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Abstract. In an infinite strip, a boundary value problem for a perturbed quasilinear
second order equation of hyperbolic type degenerating into a parabolic equation is consid-
ered. Asymptotic expansion of generalized solution is constructed to within any positive
degree of small parameter, and the residual term is estimated.
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1. Introduction

When studying numerous real phenomena with irregular transitions from one
physical characteristics to an other, it is necessary to study boundary value prob-
lems for differential equations containing a small parameter for higher derivatives
(see e.g., [4, 29]).

Mathematical models of real physical, chemical, biological and other pro-
cesses, are usually idealized, since when composing these models one has to ne-
glect these or other small quantities. Naturally, these arises a question as to how
much the discarding of these small quantities distort the true picture of the phe-
nomenon. Thus, there arises a mathematical problem of dependence of solution
of differential equations on small parameters. Various methods for solving this
problem can be combined under the general name “small parameter methods”.
Lyapunov and Pioncare (see [15]) mentioned first among the authors that laid
the foundations of small parameter methods.

Originally, singularly perturbed boundary value problems were studied from
various points of view by Tikhonov, [28], Pontryagin [16], Vishik and Lusternik
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[31, 32], Lomov [8], I'in [5], etc. There are various methods for construction of
asymptotic expansions of the solutions to boundary value problems for singularly
perturbed linear differential equations. Among them, the method developed by
Vishik and Lusternik (see [31],[32]) has an undoubted advantage.

There are a lot of monographs dedicated to the asymptotic methods for solving
singularly perturbed differential equations, for example, Moiseev [9], Cole [2],
Mishenko and Rozov [10], Naife [12]. We can also mention the books by Javadov,
Sabzaliev, Javadova [7], and Sabzaliev and Sabzalieva [17].

It is well known that linear models do not always adequately describe real
processes. Therefore, the study of boundary value problems for singularly per-
turbed nonlinear differential equations has a special practical and theoretical
importance. The Vishik-Lusternik method for constructing the asymptotics in a
small parameter of solutions to boundary value problems for linear differential
equations is transferred to some classes of nonlinear differential equations. How-
ever the study of nonlinear singularly perturbed boundary value problems by this
method is accompanied by bulky calculations. The study of each linear equation
requires special approach from the researcher. When studying such nonlinear
equations one has to overcome some complex problems that are easily solved for
linear equations. In [33], Vishik and Lusternik offered a method for constructing
the solution of the following boundary value problem for nonlinear differential
equation:

ey’ + o(x,y)y +v(z,y) =0, y(0) = A, y(1) = B.
The asymptotics of solution to this problem involving the powers of the parameter
A was studied by Vazov.

Lets give a brief overview of results obtained in the theory of nonlinear sin-
gularly perturbed differential equations.

In [6], Yu Chen constructed asymptotics in a small parameter of the solution
of a mixed problem for the following quasilinear hyperbolic equation:

?u  0%u ou

In [2], Trenogin established the asymptotics in a small parameter of the solu-
tion to the boundary value problem

ou 0%u
a — €b( )a 3

In [36], Lunin constructed the total asymptotics of the solution to the Dirichlet
problem for the following elliptic equation:

"9 [0
_5428332- (a;) zziﬂwu)_o

+c(z,t,u) =0, u(z,0)=p(x), u0,t) =u(l,t)=0
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The paper [11] considers the problem u; = €A + |ufP™'u, u(z,t) = 0 in
90 x (0,400), u(z,0)=p(z) in Q, with p>1, >0 in a bounded domain 2
of RN, where ¢(z) is a continuous function.

In [35], Khapaev studied the following singularly perturbed problem

e2(ur — Au) = f(u, z,t),

where dimz =2, x € D, 0 <t < +00, ulyp =0, u(z,0) =0.
For the elliptic equation

e2Au = F(u,z,y,¢),

Denisov [3] has considered the Dirichlet problem.
The Cauchy problem for the quasilinear parabolic equation
2
§;+a(§;u) :ag;;, t>0, z€R,
was considered by Zakharov in [37].

We should also note the author’s papers [18, 19, 20, 21, 22, 23, 24, 25, 26,
27]. Today, constructing the asymptotics of the solution of singularly perturbed
boundary value problem is very important, and the research in this direction is
successfully continued. Let’s mention some of them.

In [38], asymptotic behavior of solutions to the Cauchy problem for a quasi-
linear parabolic equation with a small parameter at a higher derivative has been
studied near singular points.

In [34], a singularly perturbed periodic problem for a Burgers type reaction-
diffusion-advection parabolic equation with a modular advection and linear am-
plification has been considered. The conditions of the existence, uniqueness and
Lyapunov asymptotic stability of the periodic solution with an internal transition
layer have been obtained and asymptotic approximation of the solution has been
constructed.

In [39], formal asymptotic expansion of the solution to the Cauchy problem for
a singularly perturbed differential-operator transfer equation with small diffusion
and nonlinearity is constructed in a critical state. It is shown that the principal
term of the asymptotic of solution is determined as the solution of the Cauchy
problem for a Burgers type parabolic equation. The estimates for residual terms
are given.

In [14], singularly perturbed special type transfer equations. Formal asymp-
totic expansion of the solution to the Cauchy problem is constructed for a sin-
gularly perturbed differential-operator transfer equation with small nonlinearity
and diffusion in the case of many spatial variables. The principal term of the
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asymptotics is described by the solution of the quasilinear parabolic equation.
The residual term is estimated.

The above review shows the following characteristics of considered singularly
perturbed nonlinear differential equations. First, a great majority of these equa-
tions degenerate for € > 0 into functional or ordinary differential equations.

Secondly, in all these equations the derivatives of the sought function appear
in the equation linearly, while only the sought function itself appears in the
equation nonlinearly. Thirdly, a great majority of the considered boundary value
problems refer to the equations of elliptic and parabolic type. Finally, almost all
boundary value problems are considered only in bounded domains.

Much less works have been dedicated to the study of singularly perturbed
hyperbolic equations than the works related to elliptic and parabolic equations.

In [1, 2, 13], boundary value problems for nonlinear singularly perturbed
differential equations are considered only in bounded domains.

In [26], complete asymptotics of the solution to the mixed problem in a rect-
angle is constructed for a singularly perturbed quasilinear hyperbolic equation.
Mixed problem in a semi-infinite strip for a quasilinear hyperbolic equation has
been studied in [27].

In the present paper, we consider a boundary value problem in an infinite strip
for a quasilinear hyperbolic equation degenerating into a parabolic equation.

2. Problem statement and iteration processes

In the present paper, we consider the following boundary value problem in
the infinite strip IT = {(¢,2)|0 <t < T, —oc0 < < < +00}:

9%u ou\? ou *u
L =E&E—F p—l [ - _ — 1
U €5p +e (8t> —I—(% 8x2+au f(t,z) =0, (1)
ul,_g =0, @ , (oo < x < 400), (2)
Ot |,—g
lim vw=0, (0<t<T), (3)
|z| =400

where € > 0 is a small parameter, p = 2k + 1,k is an arbitrary positive integer,
a > 0 is a constant, and f(¢,x) is a given function.

Our aim is to construct an asymptotic expansion of generalized solution to
problem (1)-(3). It should be noted that it is not possible to construct an asymp-
totic solution for the considered problem in the traditional way. In this connec-
tion, the first iteration process and the iteration process for constructing layer
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type functions are embedded inside each other. Furthermore, the “notion of sat-
isfying a boundary condition approximately to within any positive power of a
small parameter”, is introduced. In what follows, this notion is used to estimate
the residual term. It should be noted that such an approach was used in [22].

In the first iterative process, approximate solution of equation (1) is sought
in the form

W = Wg(t, ZL‘) + W (t, l‘) + ...+ Ean(t, l‘), (4)
and the functions W;(t,z);i = 0,1, ...,n are chosen so that
LW = 0(e"). (5)

To define W;, we obtain the following recurrently connected equations
ow;  0*W; .
3751 - 31‘22 +aW; = fi(t,z); i=0,1,..,n. (6)
Here fo(t,z) = f(t,x); fj(t,z) are the known functions depending on the first
and second derivatives of Wy, W1, ..., W;_1, j =1,2,...,n. Equations (6) will be
solved under the following boundary conditions:

lim W;=0; i=0,1,..,n. (7)

|z| =400

LoWi =

For equations (6) we will use the first initial condition from (2). Then the
second initial condition from (2) will be lost. To compensate the lost initial
condition a boundary layer type function should be constructed near ¢t = 0.

To construct a boundary layer type function near the boundary t = 0, the
second decomposition of the operator L. should be written near this boundary.

We make change of variables t = e, x = z. Let r;(7,2) be some smooth
n+l |

functions. Then for the function r = ) &/r;(7,z) the expansion of L. (r) in
7=0

powers of ¢ in the coordinates (7,z) will be of the form

9%r Org 2k+1 Org s oro
= -1 - - P
Lear=e +< > + == +j§:0 [87 -

or? or

o) o T 2 +Qj(ro, 11,y mj1) | + O™, (®)

% 2k or; ~ Or;j
or or

+(2k+1) (

Here Q;(ro,71,...,7j—1) denote the known functions depending on 79,71, ...,7j—1
and their derivatives. Explicit formulas for (); are rather bulky, therefore we give
formulas only for (1 and @s:

5 taro— f(O,x),
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P11 var - 200 , B8 () (0m)?

Q= —F 5 tan——p 51 or o

Assume that the functions Wj(t,x) have been already found. Then a new

n .

expansion of the function W = ) &'Wj(e7,z) in powers of € in the coordinates
i=0

(7, 2) will be of the form

n+1
W= cwi(r,z) + O(c"?). (9)
=0

Here wp = Wy(0, ) is independent of 7, while the other w;(7, x)’s are defined by

the formula w;(7,2) = > 5%&“)78; i=1,2,..,n+1.

s+r=yj
A boundary layer type function near boundary ¢t = 0 should be sought in the

form

V=e[Vo(r,z) +eVi(r,z) + ... + "V, (1, 2)], (10)

as an approximate solution to the equation
Lea(W+ V) — LoaW = O™, (11)
From (9) and (10) it follows that

n+1
W+V = Zajgj(r, z) + 0(e"?), (12)
=0

where go = wop = Wy(0,z) is independent of 7, and the functions g;(7,x) are
defined by the formula g;(7,z) = w;(7,2) + Vj—1(r,2); j=1,2,...,n+1.

Having substituted the expressions (12),(9) for the functions W, W + V in
(11), and taking into account (8), we obtain the following recurrently connected
equations for defining the functions Vg, V4,...,V,, :

Vo | 0V
- 1
or? + or 0, (13)
oV, oV, .
&;+5f:%;g:szn (14)
Here hj denotes the function h; = 828‘2{1 —aVj_q for j = 1,2,...,2k, and the

82V, 4

function h; = 5o

—aVi_1 + gok+s for j = 2k + 1,2k + 2,...,n, with the
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functions gogys, s = 1,2,..n — 2k depending on Vy, Vi, ..., Vs_1;wp, w1, ..., ws and
their derivatives. For example, gort+1and gor4o have the form

- %+% 2k+1_ w1 241
92k+1 =\ Tp7 or or ’

i o\ (B IV Bw1 \ > wy

92k+2 = (67’+8T> : (87’+6T> — <87’> 5
When constructing asymptotics of the problem considered in the traditional way,
we first should use the initial condition Wj|,_, = 0 boundary conditions (7) and
conduct the first iteration process for all equations (6), and then construct a
boundary layer type function V near ¢ = 0 to satisfy the second initial condition
from (2), i.e. %(W + V)‘t:0 = 0, that was lost. Then the constructed sum
W 4V may not satisfy the initial condition (W + V))|,_, = 0, which is satisfied
by the function W. To overcome this difficulty, we proceed as follows.

We find initial conditions for equations (6) from the equality

(W+V)|,,=0. (15)

Having substituted the expressions (4),(10) for the functions W,V to the
equality (15) and comparing the coefficients at same powers of ¢ whose degrees
are less than n + 1, we have

Woli=o = 0, (16)

Wili—o = = Vicili—gs i=1,2,...,n. (17)

Note that if the functions W;;i = 0,1, ..., n satisfy conditions (16), (17), then the
sum W + V satisfies the condition

(W + V)| = " p(@), (18)

where p(z) = V,(0,z). In this case, we say that the function W + V satisfies the
boundary condition (15) approximately with the e"*!-th accuracy.
Boundary conditions for equations (13),(14) are found from

0
—(W+V =0 19
G| (19)
and have the from
Vi =— oW ; 1=0,1,...,n. (20)
I |=o L P
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Since the boundary conditions for equations obtained in iteration processes are
already known, we can construct the functions W;, V;;i =0,1, ..., n.

The function Wy is the solution of equation (6) (for ¢ = 0) satisfying condition
(16) and boundary condition (7) (for ¢ = 0). Let us note that the convergence
of all subsequent functions Vp, Wi, Vi, ...,W,,, V,, to zero as |z| — +oo will be
provided due to the decrease of the function Wy (¢, z) with respect to . And the
decrease of the function Wy(t, z) with respect to x will be achieved by means of
the conditions imposed on the function f(¢,x).

We can write explicit formula defining the bounded solution of equation (6)
that satisfies the initial condition (16). In order to ensure the role that function
Wo(t, x) should play, the following statement should be proven without using this
formula.

Lemma 1. Let f(t,z) be a function given in I with continuous derivatives with
respect to t up to the (n + 2)-th order infinitely differentiable with respect to x
and satisfying the condition

k
sup (1 + W) ’W < o

Otki ok | — lk1k2<+oo’ (21)

where | is a non-negative number, k = k1 + ko, k1 < n+ 2,ks is an arbitrary
non-negative integer, and Cl(:l)kz is a positive number. Then the function Wy(t, x),
being the solution of problem (6),(7) (for i = 0), (16), has in II continuous
derivatives with respect to t up to the (n + 3)-th order is infinitely differentiable

with respect to x, and satisfies the condition

OFWy(t, x)
l o\d, (2)
+ — T < +
Slzlp (1 =] ) ’ Otkigzks | — Clkl’@ < Foo, (22)
where k1 < n + 3, 01(2) = const > 0.
k1ko

Proof. Applying the Fourier transform with respect to x, we reduce the
problem (6),(7) (for i = 0) to

AW,

W‘F(Q‘F)\Q) Wozf(ta)‘)v WO‘ =0. (23)

t=0

Here

+00 +o0o
Wolt, ) = \/12? / Wo(t, 2) exp(—ide)dz, F(tA) = \/12? / F(t, 2) exp(—i\a)dz.
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The solution of problem (23) is of the form

t

Wo(t, \) = /f(t, A exp [—(a+ A?)(t —7)] dr. (24)
0

Wo(t,z) is found as an inverse Fourier transform of the function Wy (t,\) by the
following formula:

+o0
Wo(t,z) = \/12? / W (t,\) exp(iAz)dA. (25)

Condition (21) implies that the function f(¢, A) and all its derivatives with respect
to t up to the (n+ 2)-th order and those with respect to the variable A belong to
the Schwartz space (denoted by Sy). Obviously, to prove Lemma 1 it is enough
to show that the function Wg(t, A) and all its derivatives with respect to ¢ up to
the (n + 3)-th order belong to Sy. The validity of the following formula can be
easily proved:

ki tl ok e
(91/[(;(;\(:,)\) = / z_%aj(t -7, )\)w exp [—(a + At — T)] dr, (26)
0o LI=

where a;(t — 7, ) is a polynomial of degree j with respect to A and ¢t — 7. Since

f(t, A) belongs to the space Sy and the functions a;(t — 7, A) have a polynomial
growth with respect to A, it follows from (26) that Wy (¢, A) € S). Now we prove

IR Wo (t,\)
that =53

Wo(t, A) with respect to ¢ of any order are expressed by the formula

€ S\; k1 =1,2,...,n+3. It can be easily proved that the derivatives

ki1—1 ry

_ [—(CH— /\2)}kz1 Wg(t, A) + jzz:o [_(a+)\2)]k1_j—1 W

MW (t, \)
N (27)
The functions ¢, (A) = [—(a + A?)]"™ have a polynomial growth with respect to
A. Belonging of the function Wy(¢,\) to the space S\ has been proven above.
Thus, each term on the right-hand side of (27) is a product of two functions, one
of which has a polynomial growth and the another one belongs to the space 5.

911 Wo(t:2) € S, is valid. Hence it follows that "1 Wo(tz) €

Therefore, the relation i1 51

Sy k1 =0,1,...,n+ 3.
Lemma 1 is proved. «
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Knowing the function Wy, we can define the function V; as a boundary layer
solution (13),(20) (for i = 0). Obviously, Vj is defined by the formula

~ OWo(0,2)
ot

The function Vy(7,x) defined by (28) is infinitely differentiable with respect to
both variables. Furthermore, the function Vi(7,z) belongs to the space S, for

each 7 € [0, +00). Hence, in particular, it follows that | |lim Vo(r,z) = 0. Know-
x|—+00

ing the functions Wy and Vj, we can define the function Wi (¢, z). From (6),(7),(17)
for i = 1 it follows that Wy (¢, x) is the solution of the following boundary value
problem:

Vo(r, ) e’ (28)

owy  9*Wh

ot 0z2

+aWy = fi(t,x); Wi,y = ¢1(x); lim W; =0, (29)

|z| =400

where fi = —%,g@l(m) = —Vp(0,z). We can look for the function Wi in the

form Wy = Wl(l) + W1(2), where the functions Wl(l) and W1(2) are the solutions of
the following boundary value problems:

owy"  owV

ot or? * aW1(2) =0; Wl(l) ‘t:O = 1(@); \xllgioowl(l) =0, (30)
8W(2) 82W(2) 9 . 2
82 a 8;3; +aWi? = filt.a); W )’t:O =0 |m|1in+1mwl( '=0. @

Applying the Fourier transform, we reduce the problem (30) to

ow
ot

+a+ W =0 WY =z,
whose solution is of the form Wl(l)(t, A) = @1(A) exp [—(a+ A?)t] .

Here W, (t, ), ©1(A) denote Fourier transforms of the functions Wi (¢, x), ¢1(x),
respectively. Since ¢1(z) = —Vp(0,x) and the function Vj(7,z) belongs to the
space Sz, we have ¢i(x) € Sz, consequently ¢1(A) € Sy. The function AW/l(l)(t, A)
is infinitely differentiable with respect to both arguments ¢ and A. Derivatives of
any order with respect to ¢ of the function Wj(t, ) are defined by the equality

821;‘?1 = [—(a + X)]* 1 (N)exp[—(a + A?)t]. Derivatives of arbitrary order with

respect to t of the function Wl(l)(t, A) consist of a finite sum, each term of which
is a product of three functions: the first of them is exp [—(a + )\2)t], the second
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one is the function @1 () or its derivatives, and the third one is a polynomial with

respect to A and t. Therefore, for each ¢ from [0, 7] and for arbitrary non-negative

k1147 k
integer ki the relation 61;‘;7,11“”\) € S is valid, hence we have wﬁft’x) €5;.

As for the problem (31), we note that the right-hand side fi(¢,z) of the
equation for Wl(z) satisfies the condition (21) in Lemma 1 for k; < n. Therefore,
by the same lemma, the function Wl(m(t, x) being the solution of problem (31),
together with its derivatives with respect to ¢ up to the (n+1)-th order belongs to
the space S;. The function Wi (¢, z) being the sum of Wl(l)(t, x) and W1(2) (t,x)
possesses the same prosperty. From (14) and (20) for ¢ = 1 it follows that the
function Vi (7, z) is a boundary layer type solution of the following problem:

62V1 6V1 _ |:63W0(0,J}) o 26W0(0,.7}):| o 6V1 73W1(0,.7})

o2 T or | otoer " ot e

Obviously, the boundary layer type solution of the last problem is defined by the
formula

- {20 82O o

It follows from the last formula that the function V;(7,x) belongs to the space
Sz for each 7 € [0, +00). Therefore, the condition lim Vi(r,z) =0 is fulfilled.

|z| =400
Continuing this process, one by one we construct the functions Wy, Vs, ..., W,,, V,,.
n

This time the function W = 3 &'W; will satisfy the boundary condition
i=0

lim W=0, (0<t<T). (32)

|z|—+o0
We can prove that all the functions Vi (7, z) are defined by the formula
Vi(r,z) = [bio(az) + b ()T + ... + b“(fL‘)T’] exp(—7), (33)
and the coefficients b;s(x) are expressed homogeneously by the function

o2 (0, x)
otox?r

Since all the functions of the form (34) belong to the space S, we have b;s(x) € S5.
Therefore, from (33) it follows that lim V; =0,.i =0,1,...,n. Hence it follows

|z| =400

cr+s<i, i=0,1,...,n. (34)

n .
that the function V' = ) 'V satisfies the boundary condition
i=0

lim V=0, (0<t<T). (35)

|z| =400
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From (32) and (35) it follows that the sum W4V, in addition to initial conditions
(18), and (19), satisfies the boundary condition

lim (W+V)=0, (0<t<T) (36)

|| —=+o0
as well. We denote 1 = W +V = 3 &W; + 3 eV, and call the difference
i=0 i=0
u—u = z a residual term, where u is the solution of problem (1)-(3). Then we

obtain the following asymptotic expansion in a small parameter of the generalized
solution to problem (1)-(3):

n n
u = ZsiWi + ZEIHW + 2. (37)
i=0 i=0
Now we need to estimate the residual term.

3. Estimating the residual term and formulation of the main
result

The following lemma is valid.

Lemma 2. The following estimate is valid for the residual term z in (37)

2 2%k+2 2
0z 0z
2% oz oz
tT) dr + ¢ // <6t> dtdx + // <8t> dtdz+
I I

—+00

0 2 v
+/ (8; > dz + / (2],_p)? dz < CXHD), (38)
t=T

+oo

/(5

—00

where C > 0 is a constant independent of .

Proof. Adding (5) and (11) together, we see that @ satisfies the equation
L = O(e™*!). Subtracting the last equation from (1), we obtain

9 2k—+1 N\ 2k+1
0%z 2k <3u> _ <8u> ] + % Oz +az = 8”+1F0(5,ta50)7 (39)

E—= +¢€

ot2 ot ot ot 0x?

where |Fy(e,t,x)| < Cy for any € € [0,e0). Moreover, C; > 0 is independent of €.
From (2),(3),(18),(19),(36) it follows that z satisfies the following boundary
conditions:

0z
1
Z|t:0 = €n+ SO(‘/E)7 E

=0, lim z=0. (40)

=0 |z|—o00
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Recall that p(x) = —=V,(0, ). We introduce an auxiliary function
7 ="t [th_IQ — Vn(O,m)] (41)
and represent the residual term z as
z =21+ 29. (42)

Then from (39)-(42) it follows that 22 is the solution of the following problem

Pz, o { [8(ﬁ+21 +22)rk+1 ~ (aa)”f“} .

<o ot ot
0 02
+§ B 3522 +azy =<"tF (e, 1, 2) (43)
Oz .
2lieg =0, —- =0, lim 2z =0. (44)
ot =0 |z|—o00

Here Fi(e,t,x) denotes a function bounded in II for any ¢ € [0, gg).
We write equation (43) in the form

2z o [[0@+ 21+ 22)1 [0(@+ 21) %!
oz "¢ {[at ] _[815 ] *

0z2 O
+§_ 8T?+a22 ="M R (e, t,2) + Fo(e,t, ), (45)

Foe,t,a) = —e2t { [(M;zl)} e <g§>%+l} .

Using the expansion a a?*T! — b2+l = (g — b)(a®* 4+ a®*7'b + ... + ab? 1 + b?F)
and explicit expression (41) for the function z;, we can represent the function
Fy(e, t,x) in the form

where

F2(57t7x) = €n+1F3(57t7x)? (46)

where

ot
ot ot ot '
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Substituting the expression (46) for Fy(e,t,x) to the right-hand side of (45), we

have 2k+1 2k+1
5& L O+ 2 +2) " [o@+20)]"" n
ot? ot ot
02y 0%z n
873 - 89322 +az ="0(e, t, x), (47)

where ®(e,t,x) = Fy(e,t,z) + F3(e,t,x) is a function bounded in IT for any
e €1[0,e9).

Multiplying both sides of equation (47) scalarly by % and integrating by
parts, after some transformations we get the validity of the estimate (38) for zo.
The validity of (38) for z follows from its validity for zo and (41),(42).

Lemma 2 is proved. «

Summarizing the results obtained, we get the following statement.

Theorem 1. Assume that the function f(t,z) given in II has continuous deriva-
tives with respect to t up to the (n + 2)-th order is infinitely differentiable with
respect to x and satisfies the condition (21). Then for the solution of problem
(1)-(3) the asymptotic representation (37) is valid, where the functions W;, are
defined by the first iteration process, V; are boundary layer type functions near
t =0, z is a residual term and the estimate (38) is valid for it.
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