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Existence Results for a Perturbed Nonlinear
Coupled System with Hybrid Instantaneous and
Non-instantaneous Impulses

N.E. Taibi, R. Nesraoui*

Abstract. This research paper investigates a coupled system of second-order differen-
tial equations characterized by mixed impulsive effects, both instantaneous and non-
instantaneous. Our approach employs variational methods and critical point theory to
establish the existence and multiplicity of weak solutions. Specifically, we reframe the
problem of determining solution existence and multiplicity as an equivalent task of min-
imizing an energy functional within a suitable function space. The critical points of this
energy function correspond to solutions of the impulsive problem at hand. By imposing
distinct growth conditions on the nonlinearities and impulsive functions, we rigorously
demonstrate the existence of at least one solution and infinitely many solutions for the
considered problem.

Key Words and Phrases: impulsive differential equations, instantaneous impulses,
non-instantaneous impulses, variational methods, energy functional, critical point theory.

2010 Mathematics Subject Classifications: 34A37, 35A15, 74G65, 35B38

1. Introduction

Impulsive differential equations capture abrupt changes in dynamic systems,
representing phenomena like population shifts, power outages, neuronal firing
patterns, and economic shifts due to policy changes. In the literature, two pre-
dominant types of impulses are recognized. The first type involves instantaneous
impulses, where the state change occurs rapidly relative to the overall process
duration. Extensive coverage of detailed discussions of the basic theory is avail-
able in monographs such as [5, 9, 10, 16, 17, 26]. However, instantaneous im-
pulses have limitations, failing to model certain real-life phenomena like earth-
quakes and tsunamis. Recognizing these limitations, Herndndez and O’Regan
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introduced non-instantaneous impulses in [15]. Unlike instantaneous impulses,
non-instantaneous impulses entail an impulsive action that initiates at a prede-
termined point and persists over a finite time interval. This concept has signifi-
cantly contributed to the mathematical study of such equations, as evidenced by
works like the monograph [1].

Many phenomena necessitate the examination of coupled systems of differen-
tial equations within diverse domains like chemistry, physics and biology. This is
because a single equation frequently fails to capture the complexity of real-world
dynamics. In this paper, we focus on a coupled system of differential equations
that incorporates two types of impulses: instantaneous and non-instantaneous.
We direct our attention to this coupled system, exploring

( ( )+91( ) ( ) = ufz( u( ) (t>)7 te (Si,ti+1], t=0,m,
—v (t) ( ) (t) = 0Oy fl(t’u(t) ( ))’ te (Sivti-i-l]’ i=0,m,
' (t; ) W(ty) = Li(u(t)), i=1m,
( ) /( z_) = Ji(v(ti))’ i=1,m,
u'(t) = u’(t?), t € (ti,si], i=1,m, 1
V() = (), t € (tiysi], i=1,m, (1)
u'(sf) = d(s;), i=1,m,
/(Sj_) = U’(SZ-_), i=1,m,
w(0) = u(T) =0,
x v(0) = o(T) =0,

here 0 = s < t] < 81 <ty <2< ... <ty < 8y < tma1 = 1. The functions
g; and h; belong to L*(s;,t;+1], while the partial derivatives of f;(¢,u,v) with
respect to u and v, denoted by 0, f; and 9, f; respectively, are Carathéodory
functions defined on (s;, t;+1] x R%. Moreover, u/(tf) = lim, .+ /(t) and o' (tf) =
lim, ,,+ ¢'(t), with I; and J; being continuous functions on R. In these equations,
instantaneous impulses occur at points ¢;, whereas non-instantaneous impulses
persist over intervals (t;, s;] while maintaining a constant derivative.

The existence of solutions to impulsive problems has been explored using vari-
ous classical tools, including fixed point theory, the theory of analytic semigroups,
the comparison method, topological degree theory, and variational methods. A
plethora of research has investigated this area, as evidenced by works such as
[8, 24, 20, 30, 29, 4, 6]. Notably, the first researchers to use variational meth-
ods to solve boundary value problems for impulsive differential equations were
Tian and Ge [27] and Nieto and O’Regan [23]. The variational structure of gen-
eral non-instantaneous impulsive problems was initially studied by Bai and Nieto
[3]. Building upon this foundation, Tian and Zhang [28] incorporated instan-
taneous impulses into non-instantaneous impulsive differential equations. They
expanded linear terms into nonlinear ones to address second-order differential
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equations featuring simultaneous instantaneous and non-instantaneous impulses.
Subsequently, through the application of Ekeland’s variational principle, they
established the existence of classical solutions to the formulated problem. Ad-
ditionally, Zhang and Liu [35], Zhou, Deng, and Wang [37], and Chen, Gu, and
Ma [7] investigated fractional differential equations with both instantaneous and
non-instantaneous impulses, extending the results of [28] and obtaining solutions
using variational methods. For recent works, see, for example, [19, 32, 34, 36|
and the references therein.

In the work of Wu and Liu [31], they examine the subsequent instantaneous
impulsive system

—u"(t) + g(t)u(t) = 0Ouf(u(t),v(t)), ae.tel0,T],
—0"(t) + h(t)v(t) = Opf(u(t),v(t)), ae.te][0,T],
+ ) = Li(u(ty)), i=1,m,
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where 0 =ty < t; < -+ <ty < tmy1 = T. Here, g and h belong to L>°[0,T], and
Ouf,0uf : R? - R, I;,J; : R — R are continuous functions. They established
the existence of at least one nontrivial solution to problem (2) using variational
methods. For further insights into recent developments on instantaneous impul-
sive differential systems, readers are invited to consult [12, 18, 14, 13, 2, 11].

In contrast, Nesraoui, Dellal, Nieto, and Ouahab [22] delved into a system of
differential equations featuring non-instantaneous impulses

—u"(t) = Oufi(t,u(t) — ultizr),v(t) — v(tiz1)), t € (si,tip1), i =0,m,
—"(t) = Oufi(t,ult) —ultitr),v(t) = v(ti+1)), t € (si,tipa], i =0,m,
uW(t) = o, te (ty,si], i=1,m,
V() = Bi, te(ti,s], i=1,m,
u(sh) = d(s;), i=1,m,
V(sh) = V(s;), i=1,m,
u'(07) = ao,
v'(07) = B,
u(0) = w(T) = v(0) = o(T)
(3)

In this scenario, the impulses commence suddenly at points ¢; and maintain a
constant derivative («; and ; represent given constants) over the interval (¢;, s;].
The nonlinear functions d, f; and 9, f; are Carathéodory defined on (s;, ;1] x R2.
The authors established the existence of at least one solution to problem (3).
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In the reference [33], Yao investigated the following impulsive differential sys-
tem, which encompasses both instantaneous and non-instantaneous impulses

( —u’(t) Oufi(t,u(t),v(t)), te€ (sitiv1],i=0,m,
=0"(t) = Oufi(t,u(t),v(t)), te (sitit1],i=0,m,
o () - () = Li(ut)), i=1,m,
V() = (t) = Ji(v(t), i=1,m,
W) = (8, t € (t,8],i=1,m, 1
J(t) = o () te(tys)i=Tm, D
u’ (s;:) = (SZ)’ 1=1,m,
(s = V' (s)), i=1,m,
u(0) = w(T) = 0,
v(0) = o(T) = 0.

In this problem, instantaneous impulses take place at the points ¢;, while non-
instantaneous impulses persist over the intervals (¢;,s;]. Utilizing variational
methods, the author derived new existence results for solutions.

In this paper, we leverage the insights gleaned from the works related to (2),
(3), and (4) to establish connections and amalgamate their findings to address the
problem outlined in (1). Specifically, by eliminating non-instantaneous impulses
from problem (1), it bears striking resemblance to the one delineated in (2).
Similarly, by omitting perturbation terms and instantaneous impulses, (1) closely
mirrors (3). Furthermore, disregarding perturbation terms in problem (1) aligns
it with (4).

Building upon these parallels, we integrate and extend prior research, lever-
aging their insights and outcomes to investigate the variational structure of the
problem outlined in (1). We demonstrate that the quest to ascertain the existence
and multiplicity of solutions can effectively be reframed as an equivalent problem
of minimizing some energy functional within a suitable function space. In this
context, the critical points of this energy function correspond to solutions of the
impulsive problem under consideration. Assuming distinct growth conditions for
the nonlinearities and impulsive functions, we establish the existence of at least
one solution and infinitely many solutions for (1).

2. Assumptions and main results

Throughout the paper, we make the following set of assumptions.

(A) \V/Z'ZWZ v > —>\1,

where v; := min {ess infye (s, t,,0) 9i(1), €ssinfye(q, 1] hi(t)} and Ay = ;E—z
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is the first eigenvalue of the Dirichlet problem

—d(t) = Mu(t), t € (0,T), u(0) =u(T) = 0. (5)

(B1) There exist a;,b; > 0, and ~;,u; € [0,1) for ¢ = 0,m, such that for all
(tvxuy) € (Si7t’i+l] X RQ :

|02 fi(t, ,y)| < ai + bl |0y filt, z, y)| < ai + bly|™.

(Bg2) There exist ¢;,d; > 0, and n; € [0,1),7 = 1, m, such that for all z € R

[Li(x)|, |Ji(2)] < e; + difx|™.

(C1) (I) There exist o > 2 such that the impulsive functions I; and J;,7 = 1, m,
satisfy for all x € R

0 < Ii(z)r < a/ Li(t)dt, 0<Ji(z)r < a/ Ji(t)dt.
0 0
(IT) There exist §; > 0 for i = 1, m, such that for all z € R
/ Ii(t)dt, / Jz(t)dt S (5i|CC|a.
0 0

(C2) For all i = 0,m, the functions f; satisfy

(i) There exist R > 0,K > 0, and 2 < a < 3 such that for a.e. t €
(Siytiv1] and for all z,y € R

2| + 1yl > R = fi(t,z,y) > K(j| + |y|").
(ii) For all t € (sj,t;41] and z,y € R, we have
al fi(t,z, y)| < 20 filt, x,y) + y0y fi(t, 2,y).
(iii) For all ¢ € (s;,t;+1] and x,y € R, we have
O fi(t,x,y), Oyfi(t,z,y) = o(|z| + |y[) as [z] + |y] — 0.

(D) For all i = 0, m, the functions 9, f;(¢,x,y) and 9, fi(t,z,y) are both odd in
terms of the variables x and y.

(D9) For all i = 1,m, I; and J; are odd functions.
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(E) For all i =1, m, I; and J; are non-decreasing.
The following theorems encapsulate the key findings presented in this study.

Theorem 1. Assume that the conditions (A), (B1) and (Bs) are fulfilled. Under
these assumptions, the problem (1) possesses at least one weak solution.

Theorem 2. Let (A) and (C1), (C2) be true. In such a scenario, the problem (1)
possesses at least one weak solution.

The subsequent results relate to the existence of an infinite number of solu-
tions.

Theorem 3. Assume that the conditions (A), (C1),(C2) and (D1),(D2) are sat-
isfied. Under these assumptions, the problem (1) admits an infinite number of
weak solutions.

Theorem 4. Under the assumptions (A), (B2), (C2), (D1), (D2) and (E), the
problem (1) exhibits an infinite set of weak solutions.

3. Prerequisites

This section provides a concise overview of key tools in differential calculus
and critical point theory that will be utilized throughout this paper. For a more
comprehensive review, we recommend referring to the sources [21, 25].

We use the symbol X to represent a real Banach space.

Definition 1. (Weakly lower semicontinuous) A functional F : X — R is said
to be weakly lower semicontinuous if, for any sequence (x;) C X such that x; — x
weakly in X, we have

liminf F(x;) > F(z).

j*}OO
Remark 1. [21, Th. 1.2.] If F is continuous and convex on X, then F' is weakly
lower semicontinuous. As an illustrative application, consider the norm, which is
a weakly lower semicontinuous function. Specifically, for any sequence (x;) C X
converging weakly to x, the following inequality holds:

lim inf [lz;]lx = [l x-

J—>00
Definition 2. (Minimizing sequence) A sequence (x;) C X is termed a minimiz-
ing sequence for the functional F: X — R if it satisfies the following condition:

2 Fl@) = Jim Fio),
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Definition 3 (Coercive). A functional F': X — R is said to be coercive if for
allz € X,
F(z) — 400 as |z|lx — +oo.

The following theorem represents a classical result in the calculus of variations,
ensuring the existence of a critical point for a given functional F' defined on a
reflexive Banach space.

Theorem 5. [21, Th. 1.1.] In a reflexive Banach space X, if a function F is
weakly lower semicontinuous and possesses a sequence that minimizes it and is
bounded, then F' reaches its minimum on X.

Remark 2. [21, Page /] The existence of a bounded minimizing sequence is
particularly guaranteed when F is coercive.

The Mountain Pass Theorem is a fundamental result in the calculus of vari-
ations, establishing the existence of a critical point for a functional F' defined on
a Banach space X, subject to certain conditions. Let B, denote the open ball in
X with a radius r centered at the origin, and let 9B, denote its boundary. The
Palais-Smale condition (a compactness condition), an essential concept for the
above-mentioned theorem, is defined as follows:

Definition 4 (Palais-Smale condition (PS)). [21, Def. 6.5.] The Palais-Smale
condition is satisfied if, for any sequence (uj) in X with (F(u])) bounded and
F'(uj) (the derivative of F' at uj) tending to zero, there exists a convergent sub-
sequence.

Theorem 6 (Mountain Pass Theorem). [25, Page 4] Assume that F' satisfies the
following conditions:

1. F € CY(X,R) with F(0) = 0.

2. F satisfies the Palais-Smale condition (PS).

3. There exists v,p > 0 such that Flgp, > p.

4. There is an ug € X\ B, such that F(ug) <0.
Then F' possesses a critical value.

Theorem 7 (Symmetric Mountain Pass Theorem). [25, Page 5] Assume that
F is defined on an infinite-dimensional real Banach space X, with the following
conditions:

1. F € CYX,R) with F(0) =0.
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. F satisfies (PS).

. F is an even functional.

2
3
4. X =Y P Z, withY being of finite dimension.
5. There exists r,p > 0 such that Fijop,nz = p-

6

. Whenever W is a finite-dimensional subspace of X, there exists a specific
constant ¢ = ¢(W') such that F(u) <0 everywhere on W\B:.

Then, F' attains a sequence of critical values that is unbounded.

4. Functional framework

In this section, we introduce the functional space, denoted as H, and its
appropriate norm, which lays the groundwork for our exploration of solutions.
Define H}(0,T) as the Sobolev space equipped with inner norms

lull = (/OT [\u(t)’Q + ]u’(t)ﬂdt) ’ and |ulls = </0T |u'(t)‘2dt>2

Poincaré’s inequality, given by

Vu € H}(0,T): M\ /TuQ(t)dt < /T }u’(t)\zdt, (6)
0 0

2
easily implies the equivalence of the norms ||-||; and |- ||2, where A; = % denotes

the first eigenvalue associated with problem (5).
Let H = H}(0,T) x H}(0,T). In this Hilbert space H, for any (u,v) € H,
we define the norm as

(w,0)]| = (uurr% n Hv\l%>2

Under the assumption (A), we introduce the norm

H(“UHH[/ |/ (t \dt+2/ £)dt+

/ (®)] dt+Z/tl+1 t]

N
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Note that this norm is well-defined. For any w € H}(0,T), by applying as-
sumption (A) and the use of Poincaré’s inequality (6), we can show the following:

/\w MH}?/M t)dt > 0.

Lemma 1. If assumption (A) is satisfied, the norms ||-|| and ||- ||z in the Sobolev
space H are equivalent.

Proof. Assuming (A) is satisfied, we have v; > —\;, allowing us to find
¢i € (0,1) such that v; > —A;1(1 — ¢;). This implies v; > —A1(1 — () for i = 0, m,
where ¢ = min{¢;, ¢ =0, m}. Thus, for all (u,v) € H, we get

T T T T
/ 2 / 2
| (w, v)||% 2/0 /()] dt_Al(l_C)/o u2(t)dt—|—/0 |/ (¢)]| dt_)\l(l_o/o v?(t)dt.

Applying Poincaré’s inequality (6), we obtain

T T T
2 / 2 2 / 2 _ _ ’U, 2
||(u,v)||H2/O () dt—(1—¢) \u D) dt+/ [/ (6)|dt—(1 g)/o o/ (1)t

—g/ | (t) \dt+</ (t)|%dt,

leading to [|(, )3 2 ¢ll(u,v)]1%.
On the other hand, considering |g|oc = max {[|gi|los, ¢ = 0,m} and || =
max {||h;||o0, @ = O,m} we get

T T T T
/ 2 7 2
HW@@SA}MMﬁ+MWAu%m+A\Mmﬁ+mm4v%m.

Referring to (6), we additionally derive

ol < (1+5) [ Py (1 1) /O o' (1)t

hence (u,0)]% < (1 1 mase {[glec. loc} ) 1o 0) 2
Thus, the norms || - || and || - || are equivalent. <

We conclude this section by defining C[0,T] as the set of all continuous func-
tions on [0, 7] with the natural norm |[Jul|oc = max,c(o 7y [u(t)].

Lemma 2. There exists a positive constant vy such that for any (u,v) € H, the
following inequalities hold:
[ulloo [[vllos < || (u, )| -

Proof. Utilizing the continuity of the injection from H}(0,T) into C[0, T}, and
incorporating Lemma 1, we establish the desired result. <«
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5. Proof of the main results

Below, we prove the core results stated earlier in this paper.

5.1. Variational formula

For each (¢,%) € H, we have

T T m
—/u%wmﬁ:/uwwww+§xwﬁwwwnwm>
0 0 i=1
m T m
+§quwww>ww»=Auwwww+zpwmmm»
=1 =1

On the other hand,

T m t
—/‘mewﬁZEj/ Bufi(t,u(t), v(t)) p(t)di—
0 i=0

Z/M dt—Z/ dt o (t5))p(t)dt =
=Y [T ot ow)ema -3 [ a@ued
i=0 v Si i=0 v Si

Consequently, combining (7) and (8), we derive

=1
=Y [T ot ow)ema -3 [ a@ued
=0 i=0 75

Likewise, we secure
T m
AWWWW+ZLMUMU
tit1

_Z/Mwmu ROECEES S ROICICE

i=0 7S

209

(10)
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Combining (9) and (10), we get

T T m
/ u' () ()dt+/0 v/ (t dt+ZI )+ Ji(v(ts)w(t)
=1
/ZH@ fi(t, ut dt+2/’“a fi(tu(t), o())w(t)dt

/SZ+1 t)dt — Z/M o(t)dt. (11)

The equality (11) leads us to the introduction of a weak solution for problem (1).

Definition 5. We say (u,v) € H is a weak solution to problem (1) if equation
(11) is satisfied for every (p,v) € H.

Now, consider the energy functional ® : H — R corresponding to problem
(1), defined as

B(u, v) = ;/OT o (£) 2t + = / )| dt+2/
/Sl+1 (t,u(t), v(t))dt + = Z/SM t)dt + = Z/ )dt,
J\ u,v HH+Z/ ds+2/v(t s)ds— Z/ ), v(t))dt.

(12)
Given the continuity of d,f;, O,fi, I;, J;, we easily deduce that ® € C'(H,R).
The derivative of ® at (u,v) € H is, for any (p,1) € H, expressed as

u(ti )

T T
M%M%WZA%MM%W+AU%W@ﬁ

+ i] )+ Z Ji(
/Ma fi(t,u(t) dt—Z/ZHa it u(t), v(t)) v (t)dt
tit1 tit1
+Z/ mmwww+z/ Bi(t)o(t)p ()t (13)
=0 Vi i=0 v i

This confirms that the weak solutions of problem (1) correspond to critical points
of .
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5.2. Proof of Theorem 1

Lemma 3. The functional ® defined by (12) is weakly lower semicontinuous and
coercive.

Proof. To demonstrate the weak lower semicontinuity of ®, consider a se-
quence ((uj,v;)) C H such that (uj,v;) — (u,v). Utilizing the compactness
of the injection from H{(0,T) into C[0,T], we observe uniform convergence of
(uj) and (v;) to u and v, respectively, over the interval [0,7]. Given that
liminf;_, [[(uj,v;)||g > ||(u,v)| g (see Remark 1), we can conclude that

u(ty)
ljlrggof@(u],vj) (u,v HH—i—Z/ ds+Z/

m

3 [ et o) = au0)

=0

This implies that the functional ® is weakly lower semicontinuous.
On the other hand, for any (u,v) € H, by (B1), (B2) and Lemma 2, we have

1 41
®(u,v) 2 Sl V)l = 2mmax{ei}||(u, v)l| g — 2max{d; }ZWHH Bl
=1

m
_2Tmlax{a,-}'y||(u, )|l — Tm;ax {bl} Z,Y%'HH(U, v)”}}ﬂ
i=0

m
~Tmax {bi} Y 7 (u, 0) |5+
1
1=0

Since v; + 1, u; + 1,m; + 1 < 2, it follows that hmH(u,v)HH—mo ®(u,v) = oo. In
simpler terms, ® exhibits coercive behavior. «

By Lemma 3 and Remark 2, it follows that the functional ® fulfills all the re-
quirements outlined in Theorem 5. Consequently, ® possesses a minimum within
H, which constitutes a critical point of ®. Thus, problem (1) admits at least one
solution.

5.3. Proof of Theorem 2

It is evident that ® € C'(H,R), and since from (C3)-(ii) we have f;(¢,0,0) = 0,
it follows that ®(0,0) = 0. The proof is structured across three segments.
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Firstly, we establish that ® fulfills the (PS) condition. Take a sequence
((uj,vj)) € H with (®(u;,v;)) bounded and @ (uj,v;) — 0. Utilizing (12),
(13), (C1)-(I), and (C2)-(ii) we conclude that

«
a® (u,05) = ' (uz,05) (uzy0y) > (5 = 1) g0l

Assuming a > 2, we deduce that the sequence ((uj, vj)) is bounded in H. Fur-
thermore, leveraging the reflexivity of H3(0,7) and the compact injection from
H}(0,T) into C[0,T], and if required, by passing to a subsequence, we can estab-
lish the existence of ((uj,v;)) € H such that

(uj,vj) = (u,v) in H, uj = u, wv; — v uniformly in C[0,7T], as j — +o0.
Therefore, as j — 400, we acquire

> (Bus00) = L(ute)) (st = utt)) 0,

ANgER Ms

(JZ (v(ti))) (vj(ti) - v(ti)> 0,
. (14)
Z/ 8 fi(t,uj,v5) — Oufi(t, u, ’U)) (uj - u)dt — 0,
i=0 v Si
zm: e 6 fi(t,uj,v5) — &,fi(t,u,v)) (vj — U)dt — 0.
i=0 7 Si

Moreover, by (13), we have
(@ (uj,v5) = @' (u,0)) (wj — u, v — )

=l HH+Z( (1)) = Li(u(t:) ) (wi(t) = u(t)
37 (F(wst) = Jiw(t) ) (vs(t) = v(t)

i=1 (15)

tit1
Z/sz " 8 fi(t,uj,v5) — Gufi(t,u,v)) (uj —u)dt

3

3

3

Z o 8 fi(t,uj,v5) — 6vfi(t,u,v)) (Uj - U)dt.

i=0 75

Given that @' (u;,v;) — 0 and (uj,vj) — (u,v), we can infer that

(' (uj,vj) — @' (u,v)) (uj — u,v; —v) =0, asj — +oo. (16)
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Hence, (14), (15), and (16) lead to ||(u; — u,v; — v)||;; — 0 as j — 4o00. In other
words, (uj,vj) = (u,v) in H, indicating the satisfaction of the (PS) condition by
.

Secondly, we confirm that ® meets the requirement stated in assumption 3 of
Theorem 6. The Sobolev embedding theorem asserts the existence of a positive
constant k£ > 0 such that, for any (u,v) € H, the following inequality holds:

lullZ2 + [lol72 < wll(u, 0) 17 (17)
Utilizing conditions (C2)-(ii) and (Cy)-(iii), we obtain
filt,u,v) = o0 (|u\2 + |v[2) , as |u| + |v] =0,

Let ¢ = .. Then there exists 7 > 0 such that for any (u,v) € H, the
inequality

filtsu0) < o (ol + oP?), (18)

holds whenever |u| + |v| < 7.
Furthermore, based on condition (C1)-(I), we deduce

u(ts) v(t:)
/ Ii(s)ds >0 and / Ji(s)ds > 0. (19)
0 0

It is evident that the condition [|(u,v)||s < 77, with v defined in Lemma 2,
implies [|u[/oo, [|v]lcc < 5. Consequently, this leads to |u(t)| + [v(t)| < 7 for all

t € [0,T]. Hence, employing (12), (17), (18), and (19), we can conclude that

1 1 (T 1
P (u,v) > §Il(u7v)ll?q - 4,{/0 (Juf® + |v]*) dt > le(u, )13

T

We set r = &= and p = With this selection, we can ensure that ®(u,v) >

7.2
2y 16+2 "

p > 0 for any (u,v) € OB,.
Finally, we demonstrate the satisfaction of assumption 4 of Theorem 6. Con-
sider any (u,v) € H\(0,0) and define x; = {t € (s;,tiy1] / |u(t)| + [v(t)] # 0},
X5 = {t € (si,tixa] / [u(®)| +|v(t)| = 0}. Let T be a positive real number consid-
ered large enough. Since (C3)-(ii) implies that f;(¢,0,0) = 0, we can then deduce,

utilizing (C9)-(i), that

tit1
/ filt, Tu,Tv)dt =

:/ fi(t,Tu,Tv)dt—{—/ fi(t,0,0)dt > K (|Tu\6-|— |Tv|6> dt. (20)
Xi X5 Xi
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Next, using (C1)-(II) and Lemma 2, and taking (20) into account, we get

. B B B
B T0) < )4 297 e )7 3= KT / (1l fol”) .
(21)
Consider any element (u,v) € H, where | (u,v)|# = v/2. Applying (21), we have

O(Tu,Tv) <T?+ (2(\/§fm 3 51»)7& - (Ki/ (\u]5+ yvyﬁ) dt)fﬂ.
i=0 7 Xi

i=1

Given that 2 < « < 3, this inequality implies that limy_, 1o ®(Yu,Tv) = —oo.
Consequently, there exists 7o € R} with X5 > r such that ® (You,Ypv) < 0.
According to Theorem 6, there is at least one solution for problem (1).

5.4. Proof of Theorem 3

To prove Theorem 3, we utilize Theorem 7. From the proof of Theorem 2,
we conclude that ® € C*(H,R) and ®(0,0) = 0, fulfilling the (PS) condition.
Moreover, the conditions (D;) and (D) together signify that ® exhibits even
symimetry.

The equation (5) yields eigenvalues expressed as a sequence of positive num-
bers A\, = (”%)2 forn =1,2,.... Denote E, as the feature space associated with

An. Consequently, we have HE(0,T) = @;{3 E, and H = EB:; E, x E,.

Now, let Y = @izl E, x E, and Z = @:ﬁ% E, x E,. This implies H =
Y @ Z, where Y is of finite dimension. As observed in the proof of Theorem
2, there exist constants r and p > 0 such that ®(u,v) > p for any (u,v) €
0B, N Z. Additionally, following a similar argument as in the proof of Theorem
2, for any (u,v) in a finite-dimensional subspace W C H, we can deduce that
limy_, oo ®(Yu,Tv) = —oo. Consequently, there exists ¢ = ¢(W) such that
®(Yu,Tv) <0 on W\B:.

By applying Theorem 7, we can assert that problem (1) admits an infinite
number of solutions.

5.5. Proof of Theorem 4

We begin by noting that ® € C*(H,R) with ®(0,0) = 0 is an even function.
Our first task is to establish that @ fulfills the (PS) condition. From the proof
of Theorem 2 and utilizing (12), (13), (B2), (C2)-(ii), and Lemma 2, we get the
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inequality

« 2
5= s vl

. Z 1
—2(a+1) (Z ey gy o)l + D diy™ (g o) I ) :

i=1 =1

a® (uj,vj) — ' (), v5) (uj,v5) = (

This confirms that ((u;,v;)) is bounded in H. The remainder of the proof,
demonstrating the satisfaction of the (PS) condition, closely parallels that in
Theorem 2.

Secondly, considering the odd and non-decreasing nature of I;, J;,i = 1,m,
we conclude that [ ) I,(s)ds > 0 and 1o () J.(s)ds > 0. By employing similar
reasoning as in the proofs of Theorems 2 and 3, we can readily confirm the
satisfaction of condition 5 in Theorem 7.

Finally, the proof of condition 6 of Theorem 7 mirrors that in Theorem 3, with
assumption (Bzg) replacing (C4)-(II). Thus, according to Theorem 7, problem (1)
possesses infinitely many solutions.

Examples

Following are two examples demonstrating the practical use of our findings.

Example 1. Ezamine the problem defined for T = 1 involving both instantaneous
and non-instantaneous impulses:

—u”(t) + (m(t —si) + 1>U(t)
= e —sin (u(t)) cos (v(t)) + lu(t)|7, t € (sitia), i=0,1,
—u"(t) + ((t —8;) + (t— si)g)v(t)

(

W) = (t7) = sin (u(t1)) + |u(t1)|6,5
V() =V (t7) = 2cos (v(t1)) + [o(ti)]s,
u'(t) = W), V() = V), te(t,s1),
u'(sf) = u(sy), V(sf) = v'(s1),
L w(0) = u(l) =v(0) = v(1) =0
First, fori=0,1, let g;(t) = ti+11—si (t—si)+1, hit)=({t—s)+(t—s)?

which leads to v; =0 > —\1. Thus, assumption (A) holds.
Next, for i =0,1, considering

2 3
filt,u,v) = e u+ 2t + cos(u) cos(v) + §u|u|% + Zvlvﬁ,
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we have 8y f;(t,u,v) = e’ —sin( ) cos(v )+|u]%, Oy fi(t, u,v) = 2~ —cos(u) sin(v)+
|v]%, with a; =3, b; =1, v = , and j; = % Thus, (B1) holds.
Finally, L (u) = sin(u) + ]u| , J1(v) = 2cos(v) + |v|%, and c1 =2, dy = 1,

m = §, satisfying (Bs).
Therefore, by Theorem 1, the impulsive problem (22) has at least one solution.

Example 2. Consider the problem defined for T = 1:

—u"(t) + <ti+11_ 5 (t—s;) + 1>u(t) = (u(t))5, t € (si,tit1), i=0,1,

() + ((t —si) + (t— si) ) = (0(1), t € (sirtipal, i =0,1,
(t )—U(t1 = (u(t ) ; 75+) V() = ( (t1))°,
¢

' (t]
u'(t) = u/(t), v'(t) = (t+) t € (t1, 51,
u'(si) =u'(sy), v’(Sf) V(1)
u(0) = u(1) = v(0) = v(1) = 0.

(23)

Obviously, condition (A) holds. By defining fi(t,u,v) = UG%LUG, we obtain
Oufi(t,u,v) = u® and Oy fz(t u,v) = v°. Let I1(u) = v and Ji(v) = v3. Choos-
ing o = 4,0; = K , and B = 6, after simple calculations, we verify that
conditions (C1) and (Cg) are satisfied. Hence, problem (23) has at least one so-
lution by Theorem 2. Furthermore, conditions (D1) and (D2) are met. Utilizing
Theorem 3, it can be concluded that problem (23) possesses an infinite number of
solutions.

References

[1] Agarwal, R.P., Hristova, S., O’'Regan, D. (2017) Non-instantaneous impulses
in differential equations, Springer.

[2] Ali, A., Ansari, K.J., Alrabaiah, H., Aloqaily, A., Mlaiki, N. (2023) Cou-
pled system of fractional impulsive problem involving power-law kernel with
piecewise order, Fractal and Fractional, 7(6).

[3] Bai, L. Nieto, J.J. (2017) Variational approach to differential equations with
not instantaneous impulses, Applied Mathematics Letters, 73, 44-48.

[4] Bai, L., Nieto, J.J., Wang, X. (2017) Variational approach to non-
instantaneous impulsive nonlinear equations, Journal of Nonlinear Sciences
and Applications, 10, 2440-2448.

[5] Benchohra, M., Henderson, J., Ntouyas, S.K. (2006) Impulsive differential
equations and inclusions, Hindawi Publishing Corporation, New York.



[6]

[7]

[11]

[12]

[13]

[14]

[15]

Existence Results for a Perturbed Nonlinear Coupled System 217

Benchohra, M., Nieto, J.J., Ouahab, A. (2017) Impulsive differential inclu-
stons via variational method, Georgian Mathematical Journal, 24, 313-323.

Chen, Y.R., Gu, H.B., Ma, L.N. (2020) Variational method to p-Laplacian
fractional Dirichlet problem with instantaneous and non-instantaneous im-
pulses, Journal of Functional Spaces, 2020, Article 8598323, 1-8.

Colao, V., Muglia, L., Xu, H.K. (2016) Existence of solutions for a second-
order differential equation with non-instantaneous impulses and delay, An-
nali di Matematica Pura ed Applicata, 195, 697-716.

Djebali, S., Gérniewicz, L., Ouahab, A. (2012) Existence and structure of
solution sets for impulsive differential inclusions: a survey, Lecture Notes in
Nonlinear Analysis, 13, Nicolaus Copernicus University, Torur.

Graef, J.R., Henderson, J., Ouahab, A. (2013) Impulsive differential inclu-
sions: a fized point approach, De Gruyter Series in Nonlinear Analysis and
Applications, 20, De Gruyter, Berlin.

Hammad, H.A., Aydi, H., Isik, H., De la Sen, M. (2023) Ezistence and stabil-
ity results for a coupled system of impulsive fractional differential equations
with Hadamard fractional derivatives, AIMS Mathematics, 8(3), 6913-6941.

Heidarkhani, S., Cabada, A., Afrouzi, G.A., Moradi, S., Caristi, G. (2018) A
variational approach to perturbed impulsive fractional differential equations,
Journal of Computational and Applied Mathematics, 341, 42-60.

Heidarkhani, S., Salari, A. (2019) Existence of three solutions for impulsive
fractional differential systems through variational methods, TWMS Journal
of Applied Engineering Mathematics, 9(3), 646-657.

Heidarkhani, S., Salari, A. (2020) Nontrivial solutions for impulsive frac-
tional differential systems through variational methods, Mathematical Meth-
ods in the Applied Sciences, 43(10), 6529-6541.

Hernandez, E., O’Regan, D. (2013) On a new class of abstract impulsive
differential equations, Proceedings of the American Mathematical Society,
141(5), 1641-1649.

Hristova, S. (2009) Qualitative investigations and approximate methods for
impulsive equations, Nova Science Publishers, New York.

Lakshmikantham, V., Bainov, D.D., Simeonov, P.S. (1989) Theory of impul-
sive differential equations, World Scientific, Singapore.



218

[18]

[21]

22]

[29]

N.E. Taibi, R. Nesraoui

Li, D.P., Chen, F.Q., An, Y.K. (2019) The existence of solutions for
an impulsive fractional coupled system of (p,q)-Laplacian type without the
Ambrosetti-Rabinowitz condition, Mathematical Methods in the Applied Sci-
ences, 42(5), 1449-1464.

Li, D., Li, Y., Chen, F., Feng, X. (2023) Instantaneous and mnon-
instantaneous tmpulsive boundary value problem involving the generalized
U-Caputo fractional derivative, Fractal and Fractional, 7(8), Article 206.

Li, J.L., Nieto, J.J. (2009) Ezistence of positive solutions for multipoint
boundary value problem on the half-line with impulses, Boundary Value Prob-
lems, 2009, Article 834158.

Mawhin, J., Willem, M. (1989) Critical point theory and Hamiltonian sys-
tems, Applied Mathematical Sciences, Springer-Verlag, New York.

Nesraoui, R., Abdelkader, D., Nieto, J.J., Ouahab, A. (2021) Variational ap-
proach to non-instantaneous impulsive system of differential equations, Non-
linear Studies, 28(2), 563-573.

Nieto, J.J., O'Regan, D. (2009) Variational approach to impulsive differential
equations, Nonlinear Analysis: Real World Applications, 10, 680-690.

Pierri, M., O’Regan, D., Rolnik, V. (2013) Ezistence of solutions for semi-
linear abstract differential equations with not instantaneous impulses, Ap-
plied Mathematics and Computation, 219, 6743-6749.

Rabinowitz, P.H. (1986) Minimax methods in critical point theory with appli-
cations to differential equations, CBMS Regional Conference Series in Math-
ematics, American Mathematical Society, Providence.

Samoilenko, A.M., Perestyuk, N.A. (1995) Impulsive differential equations,
World Scientific, Singapore.

Tian, Y., Ge, W. (2008) Application of variational methods to boundary value
problem for impulsive differential equations, Proceedings of the Edinburgh
Mathematical Society, 51, 509-527.

Tian, Y., Zhang, M. (2019) Variational method to differential equations with
instantaneous and non-instantaneous impulses, Applied Mathematics Let-
ters, 94, 160-165.

Tian, Y., Zhang, Y. (2022) The existence of solution and dependence on
functional parameter for BVP of fractional differential equation, Journal of
Applied Analysis and Computation, 12(2), 591-608.



[30]

[33]

[34]

[35]

[36]

Nou

Existence Results for a Perturbed Nonlinear Coupled System 219

Wei, Y.F., Shang, S.M., Bai, Z.B. (2022) Applications of variational methods
to some three-point boundary value problems with instantaneous and non-
instantaneous impulses, Nonlinear Analysis: Modelling and Control, 27(3),
466-478.

Wu, Y., Liu, W. (2015) Variational approach to impulsive differential system,
Advances in Differential Equations, 2015, Article 303.

Xia, M., Zhang, X., Xie, J. (2023) Existence and multiplicity of solutions for
a fourth-order differential system with instantaneous and non-instantaneous
impulses, Open Mathematics, 21(1), Article 20220553.

Yao, W. (2022) Variational approach to instantaneous and non-
instantaneous impulsive system of differential equations, Boundary Value
Problems, 2022, Article 71.

Yao, W. (2023) Existence and multiplicity of solutions for three-point bound-
ary value problems with instantaneous and non-instantaneous impulses,
Boundary Value Problems, 2023, Article 15.

Zhang, W., Liu, W.B. (2020) Variational approach to fractional Dirichlet
problem with instantaneous and non-instantaneous impulses, Applied Math-
ematics Letters, 99, Article 105993.

Zhang, H., Yao, W. (2023) Three solutions for a three-point boundary value
problem with instantaneous and non-instantaneous impulses, AIMS Mathe-
matics, 8(9), 21312-21328.

Zhou, J'W., Deng, Y.M., Wang, Y.N. (2020) Variational approach to
p-Laplacian fractional differential equations with instantaneous and mnon-
instantaneous impulses, Applied Mathematics Letters, 104, Article 106251.

r El Hoda Taibi

National Higher School of Advanced Technologies, Algiers, Algeria
E-mail: taibi.nour.el.houda@gmail.com

Riyadh Nesraoui
National Higher School of Advanced Technologies, Algiers, Algeria
E-mail: riyadh.nesraoui@gmail.com

Received 06 March 2025
Accepted 20 November 2025



