∫
Ω
fvPF ∗dν

]
, (39)

where F ∗ = G∗
τ (V

∗
τ )

−2 v. Here by Hölder’s inequality we have (30) and∫
Ω
fvPF ∗dν ≤

(∫
Ω
fpvdν

)1/p(∫
Ω
(PF ∗)p

′
vdν

)1/p′

.

Now taking in Lemma 3a) h = F ∗ and p′ in place of p gives us∫
Ω
(PF ∗)p

′
vdν ≤ c1

∫
Ω
(F ∗)p

′
(V ∗

τ )
p′ v1−p′dν = c1

∫
Ω
(G∗

τ/V
∗
τ )

p′ vdν,

which allows us to conclude that∫
Ω
fvPF ∗dν ≤ c2

(∫
Ω
(G∗

τ/V
∗
τ )

p′ vdν

)1/p′ (∫
Ω
fpvdν

)1/p

. (40)

(30), (39) and (40) give the desired estimate.

Part 2. Suppose V (∞) = ∞. As in the proof of Theorem 1, we can assume
that G (∞) < ∞, which makes (37) obvious. In the proof of Part 1 of this
theorem, just replace everywhere Lemma 3 by Lemma 4, and the desired result
will follow. ◀

Proof. [Proof of Corollary 1] a) Using duality, we write(∫
Ω
(Kf)q wdν

)1/q

= sup
g≥0

∫
Ω (Kf) gwdν(∫
Ω gq′wdν

)1/q′ = sup
g≥0

∫
Ω fK∗ (gw) dν(∫
Ω gq′wdν

)1/q′
= sup

h≥0

∫
Ω fK∗hdν(∫

Ω hq′w1−q′dν
)1/q′ .

Therefore, for the best constant in (7) we have

C = sup
f∈AD

(∫
Ω (Kf)q wdν

)1/q(∫
Ω fpvdν

)1/p = sup
h≥0

1(∫
Ω hq′w1−q′dν

)1/q′ sup
f∈AD

∫
Ω fK∗hdν(∫
Ω fpvdν

)1/p .
Applying Theorem 1 with g = K∗h :

C ≍ sup
h≥0

1(∫
Ω hq′w1−q′dν

)1/q′
{∫

Ω
K∗hdν

(∫
Ω
vdν

)−1/p
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+

∫
Ω

(∫
Ω(τ(x))

K∗hdν/Vτ (x)

)p′

v (x) dν (x)

1/p′
 .

This proves a). For b), we use Theorem 2. ◀

Proof. [Proof of Theorem 3] According to Corollary 1, we have to check one
by one the conditions arising from (8) for K∗ = T ∗. The first condition is a bound
on a linear functional of type∫

Ω
T ∗hdν ≤ C1

(∫
Ω
hq

′
w1−q′dν

)1/q′ (∫
Ω
vdν

)1/p

. (41)

The second condition is(∫
Ω
(PT ∗h)p

′
V −p′
τ vdν

)1/p′

≤ C2

(∫
Ω
hq

′
w1−q′dν

)1/q′

.

Since PT ∗h = Ph+ ν (Ωτ )P
∗ (mh) by (9), where all operators are non-negative,

this second condition is equivalent to a combination of two:(∫
Ω
(Ph)p

′
V −p′
τ vdν

)1/p′

≤ C3

(∫
Ω
hq

′
w1−q′dν

)1/q′

, (42)(∫
Ω
[ν (Ωτ )P

∗ (mh)]p
′
V −p′
τ vdν

)1/p′

≤ C4

(∫
Ω
hq

′
w1−q′dν

)1/q′

.

The last inequality upon replacing mh = f becomes(∫
Ω
(P ∗f)p

′
(ν (Ωτ ) /Vτ )

p′ vdν

)1/p′

≤ C4

(∫
Ω
f q′m−q′w1−q′dν

)1/q′

. (43)

Regardless of the relationship between p and q, (41) is easily shown to be
equivalent to (10). Namely, if (10) is true, then∫

Ω
T ∗hdν =

∫
Ω
[P ∗ (mh)] · 1 · dν =

∫
Ω
mh (P1) dν =

∫
Ω
hdν

≤
(∫

Ω
hq

′
w1−q′dν

)1/q′ (∫
Ω
wdν

)1/q

≤ α

(∫
Ω
hq

′
w1−q′dν

)1/q′ (∫
Ω
vdν

)1/p

and (41) holds. On the other hand, by selecting h = w we can verify that (41)
implies (10). (42) and (43) are Hardy inequalities for P and P ∗. Criteria for their
validity are supplied by Theorems A and B, but applying those criteria requires
a tedious and careful work.
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Case 1 < p ≤ q < ∞. p ≤ q implies q̃ ≡ p′ ≥ p̃ ≡ q′, so for (42) the
appropriate statement is Theorem Aa), which gives a necessary and sufficient
condition for (∫

Ω
(Pf)q̃ ũdµ

)1/q̃

≤ C

(∫
Ω
f p̃ṽdν

)1/p̃

. (44)

Comparing (42) and (44), we see that

ũdµ = V −p′
τ vdν, ṽ = w1−q′ . (45)

We plug these in the function from Theorem Aa):

Ψ (x) =

(∫
Ω\Ω(τ(x))

ũdµ

)1/q̃ (∫
Ω(τ(x))

ṽ−p̃′/p̃dν

)1/p̃′

=

(∫
Ω\Ω(τ(x))

V −p′
τ vdν

)1/p′ (∫
Ω(τ(x))

w(1−q′)(−q/q′)dν

)1/q

=

(∫
Ω\Ω(τ(x))

V −p′
τ vdν

)1/p′ (∫
Ω(τ(x))

wdν

)1/q

.

Thus, the validity of (42) is equivalent to the finiteness of

γ = sup
x∈Ω

(∫
Ω\Ω(τ(x))

V −p′
τ vdν

)1/p′ (∫
Ω(τ(x))

wdν

)1/q

.

Since in (43) we have P ∗ and p̃ ≤ q̃, it is appropriate to use Theorem Ba),
which states that the bound(∫

Ω
(P ∗f)q̃ ũdµ

)1/q̃

≤ C∗
(∫

Ω
f p̃ṽdν

)1/p̃

(46)

is equivalent to supx∈ΩΨ∗ (x) < ∞, where

Ψ∗ (x) =

(∫
Ω(τ(x))

ũdµ

)1/q̃ (∫
Ω\Ω(τ(x))

ṽ−p̃′/p̃dν

)1/p̃′

.

Comparing (43) and (46), we see that

ũdµ = [ν (Ωτ ) /Vτ ]
p′ vdν, ṽ = m−q′w1−q′ . (47)
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Thus,

Ψ∗ (x) =

(∫
Ω(τ(x))

[ν (Ωτ ) /V ]p
′
vdν

)1/p′ (∫
Ω\Ω(τ(x))

mqwdν

)1/q

,

which gives (11).
The proof in the case under consideration is concluded with the remark that

because of (14), α < ∞ implies γ < ∞.
Case 1 < q < p < ∞. The assumption q < p translates to q̃ = p′ < p̃ = q′.

Hence, for (42) we need to apply Theorem Ab) with r̃ = r and

A =


∫
Ω

(∫
Ω\Ω(τ(x))

ũdµ

)1/p̃(∫
Ω(τ(x))

ṽ−p̃′/p̃dν

)1/p̃′
r

ũ (x) dµ (x)


1/r

.

Comparison of (42) and (44) gives (45), which leads to (12).
Finally, for (43) we apply Theorem Bb) with weights and measures (47) ob-

tained from comparing (43) and (46). With this choice, the functional from
Theorem Bb) becomes

C∗ ≍


∫
Ω

(∫
Ω(τ(x))

ũdµ

)1/p̃(∫
Ω\Ω(τ(x))

ṽ−p̃′/p̃dν

)1/p̃′
r

ũ (x) dµ (x)


1/r

=


∫
Ω

(∫
Ω(τ(x))

(m/Vτ )
p′ vdν

)1/q′ (∫
Ω\Ω(τ(x))

mqwdν

)1/q
r

× m (x) /Vτ (x)
p′ v (x) dν (x)

}1/r
,

which is (13).
The proof is complete. ◀

References

[1] E. Sawyer, Boundedness of classical operators on classical Lorentz spaces,
Studia Math., 96, 1990, 145–158.

[2] V.D. Stepanov, The weighted Hardy’s inequality for nonincreasing functions,
Trans. Amer.Math. Soc., 338(1), 1993, 173–186.

[3] G. Sinnamon, V.D. Stepanov, The weighted Hardy inequality: new proofs
and the case p = 1, J. London Math. Soc. 54(2), 1996, 89–101.



84 K. Mynbaev

[4] S. Barza, M. Johansson, L.-E. Persson, A Sawyer duality principle for radi-
ally monotone functions in Rn, JIPAM. J. Inequal. Pure Appl. Math., 6(2),
2005, Article 44, 13 p.

[5] G. Bennett, K.-G. Grosse-Erdmann, Weighted Hardy inequality for decreas-
ing sequences and functions, Math. Ann., 334, 2006, 489–531.

[6] M.L. Goldman, Sharp estimates for the norms of Hardy-type operators on
cones of quasimonotone functions. Proc. Steklov Inst. Math., 232(1), 2001,
109–137.

[7] H.P. Heinig, V.D. Stepanov, Weighted Hardy inequalities for increasing func-
tions, Canad. J. Math., 45(1), 1993, 104–116.

[8] M. Johansson, V.D. Stepanov, E.P. Ushakova, Hardy inequality with three
measures on monotone functions, Math. Inequal. Appl., 2008, 393–413.

[9] A. Meskhi, G. Murtaza, M. Sarwar, A characterization of the two-weight
inequality for Riesz potentials on cones of radially decreasing functions, J.
Inequal. Appl., 383, 2014, 20 p.

[10] K. Mynbaev, Three weight Hardy inequality on measure topological spaces,
Eurasian Math. J., 14(2), 2023, 58–78.

[11] G. Sinnamon, Hardy’s inequality and monotonocity, In: Function Spaces
and Nonlinear Analysis (Eds.: P. Drabec and J. Rakosnik), Mathematical
Institute of the Academy of Sciences of the Czech Republic, Prague, 2005,
292–310.

[12] A. Burchard, A Short Course on Rearrangement Inequalities,
http://www.math.toronto.edu/almut/rearrange.pdf, 2009.

Kairat Mynbaev
International School of Economics
Kazakh-British Technical University
Tolebi 59, Almaty 050000, Kazakhstan
E-mail: k mynbayev@ise.ac

Received 04 May 2024
Accepted 01 October 2024


