Azerbaijan Journal of Mathematics

V. 15, No 2, 2025, July

ISSN  2218-6816
https://doi.org/10.59849/2218-6816.2025.2.113

Investigation of Goursat-Darboux System with
Integral Boundary Conditions
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Abstract. In this paper, we study a boundary value problem for hyperbolic nonlinear
differential equations with integral boundary conditions. We first construct the Green
function for reducing this boundary value problem to the corresponding integral equation.
Furthermore, using the Banach principle of contraction mappings, we prove that the
solution of the obtained integral boundary value problem exists and is unique.
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1. Introduction

In last decades, nonlocal problems for partial equations have been actively
studied by many mathematicians. (see, e.i, [1, 2, 3]). The study of nonlocal
problems is caused by both theoretical interest and practical necessity. This is
due to the fact that mathematical models of various physical, chemical, biological
and ecological processes often represent the problems in which, instead of classical
boundary conditions, some relationship is given between the values of the desired
function at the boundary of the domain and inside it. Such problems arise in the
study of phenomena related to plasma physics, heat propagation [1], demography,
mathematical biology [2, 3], etc.

It should be noted that nonlocal problems with integral boundary conditions
for hyperbolic equations and also the existence and uniqueness of their solutions
have been studied in [4-21]. Conditions of classical and general consistency of
problems with integral conditions for second order hyperbolic equations have been
obtained as a result of these works. Furthermore, Goursat-Darboux nonlocal
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problem for one-dimensional hyperbolic equation with a mixed derivative has
been considered in [6, 7, 8, 9, 15, 16], where sufficient conditions for the existence
of the classical solution of the problem under consideration have been obtained
in terms of the coefficients and the kernel in the integral condition.

Usually, in practical problems it is assumed that the coefficients of the equa-
tion are continuous. There arise nonlocal problems with integral conditions for a
system of hyperbolic equations in the process of studying boundary value prob-
lems with integral conditions for higher order partial equations [2, 7, 9]. A non-
local problem with an integral condition in one of the variables for a system of
hyperbolic equations with a mixed derivative has been studied in [9, 13]. Nec-
essary and sufficient conditions of well-defined consistency of the given problem
have been established in terms of initial data and the solution algorithms have
been suggested.

2. Problem statement

In this paper, we consider a nonlocal problem with integral boundary condi-
tions for the Goursat-Darboux system in the domain @ = [0,7] x [0,]:

Ytz = f (t7x7y)7 (t,l’) € Q, (1)
T
| vtaya=e@. e, )
l
/Oy(t,x)da::w(t), tel0,T], 3)
where y (t,z) = col (y1 (t,z),y2 (t,2),...yn (t,z)) is an unknown n-dimensional

vector-function, f(t,z,y) is continuous on @ x R" , n-dimensional vector-functions
¢ () and 9 (t) are continuously-differentiable on [0,1],[0,7 |, respectively.
It is assumed that the functions ¢ (x) and 1 (¢) satisfy the agreement condition

/()Tw(t)dt:/;@(x)dx.

Note that problems with integral conditions for hyperbolic type equations
have been studied in [4,5,8,9,12-21], where the conditions of classical, general
consistency of problems with integral conditions have been established for second
order hyperbolic equations.

Let C (Q,R™) be a space of vector-functions continuous on ) with the norm

lyll = maxzeqly ()l ly(t,2)] = Vi (o) + ... y2(t ).
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The function y(¢,z) € C (Q, R™) with partial derivatives y.(t,z) € C (Q, R™),
yz (t,z) € C(Q,R"), yz (t,x) € C(Q,R"™) is said to be a classical solution of
problem (1)-(3) if it satisfies the system of equations (1) and integral conditions
(2)-(3).

There are chemico-physical and ecological processes in the nature, main char-
acteristics of which cannot be measured directly. Goursat-Darboux problems
with nonlocal conditions arise during mathematical modeling of such processes
and it represents information on mean values or multipoint conditions. Such
problems can arise in the study of phenomena related to plasma physics, heat
propagation, demography, mathematical biology, etc.

3. Main results

In this paper, the Green function is constructed for the first time for the
problem (1)-(3), which is reduced to an equivalent integral equation. Further,
using the Banach contraction mapping principle, sufficient conditions of classical
consistency of the given problem are established.

Theorem 1. Problem (1)-(3) is equivalent to the following integral equation:

y(t,a:)z%b(lﬁ)%—% —A—l—//Gths f (7, s,y)dtds,

where
5T, 0<T7<t, 0<s<u,
—%TS(T—T), 0<s<uzx, t<7<T,
—gT (0 —5), 0<7<t, <5<,
(T =7)(l=s), z<s<l t<T<T.

A= fOT P (t)dt = f[f ¢ () dx = const; E is an identity matriz of dimension nxn.

Proof. We will look for any solution of equation (1) in the form

y(t,z)=a(t)+b(x)+ /0 /017 f(t, s,y (t,s))dtds, (4)

where a(t) and b(z) are unknown continuous functions defined on the segments
[0, T, [0, ], respectively. Let the function determined by equality (4) satisfy
conditions (2) and (3). Then

/OT (t)dt +Tb(x /(//ftsyts))dtds>dt o(x), z€0,4,

(5)
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6a(t)+/0€ dm+/ <//ftsyts)dtds)dx—w(t),te[O,T]. (6)

Without loss of generality, we assume that the relation

T
/ a(t)dt =0
0
is valid.

From equality (5) we obtain the following relation:

b(@:%ﬂ@-}/j (/Ot/omf(T,s,y(T,s))des)dt,xe[O,é] G

Taking into account (7) in (6), we get

a(t)zzw(t)+;£/0T/oe (/Ot/owf(T,S,y(T,s))chLs)dtdﬂs—
—/ <// fTS@/(TS))deS)dx—A tel0,7T]. (8)

Taking into account (7) and (8) in (4), we get
1 1
y(t,l"):zw(t)—i-fgo( x) — TK <// f(r,s,y(r,s )deS)d.CIZ‘—

_;/OT (/Ot/oxf(T,s,y(T,s))deS> di+
+;€/OT/0€ (/Ot/omf(T,s,y(T,s))des> dtdx+

+/O/O f(r,8,y(1,8)drds, (t,x) € Q. (9)

Make some transformations in equality (9):

/Oe (/Ot/ozf(T,s,y(T,s))des> dx:/Oz/ot(f—m)f(f,g’y(Tvs))dex.

/OT </Ot /Ox Fir s () des) dt = /OT /Ox (T'—1t) f(7,5,y(7,8))dtds
/oT /oé </ot /omf (75,9 (7, 5))d7ds> dtdz =
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T 4
= / / (T —t)(l—2x)f (1,8,y(7,s))drds.
0 0

Taking into account these equalities in (9), we obtain:

+/t/w [E;(E—s)(T—T)—I—E—1(6—3)—;(T—T)}f(T,s,y(T,s))des—F

+/T/m {Tle(és)(Tt);(TT)]f(T,S,y(m))deS

T
+/ / % (b —s)(T—71)f(r,8,y(1,s))drds,(t,z) € Q. (10)

Taking into consideration the relations

E[l—i—z}E(ﬁ—s)(T—t)—i(ﬁ—s)—;(T—r)} = B,

E[(es)(TT)Z{(TT)] = B (T—7),

E[;T(fs)(TT)z(fs)} fEﬁT(zfs)

we can rewrite equality (4) in the following form:

y(t,JU):Lﬁ(t)ﬁL;QD // —Tszsy(Ts))des+

‘
// [_T )]f(Tas,y(T,s))deer

/ / {_S T)]f(TaS,y(T,s))drder
+/ /xZI}E(6_8)(T_T)f(ﬂ&y(ﬂS))des, (11)

We'll consider the matrix function G(t, x, t, s) in this equation in order to
prove the first part of the theorem. At first we’ll show that the function defined
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by equality (11) is the solution of boundary value problem (1)-(3). Let’s calculate
its derivative with respect to ¢t and x:

Otox T 1Y

8t8x U / sl (s y (T, 8))des} +
8t8x [/ / [_T )] f sy (T, S))des] +
615635 [/ / [_5 )} f(r8,y(T, S))des] +

81&890[/ /Tg =) —T)f(TSy(Ts))des]:

(tx +tl —te + 2T — ot + 0T — tl — 2T + tx) x

Xf(t,x,y(t,x))drds = f(t,z,y(t,x)).

Now we’ll prove the second part of the theorem. Let’s show that the function
defined by equality (11) satisfies conditions (2) and (3).

/OT (t, ) dt = /T [}Mm;w( v) — A

<//f75y7's)d7'ds>d:n—
_1{/0 (/0/0 f(T,S,g/(T,S))deS)dt-i-
— OT (/OE /Otf(T,s,y(T, s))dm) dtda+
+/t/$f(7,s,y(778))d7d8] dt -
f/ Vo) dtt o (@ /w t) dt=
2/0 /0 (/0/0 f(T,s,y(T,s))des>dtdx

o t0) = o [16(0)+ 17 0) - 4] +

ET
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_/OT </Ot/Oxf(T,s,y(r,s))des)dt—i—
+2/0T/0£ (/Ot/;f(T,s,y(T,s))des) didu+
+/OT </Ot/0$f(T,S,g/(T,S))deS)df:go(m).

We can similarly show that the condition

/Oéy(t,:n)dm

Thus, Theorem 1 is completely proved

119

Y (t), t€[0,T],
is also satisfied.

To prove the uniqueness of the solution of the stated problem, we define the
operator P: C (Q;R") — C (Q; R") as

1

Tgp —A+//Gt:n7‘s f(7,s,z2)dtds.

It is known that the problem (1)-(3) is equivalent to the fixed point problem
z = Pz. So, problem (1)-(3) has a solution if and only if the operator P has a
fixed point.

P(2)= 390+

Theorem 2. Assume that the condition

‘f(t7x722) - f(t,%,Zl)‘ < M‘ZQ - Zl|

(12)
is satisfied for each (t,x) € Q and for all z1, z2 € R

, the constant M > 0, and

L=/0TSM <1, (13)
where

S =max||G(t,z,7,s)] .

QxQ

Then boundary value problem (1)-(3) has a unique solution on Q
Proof. Denote

1 1 1
N = max Z@ZJ (t) + T (x) — ﬁA

max |f(t,z,0| = My ,
(m)EQ! ( | = My
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P> M We'll prove that PB,. C B,., where

and choose
B, ={r e C(Q,R"): ||z <r}.

For z € B, we have

T Y4
1Pz (t,2)]| < ||N||+/0 /O G (t,2,7,8)[ (1f (7,5,% (1, 5)) — ] (7,5,0)| +

T ?
F1f (4 5,0))drds < [N +s/ / (M |2] + M) dtda <
0 0

HNH +MfTS <r

< [N+ SMrTe+ M;TeS < S <o

Further, by (12), for any z1,29 € B,

T l
Pz — Py < / / Gty 2,7, 8)(f (1o, 22 (7, ) — f(t 0, 217, 8)| drds <
0 0

T pf
< s/ / M |2 (t,7) — 21 (t,2)| dtdz < MSTlmax |2 (t,2) — =1 (£, 2)|
0 Jo QxQ

< MSTY ||z9 — 2|
is valid, or

[Pz — Pz1|| < Llz2 — 21 -

It is clear that by condition (13) P is a contraction operator. Thus, boundary
value problem (1)-(3) has a unique solution. <«

4. Example

Let’s give an example illustrating the main results obtained in this paper.
Consider the following system of differential equations with an integral boundary
conditions:

[v1] (t7x) S [07 1] X [07 1]7 (14)

Y1tz = 0, Llcosys,
Y2tz = Oret) (11 ]u1])

fo y1 (t,x)dt = x, fO yo (t,x) dt = xQ, (15)
fo 1 (t,z)dx =t, fo yo (t,z)de =
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Obviously, the agreement condition is satisfied. Condition (13) is satisfied
due to (12) and Gee <1, M = 0,1. Consequently,

L=CpaMTl=1-0,1=0,1< 1.
So, by Theorem 2, boundary value problem (14)-(15) has a unique solution on

[0,1] x [0,1].

5. Conclusion

In this paper, the existence and uniqueness of solutions for nonlinear hy-
perbolic differential equations with integral boundary conditions are established.
Note that the method introduced here can be successfully used in more compli-
cated problems for hyperbolic differential equation. For example, we can consider
the following problem:

ytl‘:f(tvxuy)) (t,ZU)EQ,

with integral boundary conditions

T
| nwea)d= o). zep.a.

/m y(t,x)de =1 (t), te€]0,T].

Here n (t),m (z) € R™*™ are the given matrices; cp( ),z €[0,4],¢(t), te€]0,T]
T
are the given functions, and det f t)dt # 0, det f m (z)dz # 0.

References

[1] A.A. Samarskii, On some problems of the theory of differential equations,
Differentsial’'nye Uravneniya, 16(11), 1980, 1925-1935.

[2] A.M. Nakhushev, Problems with shifts for partial differential equations,
Nauka, Moscow, 2006, 287 p. (in Russian)

[3] L.S. Pulkina, Problem with nonclassical conditions for hyperbolic equations,
Samara: Izdatel’stvo Samarskii universitet, 2012, 194 p. (in Russian)

[4] L. Byszewski, Existence and uniqueness of solution of nonlocal problems for
hyperbolic equation uy = F(x,t,u,uy), Journal of Applied Mathematics and
Stochastic Analysis, 3(3), 1990, 163-168.



122

[5]

[10]

[11]

[12]

[13]

[14]

M.J. Mardanov, Ya.A. Sharifov

A.T. Assanova, Nonlocal problem with integral conditions for a system of hy-
perbolic equations in characteristic rectangle, Russian Mathematics, 61(5),
2017, 7-20.

S.V. Zhestkov, The Goursat problem with integral boundary conditions, Ukr.
Mat. Zh., 42(1), 1990, 132-135. English translation: Ukr. Math. J., 42(1),
1990, 119-122.

A. Bouziani, Solution forte d’un probleme mixte avec conditions non locales
pour une classe d’equations hyperboliques, Bull. Cl. Sci., Acad. Roy. Belg.,
43(8-1-6), 1997, 53-70.

S. Beilin, Fxistence of solution for one-dimensional wave equations with non-
local conditions, Electron. J. Different. Equat., 76, 2001, 1-8.

A L. Kozhanov, L.S. Pul’kina, On the solvability of boundary value problems
with nonlocal integral boundary condition for multidimensional hyperbolic
equations, Differents. Uravn., 42(9), 2006, 1166-1179.

A.T. Assanova, D.S. Dzhumabaev, Well-posedness of monlocal boundary
value problems with integral condition for the system of hyperbolic equations,
J. Math. Anal. Appl., 402(1), 2013, 167-178.

A.T. Assanova, On the solvability of a nonlocal problem for the system of
Sobolev-type differential equations with integral condition, Georgian Math.
J., 28(1), 2021, 49-57.

A.T. Assanova, A generalized integral problem for a system of hyperbolic
equations and its applications, Hacet. J. Math. Stat., 52(6), 2023, 1513 —
1532.

A.T. Assanova, On the theory of nonlocal problems with integral conditions
for systems of equations of hyperbolic type, Ukrainian Mathematical Journal,
70(10), 2019, 1514-1525.

A.T. Assanova, Nonlocal problem with integral conditions for a system of
hyperbolic equations in characteristic rectangle, Izv. Vyssh. Uchebn. Zaved.
Mat., 5, 2017, 11-25; Russian Math. (Iz. VUZ), 61(5), 2017, 7-20.

B. Paneah, P. Paneah, Nonlocal problems in the theory of hyperbolic differ-
ential equations, Trans. Moscow Math. Soc., 70, 2009, 135-170.

A.V. Gilev, A nonlocal problem for a hyperbolic equation with a domi-
nant mized derivative, Vestnik Samarskogo Gosudarstvennogo Universiteta.



[17]

[18]

[19]

[20]

[21]

Investigation of Goursat-Darboux System with Integral Boundary Conditions 123

Estestvenno-Nauchnaya Seriya, Vestnik of Samara University. Natural Sci-
ence Series, 26(4), 2020, 25-35. (in Russian)

N.D. Golubeva, L.S. Pul’kina, A nonlocal problem with integral conditions,
Math. Notes, 59(3), 1996, 326-328.

L.S. Pul’kina, The Lo solvability of a nonlocal problem with integral condi-
tions for a hyperbolic equation, Differ. Equations, 36(2), 2000, 316-318.

L.S. Pul’kina, A mnonlocal problem for a loaded hyperbolic equation, Tr.
Steklov Mat. Inst., 236 2002, 298-303.

E.A. Utkina, About uniqueness of the solution of a semi-integral problem
for a fourth order equation, Vestnik Samarskogo Gosudarstvennogo Univer-
siteta. Estestvenno-Nauchnaya Seriya, 4(78), 2010, 98-102.

T. Oussaeif, A. Bouziani, Solvability of Nonlinear Goursat Type Problem for
Hyperbolic Equation with Integral Condition, Khayyam J. Math., 4(2), 2018,
2, 198-213.

Misir J. Mardanov

Institute of Mathematics and Mechanics of the Ministry
of Science and Education of Azerbaijan Republic

Baku State University, Baku, Azerbaijan

E-mail: misirmardanov@yahoo.com

Yagub A. Sharifov

Institute of Mathematics and Mechanics of the Ministry

of Science and Education of Azerbaijan Republic, Baku, Azerbaijan
Azerbaijan Technical University, Baku, Azerbaijan

Baku State University, Baku, Azerbaijan

E-mail: sharifov22@rambler.ru

Received 01 November 2024
Accepted 05 January 2025



