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Commutator of the Maximal Function in Total
Morrey Spaces for the Dunkl Operator on the Real
Line
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Abstract. On the real line, the Dunkl operators D, are differential-difference operators
associated with the reflection group Zs on R. In this paper, in the setting R we study
the commutators of the maximal operator associated with the Dunkl operator [b, M, ] in
the total D,-Morrey spaces Ly x (R, dm, ). We give necessary and sufficient conditions
for the boundedness of the operator [b, M,] on total D,-Morrey spaces Ly x . (R, dm,)
when b belongs to BMO(R, dm,,) spaces, whereby some new characterizations for certain
subclasses of BMO(R, dm,,) spaces are obtained.
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1. Introduction

On the real line, the Dunkl operators A, are differential-difference operators
introduced in 1989 by Dunkl [11]. For a real parameter v > —1/2, we consider
the Dunkl operator, associated with the reflection group Zs on R :

D)) = T 4 oy I TED g

Note that D_; 5 = d/dx.
Let v > —1/2 be a fixed number and m,, be the weighted Lebesque measure

on R, given by

dmy(z) = (27T (v + 1))_1 lz|* T dr, xR

*Corresponding author.
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For any z € R and r > 0, let B(z,7) := {y € R : |y| €| max{0, |x| — r},|z| + [ }
be a Dunkl-ball in R. Then B(0,r) =] — r,r[ and m, B(0,7) = ¢, 7?**2, where
=2+ 1)T(v+ 1)]_1.

The mazimal operator M, associated with the Dunkl operator on the real line
is given by

M, (@) 1= sup (mu(Bar) ™ [  Wlam), e®

and sharp maximal operator MB associated with the Dunkl operator on the real
line is given by

MEf(z) = sup (my(B(z,r))) " / F@) = Foem|dmu(y), z R,
r>0 B(z,r)

-1
where fp(y = (my(B(z,7))) fB(x’T) f(y) dmy(y). For a fixed ¢ € (0,1), any
suitable function h and z € R, let Miqh(w) = (MB(\h|q)(a?))1/q and M, 4h(z) =
1
(M, (|h]7) (2)) .
The maximal commutator M, , associated with the Dunkl operator on the
real line and with a locally integrable function b € L°°(R, dm,,) is defined by

My (@) 1= sup (m, (B,1) " [ [bla) = bw)] )] dmu ), 7 € R
r>0 B(z,r)

We can define the (nonlinear) commutator of the maximal operator M, with
a locally integrable function b by

[b, My|(f) () = b(x) M, (f)(z) — My (bf) ().

For more details about the operators M, and [b, M, ], we refer to [6, 22] and
references therein.

It is well known that maximal and fractional maximal operators play an im-
portant role in harmonic analysis (see [34]). Also, the fractional maximal function
and the fractional integral, associated with differential-difference Dunkl operators
D,, play an important role in Dunkl harmonic analysis, differentiation theory and
PDE’s. The harmonic analysis of the one-dimensional Dunkl operator and Dunkl
transform was developed in [4, 5, 24]. The Dunkl operator and Dunkl transform
considered here are the rank-one case of the general Dunkl theory, which is as-
sociated with a finite reflection group acting on a Euclidean space. The Dunkl
theory provides a useful framework for the study of multivariable analytic struc-
tures and has gained considerable interest in various fields of mathematics and
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physical applications (see, for example, [12]). The maximal function, the frac-
tional integral and related topics associated with the Dunkl differential-difference
operator have been research areas for many mathematicians such as C. Abdelkefi
and M. Sifi [2], V.S. Guliyev and Y.Y. Mammadov [4, 5, 6], Y.Y. Mammadov
[21], L. Kamoun [16], M.A. Mourou [25], F. Soltani [32, 33|, K. Trimeche [35] and
others. Moreover, the results on Lg(R,dm,)-boundedness of fractional maximal
operator and its commutators associated with D, were obtained in [6, 22].

It is well known that the maximal operator plays an important role in har-
monic analysis (see [34]). Harmonic analysis associated to the Dunkl transform
and the Dunkl differential-difference operator gives rise to convolutions with a
relevant generalized translation. In this paper, in the framework of this analysis
in the setting R, we study the boundedness of the maximal commutator M,
and the commutator of the maximal operator [b, M, ] on total D,-Morrey spaces
Ly (R, dm,), when b belongs to the space BMO(R,dm,, ), by which some new
characterizations of the space BMO(R, dm, ) are given.

By A < B we mean that A < C'B with some positive constant C' independent
of appropriate quantities. If A < B and B < A, we write A ~ B and say that A
and B are equivalent.

2. Preliminaries in the Dunkl setting on R

Definition 1. Let 0 <p < oo, A € R, p € R, [t]; = min{1,t}, t > 0. We denote
by Ly A(R, dmy) the Morrey space [26] (= D, -Morrey space), by L, \(R, dm,,) the
modified Morrey space [26] (= modified D, -Morrey space), and by Ly » ,,(R, dm,,)
the total Morrey space [27, 28] (= total D,-Morrey space) associated with the
Dunkl operator, the set of all classes of locally integrable functions f, with the
finite norms

A
1z, s®dm,) = sup 7 (| fllz,(B@.t).dm.)
z€R,t>0
_a
~ J— P
1A, \ Rdm,) = x&gio[th 1 f1 2, (B(a,t).dm)»
_A L
1y ®am,y = sup [ty 7 (187 1 fll2,(B(.t).dm):
Z€R™, >0

respectively, see also [7, 9, 10, 29, 30].

Definition 2. Let 0 < p < o0, A € R and u € R. We define the weak Morrey
space Ly \(R,dm,) [26] (= weak D,-Morrey space), the weak modified Morrey

space Ly A(R,dm,) [26] (= weak modified D, -Morrey space), and the weak total
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Morrey space Ly (R, dm,) [27] (= weak total D,-Morrey space) associated with
the Dunkl operator, the set of all classes of locally integrable functions f, with the
finite norms

2
1w L, AR dm,) = xe?}glt)wt P | fllw L (B,t) dm )
a
~ — p
HfHWLp,A(]R,di) - :c;lg%flo[t]l ”fHWLp(B(agt),dmy)a
2 u
[ lwrps,®dm,) = sup [ty " 147 (| fllwr,B.t).dm.)s
zeR™ >0

respectively.
Lemma 1. [253, 28 If0<p <00, 0 < pu<\A<2v+2, then
Ly u(R,dmy) = Ly (R, dm,) N Ly (R, dm,,)
and
10y tonsy = 085 {11y Bons s 1 2 s |
Lemma 2. [23, 28] If0<p<o0, 0 < pu<A<2v+2, then
WLy (R, dm,) = WLy (R, dm,) N WL, (R, dm,)

and
LUy ety = 25 {1l om0y ) -

Remark 1.. If 0 <p <oo, and A >2v+2 or u <0, then
Ly, R,dmy,) =WLy, . (R,dn,) = O(R),
where © = O(R) is the set of all functions equivalent to 0 on R.

Lemma 3. [29 If0<p<o0,0< A< N <2042 and 0< g < g <20+ 2,
then
Lp’Al"ul (R’ dmy) C> Lp7>\27”2 (R7 di)

and
WALy rg g Rodmn) S SN2,y (Ridims)-

Lemma 4. [25 [f0<p <00, 0 < A<2v+2 and 0 < u < 2v+ 2, then
Lp,21/+2,u(Ra dml/) Cs LOO(R, dml/) Cs Lp,/\,2u+2(R7dmu)

and
10y s avia@®dmn) < & PIUFI D ®amn) S IF Ly a0 (Rodmn)-
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Lemma 5. [29 If0 <A <20 +2, 0< u<20+2,0< a<20+2—\ and
0% 5 20+ 2, then for 253 < < 2

Lp,A,u(R7 dml/) Cx- L1,2V+2—a,21/+2—,8(Ra dmu)

and for f € Ly (R, dm,) the inequality

1 /
1L 202 a sz s (Rodmy) < ci/? [ Fll 2y (R A

1s valid.

3. Maximal commutators M, ,, in total Morrey spaces
Lp,)\,u (R, dmu)

In this section, we investigate the boundedness of the maximal commutator
My, in total Morrey spaces Ly » (R, dm,,).
The following Guliyev type local estimates are valid (see also [3]).

Lemma 6. Let 1 < p < oo and B(x,r) be any Dunkl-ball in R. If p > 1, then
the inequality

2w+2 2042
| My fll LBy dm,) ST 7 tS;IQPt P | fll Ly (Bat).dm) (1)
T
holds for all f € L;,OC(]R, dm,,).
Moreover, if p = 1, then the inequality
My fllw Ly (B dmy) S 7201 Sup 2Nl (B ) dim) (2)
T

holds for all f € LY(R,dm,).
Proof. Let 1 < p < co. For arbitrary Dunkl-ball B = B(x,r), let f = f1 + fo,
where f1 = fx2p and f2 = fxcy,p.
1My fllL,Bdm.) < 1My fillL,B.dm,) + 1My follL,(B,dm.)-

By the continuity of the operator M, : L,(R,dm,) — L,(R, dm,) (see, for exam-
ple, [26]), we have
My fillz,B.dm,) S W12, 2B .dm,)-

Let y be an arbitrary point from B. If B(y,7)N C(2B) # (0, then 7 > r. Indeed,
if z€ B(y,7)N B(2]9),then7> ly—z|>|z—z|—|z—y|>2r—r=r.
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On the other hand, B(y,7) N G(2B) C B(z,27). Indeed, z € B(y,7) N B(2B).
Then we get |z —z| < |y —z| + |z —y| < T+ 71 < 27.
Hence,

1
M, fa(y) = sup (B 1) /B(y,T)ﬂB(2B) |f(2)] dmy(2)

1
S e (Bl 27)) /B(m 1F(z)] dm (2)

1
= 2%+2 gy / z)|dm,(z).
T>§f‘ ml/(B(:B:T)) B(z,T) |f( )| ( )

Therefore, for all y € B we have

S 22V+2

w2 gy N 2)|dmy(2).
Mopsly) <272 sup e [ 1) am ) )

Applying Hélder’s inequality, we get

Mo foly) S sup — / ()P dm(2). (4)
™>2r m, (B(z,7))? JB(z,T)

Thus,

My fll,B.dm) S 1z, @B.dm.)

1 1
+ my(B(z,7))7 (535 B /B . f(z)]dmy(z)) .

Let p = 1. It is obvious that for any ball B = B(z, )

My fllwe,B.dm,) < My fillwer,B.dm,) + 1My f2llwi,B.dm.,)-

By the continuity of the operator M, : L1(R,dm,) — WLi(R,dm,), we have

1My frllw e, (Bdm,) S 1fllLi2B,dm.)-
Then by (4) we get the inequality (2). «

The following result completely characterizes the boundedness of M, on total
Morrey spaces Ly, x (R, dm,,).

Theorem 1. 1. If f € L1 ,(R,dm,), 0 <A <20 +2 and 0 < pn < 2v + 2, then
M,f € WLy (R, dm,) and
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1My fllwery s, ®dm,) < Ciap 1F Iy o R dm.) (5)
where Cq x , 1s independent of f.
2. If fe Lp)pu(R,dmy), 1 <p<oo, 0 <A<2v+2and 0 < p<2v+2,
then M, f € Ly ,(R,dm,) and
My fllL, o @dm,) < CpapllfllL, @ .dm,), (6)

where Cp \ ,, depends only on p,\,u and n.

Proof. Let p = 1. From the inequality (2) we get

My fllwey . (Ridm,) = ze§32>o[t];A [/t NIMyf llw Ly (B(at) dm.)

< osup [0 [/t €2 sup 2R 1l 2, (B,
z€R™ t>0 T>2t

Sy spam,y  sup [ (LAY 22 sup e 22 [ [1/7] "

zeR™, t>0 T>t
- —2v+2 A— 2v42—
= llous®am,y  Sup [ T2 LT sup [r]y TR (L)
zeR™,t>0 T>t

= [[fllz, . (Rdm,)>

which implies that the operator M, is bounded from L  , (R, dm, ) to WLy » ,(R,dm,).
Let 1 < p < co. From the inequality (1) we get

A
IMyfllL, s, ®dm,y = sup  [tly " (18] (| My fll L, (B(.t).dm.)

z€R™,t>0
—% % w42 _ 2u+42
S osup [ty P[L/t]] tden sup v (| flln, By
zeR™, >0 T>2t
-2 & ugo _wiz 2 —u
S Wleps®dm,y  sup [ty P [1/t]7 ¢ 7 supT v [7]} [L1/7]y
zeR™ t>0 T>1
2U04+2—\ p—2v+2 A—2v42 2v42—p
=\fllz,\ ®dm,y sup [ty * [1/t]y * sup[r]y * [l/7]; 7
zeR™ t>0 T>t

=[1fllz,r,.(Rdm,)s
which implies that the operator M, is bounded in Ly, » ,(R,dm,). <
From Theorem 1, in the case A = p or = 0 we get the following corollaries.
Corollary 1. [2, 20, 32] 1. If f € Li1\(R,dm,) and 0 < X\ < 2v + 2, then
M,f € WL A(R,dm,) and

My fllwe, s ®dm) < Cialfll,\@dm,)s
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where Cy \ is independent of f.
2. If f € Lph(R,dm,,), 1 < p < oo and 0 < X < 20+ 2, then M, f €
Ly \(R,dm,) and

Mo fll, \®dm) < Cp 1 fllL, A ®,dm.)s
where C), » depends only on p, X and n.

Corollary 2. [21] 1. If f € Ely,\(R,dmy) and 0 < X < 2v + 2, then M, f €
WL A(R,dm,) and

1M F iz, gam < C1a 171z, g

where Cy \ is independent of f.
2. If f € Lph(R,dm,,), 1 < p < oo and 0 < X < 20+ 2, then M, f €
Ly \(R,dm,) and

||MUf”ZP’A(R7di) < Cp,A HfHZp,)\(R,dm,,y
where C), \ depends only on p, A and n.
We recall the definition of the space BMO(R, dm,,).

Definition 3. Suppose that b € L°°(R,dm,,). Let

1
b mo) i=  Su / b(y) — bz (x)| dmy(y),
H ”BMO(]R,d v) xeRﬂIn)>0 m,,(B(x,T)) B(x7r)| (y) B(z, )( )‘ (y)
where )
bB(zr) = / b(y) dmy(y).
B(z,r) my(B(z,1)) Blor) (y) (v)
Define

BMO(R,dm,) := {b € LY*(R,dm,) : [Ibllprpro@am,) < o0}-

Modulo constants, the space BMO(R,dm,,) is a Banach space with respect

to the norm || - | BAO®R dmu)-
We will need the following properties of BM O-functions (see [13]):

[

1 P
b m) R Su / b(y) — by |Pdm, , (7
| ”BMO(]R,d V) xeR};O (my(er)) B(w)\ (y) B(z, )| (l/)) (7)
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where 1 < p < oo and the positive equivalence constants are independent of b,
and

t
0B(2,r) = bB(ag)| < ClIblBMO®R,dm,) 0 o forany 0<2r<t, (8)

where the positive constant C does not depend on b, z, r and t.
For any measurable set E with m, (E) < oo and any suitable function f, the
norm || f{|1(iog 1), is defined by

|fHL(10gL),E=inf{A>o; mul(E) /Elf(;:)l (2+ |f(>\x)|)dmy(x) < 1}'

The norm || f|lexp 1, is defined by

|fllexp ., = inf {/\ >0: myl(E) /Eexp (W;U”)dmy(x) < 2} )

Then, for any suitable functions f and g, the generalized Holder’s inequality
holds (see [31]):

1
my (E)

/Elf(f)llg(f)ldmu(f) S [ fllexp 2.2 1191 Ltog ), 2 (9)

The following John-Nirenberg inequalities on spaces of homogeneous type
come from [17, Propositions 6, 7].

Lemma 7. Let b € BMO(R,dm,). Then there exist constants C1,Cy > 0 such
that for every ball B C R and every a > 0 we have

C
m, ({z € B: |b(z) — bp| > a}) < C1m,(B) exp{ — Hb|BMo2(Rd)a}'

By the generalized Holder’s inequality in Orlicz spaces (see [31, page 58]) and
John-Nirenberg’s inequality, we get (see also [18, (2.14)])

1
] /B |b(z) — ba|lg(x)|dmy (x) < 16l Bamro®.dm,) |91 Laog 1), (10)

We refer, for instance, to [14] and [19] for details on this space and properties.
For a given ball B, we define the following local maximal function:

Moof(@) = swp ()" [ 1)ldm. (o).

BDOB/'sz

where the supremum is taken over all balls B’ such that z € B’ C B.
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For a function b defined on R, we let, for any x € R,
0 if b(x) >0
b (z) := ' 1 (z) 20,
b(z)|, if b(z) <0
and bt (z) := |b(z)| — b~ (x). Obviously, for any = € R, b*(z) — b~ (z) = b(z).

Lemma 8. Let b€ L} (R,dm,). Then the following statements are equivalent:

1. be BMO(R,dm,) and b~ € Loo(R,dm,).
2. There exists s € [1,00) such that

H (b- MB,V(b»XB‘ Ls(R,dm,)

B X5 Lo (®,dm.)

<C. (11)

3. Forall s € [1,00) we have (11).

Proof. Since the proof is similar to the corresponding one in [8], we omit it
here. «

Lemma 9. Let f € L'°*(R,dm,). Then

M, (Ml/f) (l’) ~ %gp ||fXB ||L(1+log+ L)v: (12)

Proof. Let B be a ball in R. We are going to use weak type estimates
(see [34], for instance): there exists a positive constant ¢ > 1 such that every
f € LY(R,dm,) and for every t > (1/my(B)) [5|f(x)|dm,(z) we have

= F@)ldm (@) < m{z € B: My(fxp)(x) > 1)
Ct J{zeB:|f(x)|>}

(&
<t f(@)ldm, ().
{zeB:|f(x)[>t/2}

Then

/ My (f x) ()dm, (x) = / T (e € B M, (f x,)(2) > A}dA
B 0

|f1B
- / mu({x € B : My(f x,)(@) > A})dA

[l € B MU @) > D
|flB

o

— m(B)|fls + /f| m({z € B My(f x)(@) > A}dA
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1 [ dA
) flst g [ (f @) T

|B

1 IF@)] g\
=m, (B = -~ dmy,
m(B) 715 + C/{weB:|f(a:>>|f|B} </f|B A >|f(x)| ()

— m,(B)|f]p + -

/{wGB |f(@)|>[fB}

| £(@)
>+ [ 1@ (1 + 1o Y dm @),

On the other hand,

/M (F xp) (@)dmy (2 / mo({x € B M(f x,)(x) > A})dA

;z/o my({z € B: My(f x,)(x) > 2A})dA
|f1B
:/0 my({z € B+ My,(f x,)(x) > 2A})dA

+ /00 my({z € B+ My(f X)(x) > 2A})dA
|flz

& dA
<@ flsref ([ i@ldm) T

= m(B)fls+c @) 1og L 4, ()
{2€B:|f(2)|>|f|5} |flB

|/ ()]
Sc/B]f(x 1+1log™ s )dm ().

Therefore, for all f € LY°(R, dm,) we get

3,08,0)(@) = swpre(8) [ (7@l (1+ 10" LY, ),

B>ox |f|

Since

/()
—my<B)/B'f(‘”” L log™ 7 Jdm, (z),

we have

’f‘B < HfXB||L(1+log+ L)

95
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Using the inequality log™ (ab) < log™ a + log® with a,b > 0, we get

g Lr@i(og HE o 2)
@ / @1 (1-+08 (gt 2 — el ) Y
N mul(B / I 1 +log” ||fXBH’j((lf-)1C’)g+ L),u)dmy(x)
N ”fXBH[‘/‘(fl|—:og+ D g (2)
< X g 13+ g™ 1"
Since ||fXBHL|(;‘+];°g+ L > 1 and logt < t when t > 1, we get
7 L r@I(t+og" U am, o) < 2% st 1o (14)

On the other hand, since

||fXBHL 1+log+L / ‘f 1+10g+ ’f(x)’ )dmy(z),

||fXB ”L(1+10g+ L),v
on using
|flB < HfXB ||L(1+log+ L)

we get

||fXB||L 1+log+ L),v N / |f + |{;g|>dmy($) (]‘5)

Therefore, from (13), (14) and (15) we have (12). «

For proving our main results, we need the following estimate.

Lemma 10. [15, Lemma 1] If b € BMO(R,dm,), then for any q € (0,1), there
exists a positive constant C' such that

M (M f) () < Cllbll Braro@.dm,) My (M, f)(x) (16)

for every x € R and for all f € L°°(R,dm,,).
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The following theorem gives necessary and sufficient conditions for the bound-
edness of the operator My, on L, ,(R,dm,), when b belongs to the space
BMO(R, dm,).

Theorem 2. Let 1 <p< oo, 0 < A<20+2and 0 < pu < 2v+2. The following

assertions are equivalent:
(i) be BMO(R,dm,).
(it) The operator My, is bounded on Ly x (R, dm,).

Proof. (i) = (ii). Suppose that b € BMO(R,dm,). Combining Theorem 1
and Lemma 10, we get

My i fllz, o @dm,) S IME(Mow f) L, o (Rdm,)
S bl Bro@,dma) 1My (My )|l L, o (Rdm,)
S ol sro®dm) 1Mo fliz, . (Rodm,)
S bl Bro®,dmnll fllz, x . R.dm) -

(i1) = (i). Assume that M, is bounded on Ly ) ,(R,dm,). Let B = B(x,7)
be a fixed ball. Consider f = xpg. It is easy to calculate that

1
Il s = s (00 0/ [ (1)
y’

yeR™ t>0

= sw (1B 0Bl )’

= sup (1BGu.0) B 1/4) =5 1 e Q)

B(y,t)CB

On the other hand, since

My, (xB)(x) 2 \B/ |b(z) — bpldz for all x € B,

we have

1
1M ) 1ty ~ s (7 W/AE [ Mo () () P)
B(y,t) B(y,t)

R |
2ok 0 1 o [ 190 bl (18)
Since by assumption

Moo (xB)IL, 5., Rdmo) S IXBIIL, A, R dmu)s
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by (17) and (18) we get

1
B

From Theorem 2 in the case A = p or u = 0 we get the following corollaries.

Corollary 3. Let 1 <p < oo and 0 <\ < 2v+2. The following assertions are
equivalent:

(i) be BMO(R,dm,).

(i1) The operator My, is bounded on Ly z(R,dm,).
Corollary 4. Let 1 <p < oo and 0 < X\ < 2v+ 2. The following assertions are
equivalent:

(1) b€ BMO(R,dm,).

(13) The operator My, is bounded on En,\(R, dm,).

4. Commutator of maximal operator [b, M,] in total Morrey
spaces Ly,

In this section, we find necessary and sufficient conditions for the commuta-
tor of the maximal operator [b, M, ]| to be bounded on the spaces L, » ,(R,dm,).
For a function b defined on R, we denote

b (z) = {o : %f b(z) > 0
|b(x)], if b(x) <0

and bT(x) := |b(z)| — b~ (x). Obviously, b™(z) — b~ (x) = b(x).

The following relations between [b, M, ] and My, are valid:

Let b be any non-negative locally integrable function. Then for all f €
L¢(R,dm,) and z € R the following inequality is valid:

Hbv sz]f(x)} = ‘b(.ﬁ)MVf(.Z‘) - M,,(bf)(l‘)‘
= [ M, (b(x) f)(x) = My (bf)(z)| < My([b(x) = blf)(x) = Mp,, f(x).

If b is any locally integrable function on R, then
b, M,]f(2)] < My, f(w) + 25~ () My f(a), @€ R, (19)

holds for all f € LI°°(R,dm,) (see, for example, [1, 7, 9, 30]).
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Obviously, the operators M;, and [b, M,] are essentially different from each
other because M, is positive and sublinear while [b, M, ] is neither positive nor
sublinear.

Applying Theorem 2, we obtain the following result.

Theorem 3. Let 1 <p< oo, 0 <A< 2v+2 and 0 < pu < 2v + 2. Suppose that
b is a real valued locally integrable function in R. Then the following assertions
are equivalent:

(1) b€ BMO(R,dm,) such that b= € Loo(R,dm,).

(it) The operator [b, M,] is bounded on Ly x ,(R,dm,).

Proof. (i) = (ii). Suppose that b € BMO(R,dm,). Combining Theorems 1
- 2 and the inequality (19), we get

16; M fllz, s < Mo f + 267 MyflL, s,
<Moo fllzy s + 107 Lo 1Mo fllz
S (bl + 167 zoo ) 1F1|z,,.-

(i1) = (i). Assume that [b, M,] is bounded on L, ,(R,dm,). Let B =
B(z,r) be a fixed ball.

DAL

Since
M, (bxs)xB = Mp,(b) and M,(xB)xB = XB)
we have
|Mp ., (b) — bxp| = |M,(bxs)xB — bM,(xB)XB|
< |M,(bxs) — bM,(xB)| = |[b, My]xB|.
Hence

[Mp,,(b) = bxsllL, . (Rdm,) < [0, MuIxBl L, . (R.dm,)-
Thus from (17) we get

AR ‘<(|B\/“’ );

<|B[ 7 [r ] /7]y z HbXB — M, (O)L, (R dm,)

2u+2 A
Sr [r]7

2u+2 A
Sr [r]7

[1/”’] ||[baMV]XBHL,,,A,M(R,di)

[1/T] ‘|XBHL1),>\,;/. ~ 1
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Denote

E:={xeB:bx)<bp}, F:={xe€B:bx)>bp}

[ 1066) = bl at = [ jo(e) ~ bl a,

E F

in view of the inequality b(z) < bp < Mp . (b), z € E, we get
1 / 2
— |b—bB|:/|b—bB|
| Bl | B|

b— Mp,(b)] < /|b Mg, (b
IBI/ |B]

Consequently, b € BMO(R, dm,,).
In order to show that b~ € Lo (R, dm,), note that Mp ,(b) > |b|. Hence

Since

0<b =b|—b" < Mp,(b)—b" +b" = Mp,(b) —b.
Thus
(b_>B S ¢,
and by the Lebesgue differentiation theorem we get

b~ (xz) = lim b~ (y)dmy,(y) <c for ae. x € R.

my B—0 B

From Theorem 3 in the case A = p or u = 0 we get the following corollaries.

Corollary 5. Let 1 <p < oo and 0 < A < 2v+2. Suppose that b is a real valued
locally integrable function in R. Then the following assertions are equivalent:

(i) be BMO(R,dm,) such that b= € Loo(R,dm,).

(i1) The operator [b, M,] is bounded on Ly (R, dm,).

Corollary 6. Let 1 < p < oo and 0 < A < 2v+2. Suppose that b is a real valued
locally integrable function in R. Then the following assertions are equivalent:

(i) b€ BMO(R,dm,) such that b~ € Ly(R,dm,).

(it) The operator [b, M, ] is bounded on L, \(R,dm,).

Acknowledgements

The authors thank the referee(s) for the careful reading of the paper and
useful comments.



1]

[3]

[4]

[5]

[6]

[7]

8]

[9]

[10]

[11]

Commutator of the Maximal Function in Total Morrey Spaces 101

References

G.A. Abasova, M.N. Omarova, Commutator of anisotropic mazximal function
with BMO functions on total anisotropic Morrey spaces, Trans. Natl. Acad.
Sci. Azerb. Ser. Phys.-Tech. Math. Sci., Mathematics, 43(1), 2022, 3-15.

C. Abdelkefi, M. Sifi, Dunkl translation and uncentered maximal operator on
the real line, JIPAM. J. Inequal. Pure Appl. Math. 8(3), 2007, Article 73,
11 p.

V.S. Guliyev, Integral operators on function spaces on the homogeneous
groups and on domains in R™, Doctor’s degree dissertation, Moscow, Mat.
Inst. Steklov, 1994, 1-329 (in Russian).

V.S. Guliyev, Y.Y. Mammadov, Some estimations for Riesz potentials in
terms maximal and fractional mazimal functions associated with the Dunkl
operator on the real line, Trans. Natl. Acad. Sci. Azerb. Ser. Phys.-Tech.
Math. Sci., Math. Mech., 27(7), 2007, 71-76.

V.S. Guliyev, Y.Y. Mammadov, On fractional mazimal function and frac-
tional integral associated with the Dunkl operator on the real line, J. Math.
Anal. Appl., 353(1), 2009, 449-459.

V.S. Guliyev, Y.Y. Mammadov, F.A. Muslumova, Boundedness characteri-
zation of mazimal commutators on Orlicz spaces in the Dunkl setting, Jour-
nal of Mathematical Study 53(1), 2019, 1-21.

V.S. Guliyev, Mazimal commutator and commutator of maximal function on
total Morrey spaces, J. Math. Inequal., 16(4), 2022, 1509-1524.

V.S. Guliyev, Some characterizations of BMO spaces via commutators in
Orlicz spaces on stratified Lie groups, Results Math., 77 (1), 2022, 18 p.

V.S. Guliyev, Corrigendum to : Mazximal commutator and commutator of
mazimal function on total Morrey spaces, J. Math. Inequal., 19(1), 2025,
305-306.

V.S. Guliyev, Characterization of commutators of the mazximal function in
total Morrey spaces on stratified Lie groups, Anal. Math. Physics, 15 (2),
2025, article number : 42, 1-25.

C.F. Dunkl, Differential-difference operators associated with reflections
groups, Trans. Amer. Math. Soc., 311, 1989, 167-183.



102

[12]

[19]

[20]

21]

22]

[23]

Y.Y. Mammadov, V.S. Guliyev, F.A. Muslumova

C.F. Dunkl, Y. Xu, Orthogonal Polynomials of Several Variables, 2nd edn,
Encyclopedia of Mathematics and its Applications, 155 (Cambridge Univer-
sity Press, Cambridge, 2014.

S. Janson, Mean oscillation and commutators of singular integral operators,
Ark. Mat. 16, 1978, 263-270.

F. John, L. Nirenberg, On functions of bounded mean oscillation, Comm.
Pure Appl. Math. 14, 415-426 (1961).

G. Hu, D. Yang, Mazimal commutators of BMO functions and singular
integral operators with non-smooth kernels on spaces of homogeneous type,
J. Math. Anal. Appl., 354, 2009, 249-262.

L. Kamoun, Besov-type spaces for the Dunkl operator on the real line, J.
Comput. Appl. Math. 199, 2007, 56-67.

M. Kronz, Some function spaces on spaces of homogeneous type. Manuscripta
Math, 106(2), 2001, 219-248.

A K. Lerner, S. Ombrosi, C. Pérez, R.H. Torres, R. Trujillo-Gonzélez,
New mazimal functions and multiple weights for the multilinear Calderdn-
Zygmund theory, Adv. Math., 220, 2009, 1222-1264.

R. Long, L. Yang, BMO functions in spaces of homogeneous type, Sci. Sinica
Ser. A 27(7), 1984, 695-708.

Y.Y. Mammadov, On the boundedness of the maximal operator in Morrey
spaces associated with the Dunkl operator on the real line, Trans. Natl. Acad.
Sci. Azerb. Ser. Phys.-Tech. Math. Sci., Math. Mech., 30(1), 2010, 147-154.

Y.Y. Mammadov, Some embeddings into the modified Morrey spaces associ-
ated with the Dunkl operator on the real line, Trans. Natl. Acad. Sci. Azerb.
Ser. Phys.-Tech. Math. Sci., Math. Mech., 29(1), 2009, 111-120.

Y.Y. Mammadov, F.A. Muslimova, Z.V. Safarov, Fractional maximal com-
mutator on Orlicz spaces for the Dunkl operator on the real line, Trans. Natl.
Acad. Sci. Azerb. Ser. Phys.-Tech. Math. Sci., Math., 40(4), 2020, 130-144.

Y.Y. Mammadov, F.A. Muslumova, Some embeddings into the total Morrey
spaces associated with the Dunkl operator on the real line, Proceedings of
TAM, 13(1), 2023, 1-12.



[24]

[25]

[27]

28]

Commutator of the Maximal Function in Total Morrey Spaces 103

H. Mejjaoli, Kh. Trimeche, Harmonic analysis associated with the Dunkl-
Bessel Laplace operator and a mean value property, Fract. Calc. Appl. Anal.,
4(4), 2001, 443-480.

M.A. Mourou, Transmutation operators associated with a Dunkl-type
differential-difference operator on the real line and certain of their appli-
cations, Integral Transforms Spec. Funct., 12(1), 2001, 77-88.

F. Muslumova, On embeddings into the Morrey and modified Morrey spaces
in the Dunkl setting, Trans. Natl. Acad. Sci. Azerb. Ser. Phys.-Tech. Math.
Sci., Math., 40(1), 2020, 135-145.

F.A. Muslumova, Some embeddings into the total Morrey spaces associated
with the Dunkl operator on R?, Trans. Natl. Acad. Sci. Azerb. Ser. Phys.-
Tech. Math. Sci., Math., 43(1), 2023, 94-102.

F.A. Muslumova, Corrigendum to : "Some embeddings into the total Morrey
spaces associated with the Dunkl operator on R*”, Trans. Natl. Acad. Sci.
Azerb. Ser. Phys.-Tech. Math. Sci., 44(1), 2024, p. 132.

F.A. Muslimova, Y.Y. Mammadov, J.N. Abdullayeva, On embeddings of
total Morrey spaces associated with Bessel operators, Trans. Natl. Acad. Sci.
Azerb. Ser. Phys.-Tech. Math. Sci., Math., 45(1), 2025, 54-62.

M.N. Omarova, Commutators of parabolic fractional maximal operators on
parabolic total Morrey spaces, Math. Meth. Appl. Sci., 48(11), 2025, 11037-
11044.

M.M. Rao, Z.D. Ren, Theory of Orlicz Spaces, M. Dekker, Inc., New York,
1991.

F. Soltani, L,-Fourier multipliers for the Dunkl operator on the real line, J.
Funct. Anal., 209, 2004, 16-35.

F. Soltani, On the Riesz-Dunkl potentials, Proc. Inst. Math. Mech. Natl.
Acad. Sci. Azerb., 40(2), 2014, 14-21.

E.M. Stein, Harmonic analysis: Real Variable Methods, Orthogonality, and
Oscillatory Integrals, Princeton Mathematical Series, 43, Princeton Univer-
sity Press, Princeton, New Jersey, 1993.

K. Trimeche, Paley-Wiener theorems for the Dunkl transform and Dunkl
translation operators, Integral Transforms Spec. Funct., 13, 2002, 17-38.



104 Y.Y. Mammadov, V.S. Guliyev, F.A. Muslumova

Y.Y. Mammadov
Nakhchivan Teachers Institute, Nakhchivan, Azerbaijan
E-mail: yagubmammadov@yahoo.com

V.S. Guliyev

Department of Mathematics, Kirsehir Ahi Evran University, Kirsehir, Turkey
Institute of Applied Mathematics, Baku State University, Baku, Azerbaijan
Institute of Mathematics and Mechanics, Baku, Azerbaijan

Azerbaijan University of Architecture and Construction, Baku, Azerbaijan
E-mail: vagif@Qguliyev.com

F.A. Muslumova
Department of General Mathematics, Nakhchivan State University, Nakhchivan, Azerbaijan
E-mail: f.muslimova@hotmail.com

Received 14 May 2024
Accepted 05 October 2024



