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Induced Mappings and Sequential Properties of
the Space of G-Permutation Degree

Lj.D.R. Kočinac*, F.G. Mukhamadiev, A.K. Sadullaev

Abstract. In this paper, we study preservation of some mappings under the functor
of G-permutation degree SPn

G. We prove that if the mapping f : X → Y is almost-
open (resp., pseudo-open, monotone), then the mapping SPn

Gf : SPn
GX → SPn

GY is also
almost-open (resp., pseudo-open, monotone). In addition, we prove that the space Xn

is sequential (resp., Fréchet-Urysohn) if and only if the space SPn
GX is sequential (resp.

Fréchet-Urysohn). Also, we prove that if the space Xn is strongly Fréchet-Urysohn, then
the space SPn

GX is also a strongly Fréchet-Urysohn space.
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1. Introduction and preliminary notes

Throughout this paper, all spaces are assumed to be T1-spaces. Topological
terminology and notation follow [6, 8, 9].

Let Sn be the symmetric group of all permutations of the set {1, 2, . . . , n} and
G be a subgroup of Sn. For a topological space X, a relation ρG on the space
Xn is defined as follows: for x = (x1, x2, . . . , xn), y = (y1, y2, . . . , yn) in Xn

xρGy ⇐⇒ ∃ σ ∈ G with yi = xσ(i), i ≤ n. (1)

This relation is an equivalence relation (called the G-symmetric equivalence rela-
tion). TheG-symmetric equivalence class of elements x = (x1, x2, . . . , xn) ∈ Xn is
denoted by [x]G = [(x1, x2, . . . , xn)]G. The quotient set X/ρG equipped with the
quotient topology is denoted by SPn

GX and called the space of n-G-permutation
degree or simply the space of G-permutation degree.
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The quotient mapping of Xn onto SPn
G is denoted by πs

n and defined as

πs
n((x1, x2, . . . , xn)) = [(x1, x2, . . . , xn)]G (2)

for every (x1, x2, . . . , xn) ∈ Xn.
Let f : X → Y be a continuous mapping. Define the mapping SPn

Gf :
SPn

GX → SPn
GY by

SPn
Gf ([(x1, x2, . . . , xn)]G) = [(f(x1), f(x2), . . . , f(xn))]G (3)

for every [(x1, x2, . . . , xn)]G ∈ SPn
GX.

It is known that the operation SPn
G so constructed is a normal functor in the

category Comp of compact Hausdorff spaces and their continuous mappings [8].
This functor is called the functor of G-permutation degree.

Note that points of the space SPn
GX are finite subsets (equivalence classes)

of the space Xn. Thus, this space is similar to the exponential space expnX of
all non-empty n-element subsets of X equipped with the well known Vietoris
topology [6, 9]. In fact, the spaces exp2X and SP2

Sn
X are homeomorphic, while

it is not the case for n ≥ 3 [8]. The operation expn is also a covariant functor in
the category Comp. Let us observe that the functor expn is a factor functor of
the functor SPn

G [7, 8].
Recently, the spaces of G−permutation degree have been investigated from

different points of view in a number of papers: metric and uniform structures [3],
e-density and τ -base [4, 5], tightness-type properties [14] (the functor SPn

G pre-
serves minitightness, functional tightness, T−tightness, weak tightness), network-
type properties [15] (SPn

G preserves cs-network, cs∗-network, cn-network and ck-
network), generalized metric properties [16].

In this paper, we study preservation of almost open, pseudo-open and mono-
tone mappings under the functor of G-permutation degree SPn

G (Section 2). In
Section 3, we prove that the above functor preserves sequential spaces, Fréchet-
Urysohn spaces, and strongly Fréchet-Urysohn spaces.

2. Induced mappings on SPn
GX

In this section, we investigate preservation of three kinds of mappings (almost
open, pseudo-open and monotone) under influence of the functor SPn

G|.
A mapping f : X → Y is called almost open if for every y ∈ Y there exists

x ∈ f←(y) such that f(U) is a (not necessarily open) neighborhood of y for every
neighborhood U of x. [Recall that this class of mappings plays an important
role in the theory of topological vector spaces. For some information about these
mappings see [12, 17].]
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Theorem 1. If a mapping f : X → Y is almost open, then so is SPn
Gf : SPn

GX →
SPn

GY .

Proof. Let f : X → Y be an almost open mapping. Suppose that [y]G =
[(y1, y2, . . . , yn)]G is an arbitrary element of SPn

GY . Since the functor SPn
G pre-

serves preimages, we have

(SPn
Gf)
← ([(y1, y2, . . . , yn)]G) = SPn

G ([(f←(y1), f
←(y2), . . . , f

←(yn))]G) . (4)

Since f : X → Y is an almost open mapping, for every i ≤ n there is xi ∈ f←(yi)
such that for any neighborhood Ui of xi, f(Ui) is a neighborhood of yi. By (4)
we have xi ∈ f←(yi) for all i ≤ n.

Let x = (x1, x2, . . . , xn). Then [x]G ∈ (SPn
Gf)
← ([(y1, y2, . . . , yn)]G). Let

[U1, U2, . . . , Un]G be a neighborhood of [x]G. By the above, (SPn
Gf)([U1, U2, . . . , Un]G)

is a neighborhood of y which means that SPn
Gf is an almost open mapping. ◀

In [18], it was shown that for every almost open mapping f : X → Y , the
mapping expnf is almost open. By this fact and Theorem 1, we get the following
corollary.

Corollary 1. Let f : X → Y be an almost open mapping. Then the following
hold:

(1) SPn
Gf : SPn

GX → SPn
GY is an almost open mapping;

(2) expnf : expnX → expnY is an almost open mapping.

A mapping f : X → Y is called pseudo-open [2] if for every y ∈ Y and every
neighborhood U of x ∈ f←(y), f(U) is a (not necessarily open) neighborhood of
y.

Clearly, pseudo-open mappings are stronger form of almost open mappings.

Theorem 2. If a mapping f : X → Y is pseudo-open, then so is SPn
Gf : SPn

GX →
SPn

GY .

Proof. Let f : X → Y be a pseudo-open mapping. Suppose that [y]G =
[(y1, y2, . . . , yn)]G is an element of SPn

GY and

x = [x1, x2, . . . , xn] ∈ (SPn
Gf)
← ([(y1, y2, . . . , yn)]G) =

= SPn
G ([(f←(y1), f

←(y2), . . . , f
←(yn))]G) .

Take any neighborhood [U1, U2, . . . , Un]G of x. Then xi ∈ Ui for every i ≤ n.
Since f : X → Y is a pseudo-open mapping, we have f(xi) ∈ Int(f(Ui)) = Vi for
every i = 1, 2, . . . , n. It follows that [(y1, y2, . . . , yn)]G ∈ [(V1, V2, . . . , Vn)]G.
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On the other hand, we have

SPn
Gf ([(U1, U2, . . . , Un)]G) = [(f(U1), f(U2), . . . , f(Un))]G

and
[(V1, V2, . . . , Vn)]G ⊂ [(f(U1), f(U2), . . . , f(Un))]G.

It means that the set SPn
Gf ([(U1, U2, . . . , Un)]G) is a neighborhood of the point

[(y1, y2, . . . , yn)]G. Theorem 2 is proved. ◀

In [18] it was shown that for every pseudo-open mapping f : X → Y , the
mapping expnf is pseudo-open. By this fact and Theorem 2, we get the following
corollary.

Corollary 2. Let f : X → Y be a pseudo-open mapping. Then:
(1) SPn

Gf : SPn
GX → SPn

GY is a pseudo-open mapping;
(2) expnf : expn → expnY is a pseudo-open mapping.

We say that a mapping f : X → Y is monotone [6, 13] if f←(y) is a connected
subset of X for every y ∈ Y .

Theorem 3. If the mapping f : X → Y is monotone, then so is SPn
Gf : SPn

GX →
SPn

GY .

Proof. Suppose that the mapping f : X → Y is monotone. Let [y]G =
[(y1, y2, . . . , ym)]G ∈ SPn

GY . We have

(SPn
Gf)
← ([(y1, y2, . . . , yn)]G) = SPn

G ([(f←(y1), f
←(y2), . . . , f

←(yn))]G)

and every f←(yi), i ≤ n, is a connected subset of X. Connectedness is pre-
served under the Cartesian product, so the set f←(y1)× f←(y2)× . . .× f←(yn)
is connected in Xn. Since the mapping πs

n : Xn → SPnX is continuous, we con-
clude that πs

n (f
←(y1)× f←(y2)× . . .× f←(yn)) = (SPn

Gf)
←([y]G) is connected,

i.e. SPn
Gf is a monotone mapping. ◀

3. Sequential properties of the space SPn
GX

In this section we assume that all topological spaces are Hausdorff.
Let X be a topological space, P be a subset of X and {xm}m∈N be a sequence

in X. We say that {xm}m∈N is eventually in P if there exists m0 ∈ N such that
{xm : m ≥ m0} ⊂ P .

P ⊂ X is called a sequential neighborhood of x ∈ X if every sequence con-
verging to x is eventually in P [10]. A set P ⊂ X is said to be sequentially open



176 Lj.D.R. Kočinac, F.G. Mukhamadiev, A.K. Sadullaev

if P is a sequential neighborhood of every point in P . A set P ⊂ X is said to be
sequentially closed if X \ P is sequentially open in X.

A spaceX is said to be a sequential space [10] if every sequentially open subset
is open in X, or, equivalently, a subset F of X is closed if (hence and only if)
it contains the limit points of all sequences in F . Clearly, every first countable
space is sequential, every metric space is sequential and every discrete space is
sequential.

Example 1. Let X be any set, τd be the discrete topology and τ be a non-
sequential topology in X. Consider the identity mapping idX : (X, τd) → (X, τ).
This mapping is continuous. It follows that a continuous image of a sequential
space is not always a sequential space.

For every topological space (X, τ), a new topology στ can be introduced as
follows:

U ∈ στ if and only if U is a sequentially open subset of (X, τ).

The space (X,στ ) is called a sequential coreflection of the space (X, τ) and is
denoted by σX [11]. Clearly, the space σX is a sequential space. Moreover, X
and σX have the same convergent sequences.

Theorem 4. For a space X, Xn is a sequential space if and only if SPn
GX is a

sequential space.

Proof. (⇒) Suppose that Xn is a sequential space. If SPn
GU ⊂ SPn

GX
is sequentially open and {xm} → x0 ∈ (πs

n,G)
←(SPn

GU), then {πs
n,G(x

m)} →
πs
n,G(x

0) ∈ SPn
GU and {πs

n,G(x
m)}m∈N is eventually in SPn

GU . Since Xn is se-
quential, {xm}m∈N is eventually in the set (πs

n,G)
←(SPn

GU), and it follows that
(πs

n,G)
←(SPn

GU) is open in Xn. As πs
n,G : Xn → SPn

GX is a quotient mapping,
the set SPn

GU is open in SPn
GX. It means SPn

GX is a sequential space.

(⇐) Let σXn be the sequential coreflection of Xn and idXn : σXn → Xn be
the identity mapping. It is easy to check that the mapping idXn is continuous.
Suppose that f = πs

n,G ◦ idXn : σXn → SPn
GX. Since the mapping πs

n,G is an
open and closed surjection (and a perfect mapping for the Hausdorff space Xn),
the mapping f is closed. Consequently, f is a perfect mapping. Then idXn is a
perfect mapping. It follows that Xn is a sequential space. Theorem 4 is proved.
◀

It is well known that the product of two sequential spaces need not be a
sequential space.

However, in [10] the following was given.
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Lemma 1. If a product space is sequential, so is every of its factors.

In [1], the following theorem was proved.

Theorem 5. ([1]) If X and Y are sequential spaces and Y is locally compact,
then X × Y is sequential.

Corollary 3. Let X be a locally compact space. If X is a sequential space, then
so is SPn

GX.

Since a compact Hausdorff space is locally compact, we have the following
corollary.

Corollary 4. Let X be a compact Hausdorff space. If X is a sequential space,
then so is SPn

GX.

A topological space X is called a Fréchet-Uryhohn space [10, 13] if the closure
of any subset A of X is the set of limits of sequences in A.

It is easy to check that every first countable space (and so every metric space)
is a Fréchet-Urysohn space. Moreover, every Fréchet-Urysohn space is sequential.

There exists a space X that is a sequential space, but not Fréchet-Urysohn.

Example 2. Let R be the set R of real numbers with the topology T which is
generated by the usual metric topology and all sets of the form {0} ∪ U , where
U a usual open neighborhood of the sequence { 1

n}. It can be easily checked
that this space is sequential. Let A = R \

(
{ 1
n : n = 1, 2, . . .} ∪ {0}

)
. For every

positive integer n there exists a sequence {xnj }j∈N in A converging to 1
n . Clearly,

0 ∈ A. However, every sequence of R converging to 0 is eventually constant or
subsequence of { 1

n}. Hence, (R, T ) is not a Fréchet-Urysohn space.

Proposition 1. ([11]) A sequential space is Fréchet-Urysohn if and only if it is
hereditarily sequential.

In general, Fréchet-Urysohn property is not preserved under quotient map-
pings. Moreover, the product of two Fréche-Urysohn spaces will not be always
Fréchet-Urysohn. Even the square of a compact Fréchet-Urysohn space need not
be Fréchet-Urysohn

Theorem 6. Xn is a Fréchet-Utysohn space if and only if SPn
GX is a Fréchet-

Urysohn space.

Proof. (⇒) Suppose that Xn is a Fréchet-Urysohn space. Let [x]G ∈ SPn
GA ⊂

SPn
GX. If (πs

n,G)
←([x]G) ∩ (πs

n,G)
←(SPn

GA) = ∅, put U = Xn \ (πs
n,G)

←(SPn
GA).

Then [x]G ∈ Intπs
n,G(U) ⊂ SPn

GX \ SPn
GA and we have a contradiction. So
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there is x0 ∈ (πs
n,G)

←([x]G) ∩ (πs
n,G)

←(SPn
GA). Consider a sequence {xm}m∈N ⊂

(πs
n,G)

←(SPn
GA) converges to x0. It follows that {πs

n,G(x
m)}m∈N ⊂ SPn

GA and
{πs

n,G(x
m)}m∈N converging to [x]G. Therefore, SP

n
GX is a Fréchet-Urysohn space.

(⇐) Assume SPn
GX is a Fréchet-Urysohn space. Let A be a subset of Xn

and x ∈ A. Suppose that (πs
n,G)

←([x]G) = {x1,x2, . . . ,xk} ⊂ Xn and x = x1.
Since Xn is Hausdorff, there exists an open neighborhood Ux of x such that
Ux ∩ {x2,x3, . . . ,xk} = ∅. Hence, x ∈ Ux ∩ A ⊂ Ux ∩A. Since the mapping
πs
n,G is closed, it implies that [x]G ∈ πs

n,G(Ux ∩A) = πs
n,G(Ux ∩A). As SPn

GX is
a Fréchet-Urysohn space, there exists a sequence {am}m∈N ⊂ Ux ∩ A such that
the sequence {πs

n,G(a
m)}m∈N converges to the point [x]G. It follows that there

exists a subsequence {ami}mi∈N of the sequence {am}m∈N, which converges to the
point a ∈ Xn. It is seen that πs

n,G(a) = [x]G. Then a ∈ Ux ∩ (πs
n,G)

←([x]G) = x.
Consequently, the subsequence {ami}mi∈N ⊂ A converges to x. It means Xn is a
Fréchet-Urysohn space. Theorem 6 is proved. ◀

We can define a mapping f : σXn → σSPn
GX by f(x) = πs

n,G(x) = [x]G for
every point x ∈ Xn. We can also give the following proposition (related to this
mapping and Theorem 6)

Proposition 2. σXn is a Fréchet-Urysohn space if and only if σSPn
GX is a

Fréchet-Urysohn space.

A spaceX is strongly Fréchet-Urysohn [13] if for any decreasing family {Am}m∈N
of subsets of X and any point x ∈

⋂
m∈NAm we may pick points xm ∈ Am in such

a way that the sequence {xm}m∈N converges to x. It is known that a product
of two strongly Fréchet-Urysohn spaces need not be Fréchet-Urysohn, even not
sequential.

Theorem 7. If SPn
GX is a strongly Fréchet-Urysohn space, then so is Xn.

Proof. Suppose that SPn
GX is a strongly Fréchet-Urysohn space. Let {Am}m∈N

⊂ Xn be a decreasing sequence of subsets of Xn and x ∈
⋂

m∈NAm. Put

(πs
n,G)

←
(
πs
n,G(x)

)
= {x1,x2 . . . ,xk} with x1 = x, where k ≤ n. Xn is a

Hausdorff space and so there exists an open neighborhood Ux of x such that
Ux ∩ {x2,x3 . . . ,xk} = ∅. It follows that x ∈ Ux ∩ Am ⊂ Ux ∩Am for every
m ∈ N. Then πs

n,G(x) ∈ πs
n,G

(
Ux ∩Am

)
= πs

n,G (Ux ∩Am). Since SPn
GX is a

strongly Fréchet-Urysohn space, for every m ∈ N there exists ym ∈ Ux ∩ Am

such that the sequence {πs
n,G(ym)}m∈N converges to πs

n,G(x). As {Am}m∈N is
a decreasing sequence of subsets, we can consider the sequence {ym}m∈N which

is convergent in Xn and then the set Ux ∩ (πs
n,G)

←
(
πs
n,G(x)

)
= {x} includes

its limit. It means that {ym}m∈N converges to the point x. Therefore, Xn is a
strongly Fréchet-Urysohn space. Theorem 7 is proved. ◀



Induced Mappings and Sequential Properties 179

References

[1] Antosik, P., Boehme, T.K., Mohanadi, F. (1985) Concerning sequential
spaces, Qatar University Science Bulletin, 5, 41–48.

[2] Arhangel’kii, A.V. (1963) Some types of factor mappings, and the relations
between classes of topological spaces, Soviet Mathematics Doklady, 4, 1726–
1729.

[3] Beshimov, R.B., Georgiou, D.N., Sereti, F., Zhuraev, R.M. (2024) Metric,
stratifiable and uniform spaces of G-permutation degree, Mathematica Slo-
vaca, 74, 235–248.

[4] Beshimov, R.B., Georgiou, D.N., Juraev, R.M., Manasipova, R.Z., Sereti,
F. (2025) Some topological properties of e-space and description of τ -closed
sets, Filomat, 39, 2625–2637.

[5] Beshimov, R.B., Juraev, R.M., Manasipova, R.Z. (2025) On τ -base and e-
density of topological spaces, Filomat, 39, 3353–3358.

[6] Engelking, R. (1989) General topology, Sigma Series in Pure Mathematics,
Vol. 6, Heldermann Verlag, Berlin.

[7] Fedorchuk, V.V. (1981) Covariant functors in the category of compacta, ab-
solute retracts and Q-manifolds, Uspekhi Matematicheskikh Nauk, 36, 177–
195 (Russian Mathematical Surveys, 36, 211–233).

[8] Fedorchuk, V.V., Filippov, V.V. (1989) Topology of hyperspaces and its appli-
cations, Znanie (Mathematics, Cybernetics 4), Moscow, 48 pp. (in Russian).

[9] Fedorchuk, V.V., Filippov, V.V. (2006) General topology: basic construc-
tions, Fizmatlit, Moscow (in Russian).

[10] Franklin, S.P. (1965) Spaces in which sequences suffice, Fundamenta Math-
ematicae, 57, 107–115.

[11] Franklin, S.P. (1967) Spaces in which sequences suffice II, Fundamenta Math-
ematicae, 61, 51–56.

[12] Ge, Y. (2007) Weak forms of open mappings and strong forms of sequence-
covering mappings, Matematicki Vesnik, 59, 1–8.

[13] Hart, K.P., Nagata, J., Vaughan, J.E. (eds.) (2004) Encyclopedia of general
topology, Elsevier Science Ltd., Amsterdam.
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