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Abstract. In this paper, nonlinear regression models with an increasing number of
unknown parameters are considered. The specificity of these models is that the variances
of random errors are unknown and different. At each point of observation there is no
more than one response which does not allow to estimate variances. Using Gauss-Newton
approach, the iterative process for finding the least square estimates has been created.
The conditions for convergence of the iterative process are found. It is shown that under
some conditions the deviation vector of unknown parameters has Gaussian distribution,
which allows to create a confidence band for unknown functions in nonlinear regression
models.
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1. Introduction

In statistics, nonlinear regression is a form of regression analysis where ob-
servational data are modeled by a function which is a nonlinear combination of
the model parameters and depends on one or more independent variables. The
data are fitted by a method of successive approximations. Nonlinear models have
quite complicated structures in comparison with linear models. The examples of
nonlinear regressions are the models with exponential, logarithmic, trigonomet-
ric, power functions and others. Unlike linear regression, in nonlinear regression
function f(z) has a nonlinear structure which does not allow to estimate unknown
parameters.
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The specificity of the model considered in this paper is that variances of
random errors are different and unknown, and, moreover, at each point of ob-
servation there is no more than one response which does not allow to estimate
variances. Such models are typical for applications and can be used in biology,
medicine, engineering and other fields. There are a lot of papers and books
related to nonlinear regression models [1, 6, 11, 12], but the models with increas-
ing number of unknown parameters and different variances are not investigated
widely. In [8, 9, 13, 14] in the study of regression models with fixed number of
unknown parameters, the new approaches for deriving the least square estima-
tors (L.s.e.) and the estimators of the elements of covariance matrix of a deviation
vector of unknown parameters are suggested. Such approaches allow to create a
confidence band for unknown functions in regression models. It is necessary to
underline two papers [3,14], where the new approaches for investigation of regres-
sion models with different and unknown values of the variances of random errors
are suggested.

One of the effective approaches for investigation of nonlinear regression mod-
els is Gauss-Newton method [5] which allows to create an iterative process for
calculation of least square estimators. Nevertheless, for regression models with an
increasing number of unknown parameters it is necessary to establish the needed
conditions for a convergence of the iterative process created by Gauss — Newton
method. Some approaches for investigation of nonlinear regression models with
missing data are suggested in [16,17].

2. The properties of least square estimates (l.s.e.)
Consider the following regression model:
yi=n(z;, 0°)+& i=1,N, (1)
where 7 (x;, 0*)is a function nonlinear in 6, and 6* is a true value of the parameter

6.

92 R
We assume that n(z, 0); an(gé 9). daggg’@ja), i,7 = 1,m, are the bounded

functions continues in (z, #) and 6 € © is a compact set,

Ee; =0, Eeiej = rij,1ii = 02,0 < 02 < 07 < 0. (2)
Denote o )
:L'.’ . .
(A

0 means Ls.e.
Fn(0) is the matrix with the elements f;; (6);
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0< )\ ( ) < )\éN) 0)<---< ALY (0) are the eigen values of the matrix
{ G ) (9)] for which the following relations hold:

0< 2 M@ <A () < < AWMyp).

B(r) is the sphere with the radius r > 0 centered at the point 6*.
To find ls.e., we can use the iterative process [4] according to the Gauss-
Newton method:

0(s+1)=0(s)+ [FE(0(s)- Fn (0(5))] F& (0() (y—n(z, (), (3)

All values in (3) are defined above. The main problem is the convergence of
iterative process (3). Throughout this paper we assume that 6 € B (r) .
Let us rewrite the expression (3) as follows:

On (s+1) =U(On (s)) = On (s) + An (O () - O (O (5)) (4)

where
T(0(s)) - N1 FT (0 (s
Ay (B () = [FN (0( ))NFN @ (s)] FE (]3( ) 5

onN(0(s)=y—mn(z, 0(s)); 0" =y—mn(z,0") =e.

Let’s state some preliminary auxiliary results.

A, = (a(n1)>ij; By, = (b(nz))ij ci=1m;j=1,N; C= (c)ij 24,7 =1,m.

Denote
D=MAY . . Al A, .-Cc"BIB,...B,_1BT,
where k = 2k; + 1;1 = 211 + 1;n, 11, k1 are integer numbers.

Lemma 1. If there exists some constant Cy such that

Eur

(n2)
b

< C}, max Z|c”| <C,

1<i<

then the following inequality holds:

E (" De) < CpmM i HNEFLTL L OON 3 " | ] (6)
i#]
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Proof. Denote by d;; i,j = 1, N, the elements of the matrix D. Then

N N N
FE (ETDE) =F Z Z dz’jé‘i&‘j = Z d”EEZQ + Z dij&'é“j SS Ogt?”D—l-
=1 j=1 =1 1#£]

+ Y dij |l

i#]

Using the conditions of Lemma 1, we have

i1=1 i =lj1=1 g p1=lpi=1  pa=lri=1  ry =1s=1
O @ (k)
1) (2 ks
. Z gy A3y -+ Qi py Cpaps - -+ Cpp_1n X
511:1
(1)T (2) @ natk1, ki+1arli,li+1 k14l ki+lL+2
Xbp'rﬂ’njlbrlsl e bsllj S Cl N™m N'"m = ClN m

m
trD = Z dz’i < C?+1Nk1+l1mk1+l1+2]\7.
=1

Then from here and (7) it follows (6), i.e. the assertion of Lemma 1. <«

Denote

A
C]T\l/,r(ﬁ):m.6)6]2@?).57 0cB(r), n=12...m

Theorem 1. Assume that the conditions (1)-(3) hold. If 3 N such that

my/m m?
NOw @) T N0 (0))

SZ]rij|—>0 astT — 0

i#]
and
mP m>
N\ (0)* + N2\ (0))° ; Irijl =0 asr—0,
then

](\22“50 asr — 0.

127

(10)
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Proof. From the matrix analysis of [2] we have

0AN (0) _1[Fﬁ<0<s>>FN<e<s>>]‘1aF%<e> 1{F£<9>FN<9>]‘2
N

20, - N N 26, N X
T
X [(81781571(9)& (0) + F& () ag%:”) /N} €. (11)

Denote by Iy, i =1, 2, 3, the k-th term in (10). Then

c m 2
Ilém-m~m<)\\l/(;)> -(N+Zm) =

i#]

m3 m3
- (N(/\l @7 N2 (0) ;TU) =0 as r—=0

according to the condition (9).
Opening parenthesis in I and denoting by J3 ;(#) the i-th term in I, we have

J2,1 (9 FE |e

y = Mg | rOFN () (F?d (0) Fi (9)>38FN (0)
N2

00, N 00,

Fx (0) FL (6) 5] .

Similarly, we have
C 3 V/m 3
< . v N § 1l =
T21 (0) < 7z -m ()\1 (9)> ( +z‘¢j m)

mym w1
NOw @) 0)° N

Z |rij| — 0,7’ — O,
i#]
according to the condition (8).
By the same way we can prove Jo o (f) — 0 and I3 — 0 as r — 0.
Let us open parenthesis in I4. Denote by Js; the i-th term in Iy:

OFy (9)

m
Ja1 20

»:ﬁ

E (ETFN (9) Fn () x

y (Fﬁ (0) Fy <e>>‘4 OF (0)

~ o0, Fn (0) F (0) 5) .
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According to Lemma 1 and the conditions of Theorem 1, we have

_ 1 5 v/m \* _

cC m m?
=—_". + |rij| = 0,7 — 0.
N M) " N2XE(9) ; “
Other terms Jy;, i = 2, 3, 4, have the same form as Jy;. Hence, Jy (f) — 0 as
r — 0. Then from Chebyshev’s inequality we have

2 B (sT2ANO) 0AN(O)
P{Hm dAN (0)E - a} - ( 90, 90n ) -

00, - a? -

Sh+&+k+h

5 —0, r =0,

a
which proves Theorem 1. «

Remark 1. The conditions (8) and (9) can be rewritten in a different form. If
m/A(0) = 0, and max; ; |r;j| <C <oo asr — 0, then (10), i.e. the statement
of Theorem 1 stays true.

Denote
I oUN(0)

g0, v ()= max supllLy] .

Theorem 2. Under the conditions of Theorem 1, the following relation is true:

m'TN(T)E)OCLST—}O.

_ —4
Proof. Let f;;(0) be the elements of the matrix (M) , 4,5 =1, m;

and Of;(0) be the elements of the matrix (%@) , k=1,m;l=1,N.

n

Then from expression (5) it follows

2 T
E|m- 2550 || = m- B (70550 2500 o) —

m? OFn(0) ( FL(O)Fxn(©)\ L [ FL(0)Fxn(0)\ L oFy (0
NE[gT agf)<NNN ) (NNN ) 81g$>5]+

T -3
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T T —2 T —2
mWQE [eTFN () (62157:9) - Fy (0) + F£ () aFN(6)> (FN(%VN(Q)) (FN(O)FN(0)>

00 N

a0, 06y,

Denote by I, i = 1,4, the i-th term in (12). Using the condition (5) and the

T
statement of Lemma 1, for elements of the matrix w we have

T
(20 p 0+ v 0 25 )| P 0 (12)

9N () _ _9n(z,0)
06, 99,

Then from (10) it follows

JOUNO) _ [, 9AN(9)
00, " 00,

C oAw(6) . . 9Ax(9) e
_m.[ I 05 1 22 <6N<9>—5<9>}—

_0AN(®) -, AN (6)

=—Fy(0).

on (0) + AN (0) - oo (9)} m =

00y,

96y, 96y,
where An (z,0,0%) = n(x,0%) —n(x,0).
According to Theorem 1, the first term in (13) goes to zero as r — 0.

The second term goes to zero because An(x,d,0*) — 0 as r — 0 uniformly in
x. Hence, Theorem 2 is proved. <«

’ AU (.7),9, 9*) ) (13)

Denote
pN (0) =Un (0) =0, p* =p(67).
Theorem 3. Assume

M) N (0) % Iril < 4,

where A is some constant. Then

lim lim P{\/N-p*>k:}20.

N—00 k—o0
Proof. Consider
NE|lpn (0)]* = E(Un (0) = 0)" (Un (0) — 0) = NE" AL (6) Ay (0) e =

_ BTy (9)- <F£ O Fy @ ) B (Fﬁ Oy ) > - F&(ma

(14)
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As the elements of the matrix Fi (f) are bounded, using the expression (9)
and Lemma 1, according to the condition of Theorem 3, we get

T -1 m
N <o (O] i ol -
i#]

) Z |rij‘ < A, V0 e B(T)
i#]
As 0* € B(r), we have NEH,()*H2 < A.
Using Chebyshev’s inequality, we get the statement of Theorem 3. <«

cL-m m

MO N (0)

Let us pass on to the convergence of the iterative process (4).

Theorem 4. Assume 6(0) € B(r) and

v+ 12y

Then, by Theorem 3, there exists such a random variable gN that

<§N - §N(5)> £>0, as s — 00.

Proof. As the partial derivative SU%(G) exists then using Lagrange’s formula

we have

auy (9)

a9 || 100, 0€B(r), 6 €B(r)

IUN (8) = Un(67)]] <

Using Theorem 2, for V8 € B (r) we have

oUN (6 m Uy (6 OUN (6
];eo - p; gep =m lsszlolpgm geg) -0
asr — 0.

Hence, if 0 (0) € B(r), then there exists N such that starting from some r
the mapping Uy (0) is compressive. On the other hand,

|UN (0) = 07| < [|Un (0) = Un (6°)]| + [|UN (607) = 07| <7 (r) -7 + |07 <7,

0 e B(r)

according to Theorem 2. Thus, the mapping Uy (6) transfers the sphere B(r)
into itself. As B(r) is a complete metric space, according to the principle of
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compression mapping [9] for all & (0) € B(r), r — 0, s — oo the equation
Un (8) = 0 has a unique solution, denoted by 6. As Un (8(s — 1)) = 6 (s) and

HUN (O(s—1)) — u(@\)H <r — 0ass— oo, it follows that HON(S) - é\NH 20 in
probability as s — oo, r — 0. «

Remark 2. Theorem 4 has the following explanation. The l.s.e. is a solution
of the iterative process, which depends on the iteration. If from some practical
point of view, we can choose 6y € B(r), then for s € co (where s is a number
of iterative steps), the iterative process converges to some Oy and for N — oo it
tends to some 0(c0). As l.s.e. i.e. as a true value of unknown parameters, we
can take 0(c0)

Theorem 5. If 7 (1) + o™l 1, then under the conditions of Theorem / the

T
following expression holds:

‘GN (s) — éN“ < 7“1(7;]\[7(;)();.

sup

6(0)eB(r)

Proof. Consider s < t . Then, according to the inequality of the principle of
compression mapping [10], we have

sup 18()— 0l < g0 —p 1)), (15)
9(0)eB(r) 1—7y(r)

As the mapping Uy () also transfers the sphere B(r) into itself, from (15) it
follows (ra (1))°
TN (r
sup |[6(s) =0 ()| < T——< -7
8(0)€B(r) L—7n(7)
As 0(t) € B(r), we apply the operator Uy (6), to 6 (¢) and according to
Theorem 4 we get the limit point 0, i.e.

(v ()

sub 1—7n(r)

0(0)eB(r)

(N'RNE
<

Theorem 6. Under the conditions of Theorem 5, the random variable
VN (b - 0)

1s bounded in probability as N — oo, i.e. the estimator 0 is \/N-consistent.
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Proof. Consider r = j—% According to Theorem 2, we have 7 (r) =0, N — oo

in probability, and according to Theorem 5, the random variable VN - p* is
bounded in probability. Then, choosing

()= sor= 25l < =
T(r)==;r = —; —,
2" T YN IS N
we get
1 VR 1
N(T’)+ , <2+ ok <2.

Taking into consideration

Hé\N—G*H < sup g—@(s)”
o(

0)eB(r)

and using the conditions of Theorem 5, we have

~ k
lim lim P He —oll> =V =0,
o N oo { N > \/N}
Theorem 7. Let €;, © = 1, 2, ...; be the sequence of independent random
variables. If
m’ —0
NN0)

as N — oo, Y0 € B(r), then VN - p* = N {0, (0*)} as N — oo, where

T * * -1 7 * 0_2 * T * * -1

N N
c 0, ... ,0
0 020, .. ,0
2y T _ 2 )
I1(6%) = Ece’ = 0 0 o .0
0 0, .. ,0%

Proof. Introduce the nonzero vector of the size m :

L= (l1,lg, ... )"

T * * -1 T *
VI =y (BB TR i, ).
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Then

N m m

* 1 r *

VNI =2 D 0> VNUFyfin (07) e,
k=1 1i=1 j=1

where fji, (0) are the elements of the matrix Fﬁl(e*) ,jJ=1,N;k=1,m; and z;;
T (p* * - S
are the elements of the matrix (W) 4,0 =1,m;

Then EvVN lTp* = 0 according to Theorem 3. Consider

N m m

E(\/NlTp*>2 = %Z Zzliﬂfijfjk o} <

i=1 \i=1 j=1

2
ot [ /m 2 “ m3 m3
< 20 2. N . E ' | < c?.52. < — B

which is bounded according to Theorem 6.
According to the central limit theorem [4], the random variable v NI7 p* has
asymptotically Gaussian distribution and

T * * -1
:N.ElTp*P*Tl:lT(FN (6 iVFN(e )> X

E H\/NZT,O*

* * * * -1

According to the theorem on criterion of normality [15], it follows
VNp* — N (0,2(6%)).

Let us find a minimal number of steps when asymptotic normality is held. Assume

N(r)—l-Her<a<l, (17)
r-ab k
o 18

is bounded

Such k can be found always because the random variable VN H@\N — 0*
according to Theorem 6. <«
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Lemma 2. If (17) is true and

ln[(l—a)-k]—ln(r-\/ﬁ)

s >
lna

; (19)
then under the conditions of Theorem 6 the following relation holds:
0 (s) —0*) BN(0, ) as N — .

Proof. The statement of Lemma 2 follows from the statement of Theorem 6
and from the relations (18) and (19).

Statement 1. The random variable satisfies the following equation:

Aw (3) -6 () =o.

which is called a normal equation for the l.s.e.

AsO(s+1)=un(0(s)) =6(s)+ An(0(s))-n(0(s)), for s — oo we have
5=+ aw (3) -ox (9).
Then it follows Axn (é) -ON (5) =0.

Theorem 8. If the random variable vV N (5— 9*) s bounded in probability and
the conditions of Lemmas 1 and 2 and Theorems 1-3 hold, then

VN (5— 9*) 5 N (0,%(6"))
Proof. According to Statement 1, we have
A (5 ) SN (5) ~0. (20)

Then according to (20) we have
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[Av (9) = An (0] v = @0+ [Ax (6) = A 0)] (2,07 —n (2.0 )) =

ot [An (0) = An (0] -5+ Ax (8) - A (2,07.0) =0 (21)
For [AN (9 ) N (0 *)} and An (z,0*,0(c0)) the following identities hold:
A (0) - An (0
[8 ), f (8AN (v - (5—0*)) s 659*))612. (M*)] "
2(7) o) = [%f”‘) - (8’7 (2 (00) 80;;”) dz] (6-)

Substituting (23) in (22) we get

. Mgf*)éfv (5_9*) /01 dAN (.9* g; (9—9*» N (5_0*) )

A0 (5 o (5) 2 (3) o

ca (i) | 53 (< (5-0)) (0-0) -
~ Ay (9) 2(5) (6-07) - a (8) 249 (5-6%) =

00 00

w2 s

00
we have m(@-@*) :\/N‘p*+\/N‘M1+\/N‘M2, where

. /1 HAN (9* +2z (5— 9)) §tdz <§_ 9*> |
0

00

= (3) [ O+ 0=) o).

00
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As the random variable v N (5— 0*) is bounded in probability, according to
Theorem 1 we have

8/1(5)\[0(6)%5}‘\,50, N — oo.

Then we get VN - M; B0 as N = . Similarly we can prove that
\/JV-M2£>0 as N — oo.

Now using Theorem 7 we get v N <§— 0*) — N[0, X(6%)]. -

The next step is an estimation of the elements of covariance matrix of the
deviation vector \/N(é\— ), where g is the ls.e., 8" is a true value of unknown
parameter, and N is a number of observations. For estimation of the elements of
covariance matrix

Cn =NE@B —0)(0—0)7T,

we can use the approaches suggested in [7, 8, 14], but detailed research will be
the subject of our next publication.

3. Conclusion

For regression models with an increasing number of unknown parameters and
different variances of random errors, the new method for calculation of the least
square estimators is suggested. The specificity of these models is that at each
point of observation there is no more than one response which causes difficulties
with estimation of variance of a random error. Our method is based on the usage
of Gauss-Newton approach and shows that under some conditions the deviation
vector has a Gaussian distribution. This fact allows to create a confidence ellip-
soid and further a confidence band for unknown function in nonlinear regression
models. Such models are typical for applications and allow to solve problems in
biology, medicine, engineering, psychology and other fields.
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