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Hardy Inequalities on Cones of Monotone
Functions on a Measure Space

K. Mynbaev

Abstract. Consider a Hausdorff topological space X with Borel measure v. Let {2 (¢)}
be a totally ordered family of open subsets of an open set Q in X parameterized by
t € [0,00). This family generates a partial order in the set of functions defined on 2. We
obtain Sawyer-type bounds for a linear functional on cones of decreasing and increasing
functions in weighted spaces. These results are further applied to obtain criteria of
boundedness of averaging operators in those weighted spaces.
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1. Introduction

In the seminal paper [1] Sawyer characterized a linear functional L (f) =
fooo fg on a nonlinear set (cone) of decreasing functions and applied his result to
the study of Lorentz spaces. Variations and generalizations of his results in the
one-dimensional case have been obtained in [2, 7, 3]. [5] completed those results by
investigating spaces of sequences. A series of general statements with relatively
simple proofs is given in [11]. [6] has order-sharp three-weight estimates. [§]
have developed further three-weight estimates. [4] extended results for monotone
functions to R™ and [9] applied them to study potential operators on homogeneous
groups.

We concentrate on the original Sawyer’s results and obtain their very general
versions by employing the theorems on the boundedness of the Hardy operator
in a topological Hausdorff space with measures from the recent paper [10].
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Assumption on ()

Let 2 be an open subset of a Hausdorff topological space X with o-additive
measures u, V. The measures are defined on a o-algebra 97 that contains the
Borel-measurable sets.

Assumption 1. a) {(¢) : ¢ > 0} is a one-parametric family of open subsets
of 2 which satisfy monotonicity condition:

for t1 < tg, Q(t1) is a proper subset of Q(t2).

b) €(t) start at the empty set and eventually cover almost all Q: Q(0) =
Ne=082(t) = @, v (Q\ U0 Q(t)) = 0.

c) Further, denote by w(t) = Q(t) N (2\Q(¢)) the boundary of () in the
relative topology. We require the boundaries to be disjoint and cover almost all
Q:

w(t) Nw(ta) = @, t1 # ta, v(Q\ Uisow(t)) = 0. (1)
d) Passing to a different parametrization, if necessary, we can assume that
v (Q\ U<y w(t)) > 0 for any N < oo.
e) Finally, we assume that boundaries are thin in the sense that
v(w(t)) =0 for all £ > 0. (2)

(1) implies that for v-almost each y € 2 there exists a unique 7(y) > 0 such
that y € w(7(y)). The Hardy operator is defined by

Pf(:r):/ﬂ( ( ))fdl/, x €,

for any non-negative 9t-measurable f. On the set Qg C Q of those y for which
7(y) is not defined we can put 7(p) = . (2) allows us to define segments
Q[s,t] = Q(t)\Q(s) without having to distinguish between variations such as
Q(t)\Q (s) etc. The averaging operator generalizes + [ f and is defined as

Tf(x) = V(T(l'))/Q(T(x)) fdv, x € Q. (3)

Notation

Ly(vdv) denotes the space with the norm || f|lpva = ([q |f|Pvdv) 1/p7 where v
is a weight function. The weights v, w are assumed positive and finite almost
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everywhere. Our main task is to find necessary and sufficient conditions for

!L(uﬁi@%@mmfm>zdwwuﬁyqSC(Lf%wJU{ F>0, (4)

where C' denotes the least constant. Everywhere we can assume that f is inte-
grable, the general case following by passing to the limit. We write A < B to
mean that c;A < B < ¢ A with positive constants ¢y, ¢o that do not depend on
weights and measures.

We use the usual convention 1/00 =0 and 0-oco = 0.

Auxiliary results on Hardy inequality

We need results on validity of

[/ﬂ (/Q(T(x)) fd”>q“($>du(w>] N <cC < /Q f%dl/) .

from [10]. Denote

1/q 1/p
U(t) = (/ udu) (/ v_p//pdu> , t>0,
\Q(t) Q)
1/p 1/p
O(t) = </ ud,u) (/ vp//pdy> , t e
Q\Q(r (1)) Q(r(t))

Theorem A. a) If 1 <p < g < oo, then C < sup,~q ¥(t).
b) If0<q<p, 1<p<oo, putl/r=1/q—1/p. Then C < (fQCDTud,u)I/T.

The corresponding result for the adjoint operator P* f (y) = fQ\Q(T(:):)) fdv is
stated in terms of the functions

1/q 1/
() = </ udu) (/ vp//pdy> , t>0,
Q(t) Q\Q(t)
1/p 1/p
o (t) = / udp / v Py , te .
Q(r(t)) Q\Q(7 (1))

Denote by C* the least constant in the inequality

/Q </Q\Q(T(J:)) fdy) u(z)dp(x) <Cc* (/Q fpvdy>1/p.

1/q
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Theorem B. a) If 1 < p < ¢ < 00, then C* < sup,~q ¥*(¢).
b) If0 < q<p, 1<p<oo, then C* =< (fo, (&) udp) " .

2. Main results

The function f: Q — Ry = [0, 00) is called .A-decreasing (notation: f € AD)
if 7(z) = 7(y) implies f(x) = f(y) and 7 (z) < 7(y) implies f(x) > f(y).
Symmetric decreasing rearrangements on R™ generated by the family of balls in
R™ centered at zero are a special case and have numerous applications [12]. The
function f :  — R, is called A-increasing (notation: f € ATZ) if 7 (x) = 7 (y)

implies f () = f (y) and 7 () < 7 (y) implies f (z) < f (y).
We obtain Sawyer-type bounds for the functional

—1/p
Cap (9) = S /Q fgdv < /Q fpvdV)

and a corresponding result for f € AZ. Applications to averaging operators are
given.
Denote

Vit)= / vdv, G (t) = / gdv, t €0,00].
Q) Q)

Theorem 1. Let 1 < p < oco. If V (00) < 00, then

, 1/p
Cuap (9) = G (00) V (00) "7 1 ( Liec@) Ve vwa <x>) - (5)

If V (00) = 00, then (5) holds without the term G (co) V' (oo)_l/p.

—1/p
sup/fgdl/ </ fpvdu> ,
feEATL JQ Q

Vi) = / vdv, G* (t) :/ gdv, t €10,00].
Q) Q\Q(t)

Theorem 2. Let 1 < p < oo. If V (00) < 00, then

Let

Caz (9)

, 1/p
Oz (g) = G (00) V (00) V7 + ( [ e @) /v @)@ du(w)) |

(6)
If V (00) = 00, then (6) holds without the term G (co) V' (oo)_l/p.
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Instead of the usual notation for composite functions Vo1, Gor, V* o7 and
G* o7, it will be convenient to use V;, G, V¥ and G%, resp.
Consider an integral operator

Kf(z)= /Q k(,9) £ (y) dv (3)

with a non-negative kernel k. The next corollary reduces a non-linear problem to
a linear one.

Corollary 1. Let 1 < p,q < oo. a) The bound

( /Q (K f)qwdu) e ( /Q fpvdu) v (7)

holds for all f € AD if and only if the bound

/Q K < /Q vdu>_1/p+ /Q ( /Q Y (w))plv(x) dv (:):)]

/ / 1/q/
<C (/ he '™ dy> (8)
Q
holds for all h > 0.

b) The bound (7) holds for all f € AZ if and only if the bound (8) holds with
Q (7 (x)) in the inner integrals replaced by Q\Q (7 (x)) (V; gets replaced by V).

1/p

For the averaging operator (3) with the notation

1 N _ y
m{y) = v(Q(7 (v)) P = /Q\Q(T(y)) Jd

we see that T*f = P* (mf) and

(PT*f) (x) = /Q(T(x)) </Q[T(y)77'

mfdu+/ mfdy> dv (y)
z)] Q[r(z),00]

/ dy> dv (z) +/ mfdy/ dv
Q(r(2)) Qr(z),00] Q(r(x))

(@) [P (mf)] (x). (9)

—
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Theorem 3. Let C be the best constant in (4) and denote 1/r = 1/q — 1/p for
g>p.a)lfl<p<gq<oo,then C < a+ 3, where

1/q —1/p
a = sup (/ wdu) (/ vdu) , (10)
xeQ) Q(7(x)) Q(7(z))

1/p 1/q
B = sup (/ (V-/m)™? vdu) (/ mqde> ; (11)
€N Q(r(z)) NQ(7(x))
resp.

b) If 1 < g <p< oo, then C < A+ B, where

r/d r/q U
A= VP vdy wdy Vo (z)v () dv (z ,
/ﬂ</ﬂ\ﬂ<7<x)> ! ) </Q(r(z>> ) A
(12)
/ r/q r/q
B = V. /m) P vdv miwdy
/Q(/Q(T(x))< /m) > </Q\Q(T(:v)) )
, 1/r
X (Vi (x) /m(z))"P v (z)dv (l‘)} : (13)

3. Proofs

All long proofs use binary partitions. In the proof of Lemma 1 we give such
derivations in full and later indicate shortened proofs with enough detail for the
interested reader to be able to restore complete proofs.

Lemma 1. Let 1 < p < oo. Suppose that 0 < V (00) < oo. Then for all 0 <
G (00) < oo the following statements a)-c) are true: a) we have with some ¢y, co >

0

01VT (w)l—p’ S / VT_p,UdV S CQVT (x)l_p/ ) (14)
Q[r(z),00]

where the right inequality is true for all x and the left one for x such that V; (z) <
3V (00). When 7 (z) — oo, fQ[T(x) o] Ve P udy — 0 because if 1V (00) < V; (2) <
V (00), then

-1
1< / VP vdy (V (oo)_p// vdu) < v, (15)
Qr(2),00] Q[r(z),00]
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Thus the left side of (14) cannot be true for large T (x).
b) A Hardy type inequality

/ (P*f)Pvdr < c/ fPVPy P dy
Q Q

holds with ¢ independent of f,v,V.
c¢) For all y € Q we have

<P*g> () =/ g/Vrdv <8 (G (00) /V (0) +/ GTVT_%dV) :
Vr Q\Q(7(y)) N7 (y))

Parts a) and b) hold also with p replaced by p'.

Proof. a) Denote tg = oo and define successively tg > t; > ... > t,, — 0 such
that

Up = / vdy =27"V (00), n=1,2,... (16)
Q[t'rutn—l]

This is possible because of (2). For s € (0,00), define n(s) by the condition
S € [tn(s)atn(s)—l)a n (S) > 1.

Since tp(r(z)) < 7 () and [ty (r(z)),0) = U;-Lgl(x))[tj,tj_l), we can discretize
the integral in the middle of (14):

I (x) / VP vdy < / VP vdy
Qfr(x),00] tn(r () o]

n(r(z)) / n(r(z)) /
-3 / Virudr < S V() oy (17)
j=1 JQltjti-1] j=1
By (16), vp = 2™vg4m, for k > 1 and k+m > 1, so

k>j+1 k>j+1

which implies V (¢;) = 2"(7@)—i-1y (tn(r(z)-1) = oUr(@)=i=1y () for 1
j<n(r(x))—1. For j = n(7(x)), obviously, V (tn(T(gﬁ))) = %V (tn(T(x))_l)
2V: (z) . Therefore, the right inequality in (14) is true:

IV IA

n(7(x))
(@) < eV (a)™ Y 207 0ROE sy

=

[y
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n(7(z))
= oV, (x)*p' Un(r(z))+1 Z 2(171)')[%(7'(:13))*]'} < Vs (x)lfpl . (19)
j=1

When proving the lower bound in (14) we can use n (7 (x)) > 2 because the
inequality V; (z) < %V (00) is equivalent to 7 (x) < ¢1 and to n (7 (x)) > 2.

L (z) = / VT_p’vdVZ/ VP vdy
Q[T(fr) <><>] Qtn(r (-1,
n(7(x) n(r(z))—1
— Z / V;p/vdl/ > Z V(tj—1) p/ vj.
Qtjtj—
Choosing m = n (7 (z)) — j + 1 in (18) gives V (t;—1) < 2"TE)=I+1V_ (z) for
1<j <n(r(x)) — 1. Using also v; = 2"(7(@)=i— W (tn(r(z))—1), we get

n(r(@))-1
I (z) > 3V ( 2@V (b (ay)-1) = eaVi ()77
7=1

In the case 3V (00) < V; (z) < V (00), (15) is evident.
Statement b) will follow from Theorem B if we prove that

1/p ) 1/p
A(x) = (/ vdu) (/ (Vful_p)l_p du)
Q(7(x)) Q7 ()
1/p'
= V,(x)'/P </ VTplvdu> <ec.
\Q(7(x))

But this follows from (14).
To avoid triviality in the proof of ¢), assume that G (c0) < co. Denote

gn:/ gdv, G Zgw tn— 1 Zvip n > 1.
Qltn,tn—1] i=n
The first step is discretization. Since 7 (2) > ty(-(z)), we have
VT (Z) > / vdy = Z Uy = v (tn(ﬂ—(z))) ) (20)
Q( n(7( ))) i:tn(r(z))Jrl

SO

10 = [ vz | 9(2) IV (tuirien) dv ()

Qtn(r(y)):00]
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= Z /Q[t“tl 1} )/V( Z))) dv (z).

i=1
Here in the integral 7 (z) € [t;,t;—1) implies n (7 (2)) = i. Therefore,
n(7(y))

_ 9 _
Z /Q[tl,tz 1 i) dv = Z: V) J(y). (21)

() n(7(y)) G (ti1) v;
ot ver ®

The last step is bounding this expression by an integral. Note that for 7 (s) >
ti—1, one has G (ti—1) < G, (s), and v; = %vi_l, 1> 2,80

G (tir) vi = 1G(t,~_1)/ vl < 1/ Grodv, i>2.  (23)
2 Q[tz 1l 2] Q[tl 1,ti 2}

Further, for 7 (s) < t;—o with i > 2

1 1 1
_ L — > - .
E v =3 g v; 4/9(”2) vdy > 4VT (s) (24)

j>it1 j>i-1

Combining (23) and (24) and using 7 (y) < t,(r(y))—1, We see that

n(7(y)) n(7(y))
yo Gligu 1 L / Grody
i=2 V() 2 =2 V()™ Jaftio tio]
n(7(y))
< 8 G,V 2vdv < 8/ G,V 2vdv.
i—o  JQti—1,ti—2] Q[1(y),00]

The remainder at the right of (22) is, obviously, 2G (c0) /V (c0) . (21), (22) and
the last displayed equation prove c).
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Lemma 2. Let 1 < p < 0o and V (c0) = oo. Then
a) the right side of (14) holds for all x € €,
b) part b) of Lemma 1 holds and
¢) part ¢) of Lemma 1 is true without the term G (c0) /V (00) .

Proof. a) Define the segments [t,,, t,,+1) by the condition v,, = fQ[tn fyy) VAV =
2" n € Z. Then,
n—1
V (tn) = / vdy = Y v; =2" V (ty) = 2"V (tm), vn = 2"
Q(tn) j=—00

Define n (7 (x)) by the condition t,(;(»)) < 7 (%) < ty(r(2))+1- Then, instead of
(17) we have

/ Vi vy < 3T V() (25)
Qlr(e)ec) j=n(r())

and (19) can be changed to bound the last expression by coV; (:U)l_p " Asa result,
we get the right inequality in (14). As in Lemma 1, it implies statement b).

c¢) We can prove the statement for gxq(y) instead of g and then let N — oo.
Thus, we can assume G (00) < oo. With the notation g, = fQ[tn,t }gdu, we
have

n+1

n—1 n—1

With this notation, (20) holds and with obvious changes in calculation, instead
of (21) we get

o0

_ 9  _
Tw)= /Q[T(w,oo] ofVedv< D Vi(t:) 7).

i=n(7(y))

The analog of (22) is

> G (tl) Vi—1
Jw< Y g
imn(r+r ¥ (1)

Instead of (23) we have G (t;) vi—1 < %fﬂ[ti fia] Grvdy, while (24) does not
change. Putting all those inequalities together, we prove c).

Proof. [Proof of Theorem 1] Part 1. Here we assume that V (o0) < oo. For
Cap (g9) to be meaningful, we exclude the case v = 0 a.e. Then V (o0) > 0 and
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G (00) > 0. If G (00) = o0, we can prove (5) for gxq(y) instead of g and then let
N — oo. Thus, we can assume G (00) < 0.
Bound from below. Since f = ¢ > 0 belongs to AD, obviously,

Cap (g) > /Q gdv ( /Q vdu>_1/p. (26)

Define f (z) = fQ[T(x)po] hdv with h (t) > 0. Then f € AD and

/ fgdv = / gP*hdy = / (Pg) hdv = / Ghdv. (27)
Q Q Q Q
By Lemma 1b),
/fpvdy—/ (P*h)pvdugcl/ hPVPy P dy. (28)
Q Q Q
(27) and (28) imply
G,hd
Cap(g) > casup Jo v : (replacing throughout u = hV; /v)
h>0 (fQ thTpvlfde) /
G./Vivd , 1/
= o supfu/vl/y =y </ (G )V )P vdu> . (29)
uz0 ([ uPvdy)'* Q

(26) and (29) prove the lower bound.
Bound from above. Since f € AD, by Lemma 1c) we have

fg fyg « 9
fgdv = / “ZV.dv :/ (P*) vdy < / (P > fudv
/Q oVr Q Vz Q Vz
< 8 {/ fodvG (00) JV (00) —i—/ [P* (G,V?v)] fvdy] .
Q Q
By Holder’s inequality,
1/p
/ FodvG (00) V (00) < ( / fpvdu> G o)V (o) P (30)
Q Q
In Lemma 1b) replace f by F = GV, 2v and p by p’ to get

/ (P*F)P vdy < c/ (G’TVT_%)pI VYol P dy = C/ (GTVT_I)p/ vdv.
Q Q Q
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Combining this with Holder’s inequality we get

/Qf(y)v(y) P*F (y)dv (y) < (/Q fpvdy> 1/p </Q - Udy)l/p,

<ec ( /Q f%du)l/p ( /Q GV vdu)l/p, . (31)

(30) and (31) prove what we need in the case V (00) < o0.

Part 2. Let V (00) = 0o. The case G (00) = oo is handled as in Part 1, which
means that for the purposes of bound (5) we put %2 = 0. Let G'(o0) < co. The
proof of Part 1 goes through with the following changes. The right side of (26) is
zero. For (28), instead of Lemma 1b) we use Lemma 2b). For the upper bound,
instead of Lemma 1c) we use Lemma 2c). (30) becomes unnecessary. Further,
instead of Lemma 1b) apply Lemma 2b).

Lemma 3. IfV (c0) < o0, then a)

/ (Ph)P vdv < c/ RP (V)P ol Pdu. (32)
Q Q

This is also true with p replaced by p'.

b)
=(prL 00 00 (V) Pwdv |
I<y>=(PV*><y>ss<G< et [ e d) (33)

Proof. Here and in the proof of Theorem 3 we use the notation F* =
G* (V*)"?v. The partition used here is different from the one applied in Lemma
1. Put so = 0 and define sy < 51 < ... < s, = 00 by

v = / vdy =271V (00), k>0,
Q[sk,Sk+1]

and m (s) > 0, for s € [0,00), with s € [s,,(5); Sm(s)+1)
a) By Theorem A, we need to prove that

1/p / 1/p
(/ vdu) (/ (VP oty /p dl/)
A\Q(7(2)) Q(r(2))

1/p'
= V@)V / VP edv | <e
(@)

Ay ()
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Using 7 () < Sy (r(a))+1, We have

J(z) = / (V)™ P ody < / 7 vdy
Q(r(x)) Z Q[sk,skJrl]
m(r(z))

Z V* (Sk+1) p// vdv.

Qfsk,Sk+1]

IN

Here
V* (s1) = 27OV (50 ay)) s o = 20T .

Hence,

/ m(r(@))

J(@) < aV (sme@)) " vmiraypr p, 207PEEH
k=0

< V@',

N1/
Thus, A1 (z) < csV7* ()P (VT* (w)lfp) " ¢3, which proves a).
b) Denote

Gn = / gdv, G (s0) = gi, V¥ (s0) = > vis 0> 0.
Qfsn,sn+1] i—n pa—

The first step is to discretize I (y) :

m(7(y))
< | ofVide= 3 [ gvian (34)
Q(£7n(‘r(y))+1 1=0 Q[Si75i+1]

For 7 (z) € [si, Si+1) we have m (7 (z)) =i and V* (x) > V* (si41), so
m(7(y)) i
I(y) < Z V*il

=0 (si+1)
Changing the summation order:

W) e (o) @ () G W) G (a0,

_|_
V* (8i+1) ; V* Sl V* 81+1)

I(y) <
=0
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m(7(y))
G G* (
< + 35

ZZ; V* 5@+1 ( )

Next we bound the sum on the right of (35) by an integral. Note that
1 1
G* (si) vi fG*( i) Vie1 = / G* (si) vdr < / Grvdy
2 Q[sz 1,81} 2 Q[Sz 1751]

and for 7 (x) > s;_1

That is why

m(7(y

m(TW) oy
Z M < 8 Z / )721)d1/

=1 V* (81+1)2 sz 1751]

= 8 / F*dv <8 / F*dv. (36)
so.m((y))] r(y))

Since also G (00) /V* (s1) = 2G (00) /V (00), (35) and (36) prove b).

Lemma 4. Let fQ[t o0) VAV < 00 for any t >0 and V (00) = o0.

a) (32) is true, also with p replaced by p'.
b) (33) holds without the term G (00) /V (00) on the right.

Proof. a) Define the segments [t,,, t,,+1) by the condition v,, = fﬂ[tn
27" n € Z. Then

)vduz

tn+1

vj = 2", V*(t;) = / vdy = sz = 2"IV* (t,).
Q[tjvoo}

s=j
Instead of (25), this time we have

n(7(x))
/ (VT*)*p/ ’Udl/ S Z V* (t]’+1)—p/ ’Uj S CVT.* (x)l—p/ .
Q(r(z)) j

As in Lemma 3, this inequality implies (32).
b) With the same {¢,} as in part a), denote g, = fﬂ[tn tiq] 90V, and then we

have
G” (tn) = / gdv = Zg“ V* Z'Uz
Q[tn,00]
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Instead of (34), we have for t,,(+(y)) < 7 (Y¥) < tn(r(y))+1

g/Vidy = Z/ g/Vidv

I(y) < /
Q(tn(f(y))ﬂ) e —oo Y Qtitit1]

and instead of (35)

G* ti V;
I(y) < Z V*(<tz_21)2

1=—00

Further, using

1 1
G* (ti)v; < / Givdv, V* (tiy1) > =VZ (z), for 7 (x) > ti—1,
Qti—1,i] 4
we obtain
n(7(y))
) <8 Z / *_ vdeS/ G:(V:)_dev.
i=——oc0 Qlti—1,ti (t(v))
|

Proof. [Proof of Theorem 2] Part 1. Here we suppose that V (c0) < oc.
In the proof of the lower bound, one part is trivial: since f = ¢ > 0 belongs
to AZ, we have
Caz (9) = G (00) V (00) /7. (37)

Define f = Ph with h > 0. Then f € AZ, [, fgdv = [, hP*gdv and by Lemma
3a) we have (32). Therefore,

hP*gdv (RVX /v) (GE/VX) vdv
CAI(Q) Z c1 sup fQ l/p_clspfﬂ /)( / )/p
h>0 [ [o, h? (V)P vl=Pdy] h20 [ [ (hVy/v)P vdu]
(put u = RV} /v and use duality (Lp)" = L)

G V) ud , 1
— ¢ sup Jou(G3/ T)lj’ Y o </ (G* V)P vdu) . (38)
uz0  ( [o, uPvdy) P Q

(37)-(38) prove the lower bound.
Bound from above. Using f € AZ and Lemma 3b), we have

/Qfgdu = ‘J;g*vg‘d —/Q< ‘J;g>vd </Q<P‘f*> Fody
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< 8[ /Q FodvG (00) [V (50) + /Q fvPF*du], (39)

where F* = G* (V*)" 0. Here by Holder’s inequality we have (30) and

/QfUPF*dy < (/Q f%dy) He (/Q (PF*)p' vdy> 1/p’.

Now taking in Lemma 3a) h = F* and p’ in place of p gives us
/ (PF*)P vdv < ¢ / (FY (VAP ol P dy = ¢ / (G2/V) vy,
Q Q Q

which allows us to conclude that

, 1/p 1/p
/ foPF*dv < co </ (Gr/VX)P vd1/> </ fpvdu> : (40)
Q Q Q

(30), (39) and (40) give the desired estimate.

Part 2. Suppose V (00) = 00. As in the proof of Theorem 1, we can assume
that G (0c0) < oo, which makes (37) obvious. In the proof of Part 1 of this
theorem, just replace everywhere Lemma 3 by Lemma 4, and the desired result
will follow. <«

Proof. [Proof of Corollary 1] a) Using duality, we write

1/ .
</ (Kf)? wdu) ' = sup Jo (K/f) gwld/yl —su Jo fK/ (9w>1;lV/
@ 920 ([, g7wdv) """ 920 ([, g7wdv) !
Jo fK*hdv
= sup

hZO (fQ hq/wl_q/dy) 1/q/ .

Therefore, for the best constant in (7) we have

C = sup (fQ (Kf)q wdy) 1/q = sup ! sup fQ fK*hdl/
feAp  (fq frodv)’? h20 ([ ha'wi=dv) Y reAp ([, frodv)"/?

Applying Theorem 1 with g = K*h :

1 —-1/p
C = sup % /K*hdl/ </ vdl/>
h=0 ([, h? w'=9dv) a Q Q
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’ 1/p’

* /Q</Q<T(z>>K*hdu/VT(x)> v

This proves a). For b), we use Theorem 2. <

Proof. [Proof of Theorem 3| According to Corollary 1, we have to check one
by one the conditions arising from (8) for K* = T*. The first condition is a bound
on a linear functional of type

) ) 1/¢ 1/p
/T*hdu < </ he !~ du) </ vdy> : (41)
Q Q Q

The second condition is

/ / 1/p/ ! ! 1/(]’
( / (PT*h)? VP vdl/> < Cy < / he !~ dy) .
Q Q

Since PT*h = Ph+v (2;) P* (mh) by (9), where all operators are non-negative,
this second condition is equivalent to a combination of two:

, , 1/p , , 1/q
< / (Ph)? VP vdy> < C3 < / he w1 du> . (42)
Q Q
/ / 1/p/ 7 / 1/q/
(/ [v () P* (mh)]P V7P vdu) < Oy </ he w' =1 Cll/> :
Q Q

The last inequality upon replacing mh = f becomes

( @ w@n vy vdu)l/p/ <y ( / fq’mq’wlq’duy/q/. (43)

Regardless of the relationship between p and ¢, (41) is easily shown to be
equivalent to (10). Namely, if (10) is true, then

/T*hdu—/ [P* (mh)]-1- du—/mh Pl)du—/thu
1/q 1/q , , 1/q 1/p
< (/Q w'™ qdv) (/dez/> Sa(/ﬂhqwl_qdu> </deu>
1)
(1

and (41) holds. On the other hand, by selecting h = w we can verify that (41)
implies (10). (42) and (43) are Hardy inequalities for P and P*. Criteria for their
validity are supplied by Theorems A and B, but applying those criteria requires
a tedious and careful work.
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Case 1 < p<qg< o0 p<gqimplies§g=p >p=¢,sofor (42) the
appropriate statement is Theorem Aa), which gives a necessary and sufficient

< /Q (Pf) adﬂ> v <C ( /Q f%dy> I/ﬁ. (44)

Comparing (42) and (44), we see that

condition for

adp =V vdy, o =w""9. (45)

We plug these in the function from Theorem Aa):

1/q 1/p
U(z) = </ ﬂd,u) (/ 17_15’/15(11/)
\Q(r(x)) Q(r(2))
1/p 1/q
= / VT_p/vdv> (/ w(l—q’)(—q/Q’)dy>
< N\Q(r(x)) Q(r(x))
1/p' 1/q
= </ VT_p/vdu> (/ wdu) :
\Q(r(x)) Q(r(x))

Thus, the validity of (42) is equivalent to the finiteness of

1/p’ 1/q
v = sup </ VT_p/vdu> </ wdl/> .
z€Q \ JO\Q(r(z)) Q(r(2))

Since in (43) we have P* and p < ¢, it is appropriate to use Theorem Ba),
which states that the bound

< /Q (P*f)1 ﬁd,u) v <C* ( /Q fﬁ@dy> v (46)

is equivalent to sup,cq ¥* (z) < oo, where

1/q 1/p
U™ (z) = / adp / PPy .
Q(r(2)) N\Q(7())

Comparing (43) and (46), we see that

ddp = [v () Vi vdy, 5=m w7, (47)
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1/p 1/q
U™ (z) = (/ v (Q,) VY Udl/) (/ mqwdu) ,
Q(r(x)) \Q(7(x))

which gives (11).

The proof in the case under consideration is concluded with the remark that
because of (14), o < oo implies v < oo.

Case 1 < ¢ < p < oo. The assumption ¢ < p translates to ¢ = p' < p = ¢'.
Hence, for (42) we need to apply Theorem Ab) with 7 = r and

Thus,

ak 1/r

1/p
A= / (/ ﬁdu) </ f)ﬁl/ﬁdl/> u(x)dp (x)
Q 2N\Q(7(2)) Q(r(2))

Comparison of (42) and (44) gives (45), which leads to (12).

Finally, for (43) we apply Theorem Bb) with weights and measures (47) ob-
tained from comparing (43) and (46). With this choice, the functional from
Theorem Bb) becomes

ak 1/r

i 1/p
c* = / (/ ﬂdu) (/ {J_ﬁl/ﬁdy> a(z)dp (z)
Q| \/e(@) \Q(7(2))

T

1/q' 1/q
= / </ (m/ V) vdy> </ mqwdu>
Q Q(r(2)) AN\Q(7(2))

, 1/r
x m(z) /Vy () v(x)dv (x)} ,
which is (13).
The proof is complete. «
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