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Abstract. In this study, we develop a class of generalized fractional inequalities by
employing (m,n)-polynomial (p1,ps)-convex functions defined on the coordinates. A
novel integral identity for functions of two variables is established, serving as a key tool
in our analysis. Furthermore, we derive new sort of Hermite-Hadamard-type inequality
through generalized fractional operators. In addition, we present some new refinements of
Hermite-Hadamard type inequality via (m,n)-polynomial (p;, p2)-convex functions with
the help of hypergeometric functions. This framework provides a unified approach that
encompasses several existing concepts, including (m, n)-polynomial harmonic convexity,
(m, n)-polynomial convexity, classical harmonic convexity, and classical convexity, all ob-
tained as specific instances of our results. Consequently, the findings presented here not
only extend previously known inequalities but also recover a number of recent contribu-
tions in the literature as particular cases.
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1. Introduction

Convexity and its underlying assumptions have grown into an intriguing area
of applied mathematics during the past century. Many academics have con-
tributed their knowledge and understanding of this subject by offering revised
versions of particular convex function inequalities. It goes without saying that
the unique perspective on the concept of convexity consistently yields fresh con-
cepts and significant, pertinent applications in any field of applied sciences. Many
mathematical luminaries are constantly working to apply and appreciate the novel
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ideas for the enhancement and beautification of convexity theory. The main one
is convex optimization, which makes extensive use of the convexity concept in ap-
plications. Applications of convex function theory are widespread, encompassing
fields such as engineering [1], finance [2], economics [3], and optimization [4].

In the field of mathematical awareness, the research of integral inequalities
in conjunction with convex analysis provides an intriguing and engaging field of
inquiry. The strategies and literature of convexity and inequalities have recently
attracted a lot of attention in both the present and the past due to their broad
perspectives and applications. Of all the inequalities, the Hermite-Hadamard
type is the one that is used the most. In practical mathematics, these convex
function-based inequalities are fundamental and essential. Because of their crucial
role and beneficial significance in many scientific fields, convexity and inequalities
have thus been suggested as an intriguing field for researchers. In the fields of
probability, information technology, stochastic processes, statistics, integral oper-
ator theory, optimization theory, and numerical integration, integral inequalities
are remarkably useful. For the literature see [5, 6, 7, 8].

In many real processes, especially physical and biological ones, memory cannot
be ignored, so classical calculus is not always enough. Researchers use fractional
tools to describe slow diffusion, hereditary materials, and long-range interactions
more accurately. Over recent years, interest in this area has grown because these
models often match experimental data better than traditional ones. In our view,
fractional calculus is becoming a key technique for problems that involve history-
dependent behavior. The subject of fractional calculus has many applications in
control systems, transform theory, nanotechnology, modeling, fluid flow, math-
ematical biology, epidemiology, optimal control and physics. For the literature,
see [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29].

The novelty of this work stems from establishing a broader and more flexi-
ble class of convexity, namely the (m,n)-polynomial (p1, p2)-convex functions on
coordinates, within the setting of fractional calculus. Instead of relying on clas-
sical convex or harmonic convex structures, we introduce a unified perspective
that accommodates a wide range of known convexity types as special cases. A
fresh integral identity is derived for functions of two variables, which then allows
the development of new Hermite-Hadamard inequalities through generalized frac-
tional operators. This approach not only extends several recent contributions in
the literature, but also offers a framework capable of producing many existing
results as natural consequences, highlighting the theoretical value and originality
of our method.

Recent developments in fractional calculus and generalized convexity have
revealed strong links between new integral operators and inequalities. However,
most existing works focus only on classical or limited forms of convexity, which



222 H. Ahmad, M. Nadeem, A. Asghar, R. Efendiev, M. Tarig, O. Ogqilat

restricts the scope of analytical tools available for complex functions, especially
in multivariable settings. This gap motivated our study: to explore a more
versatile structure that can unify several well-known convexity classes and provide
a stronger foundation for establishing fractional inequalities. By broadening the
convexity framework, we aim to create an approach that can accommodate diverse
functions and yield meaningful extensions of known inequality results.

The main aim of this research is to investigate new fractional inequalities
via (m,n)-polynomial (p1,p2)-convexity on coordinates. We seek to establish a
fresh integral identity for functions of two variables and use it to derive Hermite-
Hadamard fractional operators. Through this new setting, we intend to unify and
extend various known convexity concepts and demonstrate that many classical
and recent inequalities appear as direct consequences of our findings.

The organization of this paper is as follows. In Section 2, we revisit several
fundamental concepts and definitions that form the foundation for our subse-
quent analysis. In Section 3, we present new approach of Hermite-Hadamard
inequality via (m,n)-polynomial (p1, p2)-convexity on coordinates. In Section 4,
we investigate some refinements of Hermite-Hadamard type inequality. We pro-
vide a brief conclusion and propose some potential future research directions in
the last Section 5.

2. Preliminaries

For the sake of reader interest, conciseness, utility, and worth, it seems worth-
while to revisit and focus on a few theorems, remarks, and definitions in this sec-
tion. This section’s foremost intent is to examine and explore specific associated
notions and themes that are essential to our inquiry in later sections of this paper.
Convexity and the generalized form of the H-H inequality are first examined and
studied in the framework of classical calculus. We also went over the convex-
ity on coordinates, generalized fractional integral operator (Riemann-Liouville
and Hadamard fractional operator) and Gaussian hypergeometric function. We
conclude this section by (m,n)-polynomial (p1, p2)-convex function.

Definition 1. [30] The inequality
F(tp1 + (1 —t) pa) <tF (p1) + (1 — 1) F (p2) (1)
is said to be convex, if it holds for all g1, p2 € I and t € [0, 1].

The most popular and frequently referenced inequality in the research is the
Hermite-Hadamard inequality. Numerous mathematicians have approached the
study of inequalities from various perspectives.
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Theorem 1. [31] If F : [p1, p2] — R is a convex function, then

2
2 2 — 01 ©1 2

Despite having many types and generalizations, the idea of a convexity has
also been applied to different spaces. Dragomir touches on the problem of trans-
ferring convex functions to multiple dimensions in [32]. Due to its extensive use
in numerous inequalities and applications in various mathematical fields, partic-
ularly convex programming, this modification is highly appealing.

Definition 2. Let us consider a bi-dimensional interval A = [p1, pa] X @3, ©4]
in R? with p1 < 2 and p3 < p4. A function F : A — R will be called convex on
the coordinates if the partial mappings Fy : [p1, p2] = R, Fy(u) = F(u,y), and
Fz o3, 04) = R, Fp(v) = F(x,v) are convex defined for all y € [p3, pa] and
T € [@13 @2]-

Recall that the mapping F : A — R is convex on A if the following inequality
holds:

FAz+ (1 =Nz, py+ (1 — p)w) < AF(z,y) + (1 — N\)F(z,w)
for all (z,y), (z,w) € A and \, p € [0,1].

Theorem 2. Suppose that F : A = [p1, 2] X [p3,p4] — R is convex on the
coordinates on A. Then one has the inequalities

P1+ P2 P3+ P4
f
(25 5)

1 1 o2 1 04
_{ / F<$793+m> o4+ / f<m+pz,y) dy]
2 [p2—p1 Jgp 2 94— 93 Joq 2

1 /@2 /m }_( )d p
z,y)ayaxr
(@2 - @1)(@4 - 93) p1 Jp3
1 [ 1 e2 1 v
<

A

IN

— 4

F(z, p3) dx +
22 — 01 S, ©2 — P1 S,

4 1 4

Flon,y) dy + Flpn,y) dy]
P4 — 03 Jps P4 — 03 Jps

< F(p1,93) + Flp1, p4) + F(p2, 93) + F (92, 04)
< 1 )

F(z, p4) dx

The above inequalities are sharp.
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Definition 3. [33] Let A € R be an interval. Then a real value F : A — R is
said to be harmonically convex on A if the inequality

F £162 uw
tor + (1 —t)p2 su+ (1 —s)w

<tsF(p2,w) +t(1 —s)F(p2,u) + (1 —t)sF(u,w) + (1 —t)(1 — 8)F(p1,u)

holds Y1, p2,u,w € A and t,s € [0, 1].

Katugampola introduced the new fractional integral to generalize the frac-
tional Riemann-Liouville and Hadamard integrals in one single way (see [34, 35,
36, 37]).

Definition 4. Let a,~,p1,p2 > 0. Then the left and right sided generalized
fractional integrals of the function on A are defined by

ICY;’Y +./_'.(Q},y> =

1 183
1 1 —1 -1

a 1@(03?(77) /m /g: (zP1 — tplt;a?;; — sP2)1=7 Flts)dsdt, @ >p1y > ps,
13, o) =

s [ e P s, o <
IZ;@:T]:(:E’Z/) -

B llﬁ i / /Z tP1 — xmtpi :Zp/; 1— sPZ)l—W}—(t’S) dsdt, T <p2,y>ps,

_ /I-ﬁ “py 7/ /ym - _xpfpi ;i;l_ym)l F(t,s)dsdt, =<2,y < pu.

Remark 1. Definition 4 leads to the conclusion that
(1) If p1 = p2 = 1, then we get the Riemann—Liouville fractional integral operators

(Igisos ]:> (x y) r(a)lw /: /y(l’ —t)* Ny — )" F(t, s) ds dt,

17603
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(I;i*ﬁip;f) (xy) - F(a)lw /; /ym(fc — ) (s —y) T F(t, 5) ds dt,

< 0305 ]:)( ) - F(a)lw/j2 /y(t —2)* Ny — )77 F(t, s) ds dt,

3

<IZ;WZ]:) (w y) - r(a)lw /:JZ /ym (t—2)* (s —y)" ' F(t,s)dsdt.

(2) If p1, p2 — 0, then we obtain the Hadamard fractional integral operators

<Igly,p3f)<$ y /pl /m 10% a 1 IOgS)a lf(t ) ds i,
(Ipim f) (x y) p(a)lw /; /ym <10g f)a1<10gz>a1]:(;5) ds dt,
(15,57) o) - s [ [ () () 2

3

(I;;@Z}—) (x’ ?J) / /yp log (10g y)a 1}—(; .8) ds dt.

Now, we also need to introduce the Beta function 8 and Gaussian hypergeo-
metric function o F; defined by

1
Ba) = gl = [ e (> 0)
and
oFy(z,y; 2z3u) = _r /1 V1=V A —ut)Fdt (2 >y > 0,]z] < 1)
R Bly,z—y) Jo ’

respectively, where I'(u) = [~ e *¢“~1dt is the Euler gamma function.

Saad et al. [38], for the first time defined the (m, n)-polynomial (p1, p2)-convex
function on coordinates.
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Definition 5. Let m,n € N, p1,p2 > 0 and A C R be a (p1,p2)- convex interval.
Then the non-negative real valued function F : A — [0,00) x [0,00) is said to be
(m,n)-polynomial (p1,p2)-convex function if the inequality

F(1te} + (- 1) e [suP? + (1 — )wm]f)

! - 1 —
- [1—(1-1t)]— —(1-—
- Y- 3= (1= 8] F (o, )
=1 ]:1
1 m
1—(1-t)']— 11— J
- Z m; S @1’ )
1 & 1 & 1 — 1 —
—i-fZ[l—t —Zl— 1 — 8)F(p2,u) + — Zl—t’—Zl—sJ (g2, w),
= = (g mia
holds.

Remark 2. Definition 5 leads to the following conclusions:
1. If m =n =p; = p2 =1, then Definition 5 reduces to convex function.
2. If m =n =1, then Definition 5 reduces to pi, pa-convex function.

3. If p1 = p2 = —1, then Definition 5 reduces to (m,n)-polynomial harmoni-
cally convex function.

4. If m=n=1 and p1 = ps = —1, then Definition 5 reduces to harmonically
convex function.

5. If m = n = 1, then Definition 5 reduces to (p1,p2)- harmonically convex
function.

Example 1. Assume that F, : (0,00) x (0,00) — R is a family of (m,n)—
polynomial (p1, p2)—convex functions, and F(z,y) = sup Fo(x,y). If

K = {u € [p1,94] C (0,00), v € [p3, p4] C (0,00)}

is nonempty, then K is a bi-dimensional interval and f is an (m,n)—polynomial
(p1, p2)—convex function on K.

Example 2. Let us consider the function

flzy) =2 z,y>0



Some New Approaches of Hermite-Hadamard Type Inequalities 227

with parameters m =n =2 and p1 = py = 1. Take
z=1, y=2, u=1, w=3, t=s5=0.5.
Step 1: Compute the left-hand side (LHS):
LHS = f(jta" + (1 — )" |V, [suP? + (1 — s)wi]1/2)
[tzPt + (1 — t)yP /P =05-14+05-2=1.5
[suP? + (1 — s)wP?]'/P2 =0.5-140.5-3 =2
LHS = f(1.5,2) = (1.5)%- (2)3 = 2.25-8 = 18
Step 2: Compute the right-hand side (RHS) weighted sum:

1 n m

RHS = - Z[l —(1- t)l]% Z[l — (1 — s)’]f(corners)

Step 2a: Compute sums of weights:
1o 1
> -1t = 5(1 —0.5+1—0.25) =0.625
n
i=1

;jﬁ;u —(1-s)]= %(1 —0.5+1-0.25) =0.625
Step 2b: Evaluate function at corners:
f(, =1, f(1,3)=27, f(2,1)=4, f(2,3)=108
Step 2c: Compute weighted contributions:
0.625 - 0.625 - f(1,1) = 0.390625
0.625 - (1 —0.625) - f(1,3) = 6.328125
(1 -0.625)-0.625- f(2,1) = 0.9375
(1 -0.625)-(1—-0.625) - f(2,3) = 15.1875
Step 2d: Sum contributions:
RHS = 0.390625 + 6.328125 + 0.9375 4 15.1875 ~ 22.84375
Step 3: Verify the inequality:
LHS =18 < RHS =~ 22.84

Hence, the (m,n)-polynomial (p1,p2)-convezity inequality is satisfied numer-
1cally.
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3. New Approach of Hermite-Hadamard type inequality
pertaining to generalized convexity mapping

The Hermite-Hadamard inequality is one of the most elegant and influential
results connected with convex functions. It provides a sharp estimate for the
value of a convex function at the midpoint of an interval in comparison with its
average value over that interval. This simple geometric principle has opened the
door to a wide range of analytical techniques and has inspired extensive research
in modern inequality theory. Beyond its theoretical beauty, the inequality plays a
meaningful role in applied settings, including numerical approximation, optimiza-
tion methods, and integral estimation problems. Many generalized versions have
since appeared in the literature, especially in the context of fractional calculus
and generalized convexity, reflecting its importance and flexibility in contempo-
rary mathematical analysis.

Theorem 3. Let m,n € N, p1,ps > 0, and n1,n2 > 0. Suppose that A C (0, 00) x
(0,00) is a (p1,p2)—conver domain, and let 1, P2, Q3,04 € A satisfy p1 < P2
and p3 < p4. Assume that F : A — R is an (m,n)—polynomial (p1,p2)-convez
function and F € L1(A). Then, the following inequality holds:

o) (e )7 ([ ) )

p11p32f( 1 + 1)F(772 +1)
T A(ph — @M )m (el — k)

% pl,pglglvn; f(@%@zl) +p17p21771,772 .7:(@2,@3)"‘

183 1@4

+p1,p2]7)177]; -7:(@1, @4) + P1,P2I771777; ]_‘(p17 93)
4

)

< M | Fp1, p3) + Flp1, 04) + F(p2, 03) + F(p2, 01)
I mn
m+2i me+2j :
Bli+1,m - B0+ 1,2
z; nm(m +1) ]; n2(n2 + 7) ( )

Proof. Let x,y,u,w € Aand t =s= % in Definition 5. Then it follows

([ () < 00 S -0

=1 7j=1




Some New Approaches of Hermite-Hadamard Type Inequalities 229
X [.F(:c,u)—i—]—"(m,w)—i—]—"(y,u)—|—.7-"(y,w)}. (3)

Putting 2! = tp)" +(1—t)ph"', yP* =tph' +(1—1t)pl", uP? = sph>+(1—s)p}?,
wP? = spl® 4+ (1 — s)ph” leads to

AP < 5 0w 0 w)-

[f([tp’fl (L= OB [s6h? + (1= s)h)52 )
+F [tk + (1= 5 sl + (1= 5)p7] )+
+ 7 ([beh + (L= R [sph? + (1= s)ph ] ) +

7 (8 + (1= 0T Lol + (1= )17 ) |.

Multiplying both sides of (4) by Z2¢"~1s%~1 and integrating the obtained
inequality with respect to ¢, s over (0, 1) give

o 2"n ) 2" )# [@’1’%@’2’1}%[@5@@22}&
A\ — 1)+ 1/\2m(m —1) + 1 2 2

1 1 1 1
s”ﬂ / / t”l‘ls’”‘lf([w+<1—t>@€1}”%[8p§2+<1—s>p£2 p?)dtds
0 JO

1 1 i L N
+/0 /0 tnl—ls%—l]:( _tpflol +(1- t)@‘gl_ a _3@;22 +(1- 5)@52_ P2

1 1 - [ S 4L
+/0 /0 tm_lsm_lf(_tpgqu(lt)pfl_pl, _Sp§2+(178)p22_ pz)dtds

1 1 i L L
+/0 /0 t"1—15772—1]:( _t@gl +(1- t)p»fl_ 2 _Sp;ZQ +(1- 5)@52_ P2

<7717l2 P1DP2
T4 | (5 — o) (e — )

P2 (04 Pl gPiym—1 b2 P21 F(x,
) () R ey
o1 ©3 pZ _pl 94 _p3 z ply p2
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4 Plpz
(3" — o) (0l — ©57)
2 Plfxm m—1 /P2 — ne—1  F(x,
<[ / o) () o oy
©1 _K‘)l p4 z ply b2
n P1p2
(@2 @3 ?)
m xpl — m—1 P2 \n2—1  F(x,
// ) () D sy
o1 fpl @4 *@3 €T Ply P2
P1p2
_.I_
(95" — ") (er" — 95°)
o2 Pl m-1,yP2 — b2 \m-1 F(g,
G () ey .
o1 _pl p4 €T ply P2
Now,

o 2" n )( 2t m )5 {@’1’1+@’2’1]é {@5”@22}:72
A\ -1 +1/\amm—1)+ 1 2 T2

p’flpng(m + 1)L(ng + 1)
T4 — P )m (el — o)™

pl,pgjm,nz f(pg, @4) + p17P2I7717772 f(@Q, p3)
07 03 184

+ phpQI?']lvnQ .7:(@1, 94) + p1,p2[771 M2 f(ply 93)]
§o ’WS 284

which completes the proof of first inequality. For the proof of second inequality
of the (m,n)-Polynomial (p;, p2)-convex functions on A, we get

1 1
F(Iteh + 0 =) s + (1 = 9)l] )

n m

< %Z[l -1 —t)i]%Z[l — (1= 5] F(p1, p3)
i—1 j=1
4+ Zl— 1—t) %21—83 (91, 04)
7j=1
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1 1 &
+- 1t *21—83 (92, 04),
1 1
F(Ith + (1= 0517 sl + (1 — 5?7 )

S%Z[l_(l—t %Zl— (1= s)]F(p1, pa)
J=1

=1

1 m
+= Zl— (1—t)? m;l—sj (p1,03)

(1 — )] F(p2, pa)

Ms

1
+— gl—t —

j:l
LS S - )
— —t|— — &
n 4 m 8027@37
i=1 j=1
1
F(ltgh + (1= O sk + (1 — 5) 2] )

grllZ[l—(l—t %Zl— (1= )] F(p2, p3)
j=1

=1
1 m
[1—(1—¢t) [1 — &7)F(p2,
+— Z m; 7| F (92, a)
1 m
+ 1t Ez (1— )1 F (g1, 03)
1 m
_ 17 _ ]
+ Zl tmzl s?]F (1, 9a)
= ]:1
1
F([teh + (L= 0 )51, sk + (1 - s)p§2]1’2)
1< 1 &
<= =@ =)= 1= (1= s)]F (02, 04)
i3 mi4

231
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m

1
1—t]—S [1—(1-s)y]F
+ Eﬁ mJEI (1= s)Y]F(p1, pa)
1 & 1
+= > [1=t]=Y (1= | F (o1, p3).
n— m]:1

By adding the above four inequalities, we have

Fte} + (L= 0GB, 58 + (1 — s)h) 52

\_/

w‘H

1
+F ([t + (1 —=t)@h 71, [sph® + (1 — s)ph°]

‘)
‘)
‘)

o1, 93) + F(91, 04) + F(p2, 03) +]:(@2,p4)}

x[(;i[l—(l—t)ﬂﬁliu—tﬂ)(;iu—a—sw;iu—ﬂ)} (5)

= 1= ]:1 ]:1

@‘H

1
+F([teh" + (1 —=t)eh |7, [sph® + (1 — s)p}’]

@‘H

+F

/_\/_\/_\

1
(bt + (1 — )], [sph? + (1 — s)ph’]

<|F

—~

Multiplying both sides of (5) by Zf2¢"~1s%~! and integrating the obtained
inequality with respect to ¢ and s over (0, 1), we obtain

U pPT(m + D) (n2 + 1)
A(ph — e )ym (2 — 5™

ga,p

P1,D2 Im,nz ‘7_-(@2’ 94) 4 P1,p2 I;??;Z .7:(@27 @3)

+ pl,pzlnhn; ]_—(pl, @4) + p1,p21711_7772_f(pl7 pg)
m + 2

09 5 ©9 824
1772 .
<SS 2 Bl 1,m) | —
4 ; m(m + 1) ( ! )]m;

y [f(pl, p3) + Fl101) + Flp2. 03) + o2, m)] |

N2 + 27
n2(n2 + 7)

- 6(] + 17772)]

4

Remark 3. If in Theorem 3 we let m = n = 1, then the result converts to the
the inequalities (2.1) in [39].

Remark 4. If in Theorem & then we let py = po = 1, m=n=1. Then the result
converts to the the inequalities in [40].



Some New Approaches of Hermite-Hadamard Type Inequalities 233

Remark 5. If py = po = 1 in Theorem 38, then we get the following Hermite-
Hadamard type inequalities for Riemann-Liouville fractional integrals by using
(m,n) polynomial coordinate convex functions:

1( 2"n )( 2™m )]__ 01+ o2 P3+ P4
4\2n(n—1)4+1/\2m(m—-1)+1 2 2

L(m+ 102+ 1)
T A(p2 — p1)M (1 — p3)™

o1 93

[Im’m+f(@2, p1) + I F(p2, 03) + IV Fp1, pa) + I F (g1, @3)]
1 264 09 583 99 184

IN

mne [f(m, ©3) + F (91, 94) + F (92, 93) + F (92, m)]
4 mn

m + 24

o+ 4) - B+ 17771)] Z

Jj=1

ny + 2J
n2(n2 + J)

23

i=1

_B(] + 1a772)] :

Remark 6. If n1 = o = 1, in Theorem 3, then we get the following Hermite-

Hadamard type inequalities for (m,n)-polynomial (p1,p2) convex function on co-
ordinates:

}( 2"n )( 2"m )7 [p’f“r@’z”}zfl [p§2+@ig}p2
A\on(n—1)+1/\2m(m—1)+1 2 ’ 2
P1p2 /@2 /KJ4 p1—1, p2—1
< Pty Fa,y) de dy
B =T =) Jor oo (
[f(@hm) + Fp1, 1) + F (92, p3) +F(m,m)]

IN

4dmn

m

D

J=1

1424
141

1+ 2§
1+

- B(i+1,1) (j+1,1)

=1

) |

Remark 7. If ny = ne = 1, m=n=1, then Theorem 8 reduces to the result for
coordinate convex functions, in [41].

Remark 8. If p1 = po = m = n2 = 1 in Theorem 3, then we get the follow-

ing Hermite-Hadamard type inequalities for (m,n)-polynomial convex function on
coordinates:

1< 2"n )( 2™m )f P1+ P2 P3+ P4
4\27(n —1)+1/\2m(m —1) + 1 2 7 2
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1 /@2 @4}_( )d d
< x,Y)axray

(WQ — @1)(p4 - 93) o1 Jps
f(m,@s)+f(@1,@4)+]'"(@2,p3)+]:(@2,@4)]1zn: 2 1~ 2

4 ni:11+1 mj:1]—|—1

<

Remark 9. If py = pos =n1 =n2 =m =n =1, then Theorem 3 reduces to the
result for coordinate convex functions, in [32].

4. Refinements of Hermite-Hadamard type inequality pertaining
to generalized convexity

The refinements of the Hermite-Hadamard inequality provide a profound en-
hancement in understanding the behavior of convex and generalized convex func-
tions. By introducing additional structural parameters and integrating fractional
and hypergeometric operators, these refinements offer sharper bounds and more
precise estimations of integral means, surpassing the limitations of classical for-
mulations. In this section, first we investigate Lemma 1. On the basis of this
lemma, we present the refinement of Hermite-Hadamard inequaity with the sup-
port of newly introduced concept. Namely, (m,n)-polynomial (p1,ps2) convexity
on the coordinates and hypergeometric functions.

Lemma 1. Let p1,p2,n1,m2 >0, F : A C (0,00) x (0,00) — R be a differentiable
function on A and p1, 02, 3,4 € A° with p1 < p2, 3 < P4 such that g:ai €

Li(A). Then we have

F (1, 03) + Fp1, 94) + F (92, 03) + F (02, 04)

4
7112 P1,P2
P pyL(m + 1)T(n2 + 1) .72 .72
I ) f , P1,p2 I ) _F ,
(5! — oy (o — o) ot om 0a) F L 2 F (o 03)

—A

p1,p2 771,72 p1,p2 7N1,:7M2
+ Ipz-@;f(mm) + IKJZ—,M]:(@L@?,)]
_ (98 — o) (0 — ¢5°)

4p1p2

1 1 M gne
S = .
0 Jo [teh" + (1 —t)ph'| #1[sEh® + (1 —s)ph’] 2

*F ) L i .
ﬂ(ﬁf@f + (1= t)ph'] 71, [sph + (1 — s)pf ]pg) dids
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t771 ST]Q
/ / 1—-L 1— L X
tppl + t)pgl] P1 [Spim + (1 _ S)p§2] P2
0*°F 1 N
a10; 0@1 (0 OGBTlogh + (1 = )BT ) dids

t7715772
/ / 1—-L x
tppl + ( ) ] pr +(1— pz]

[3 5)§y P2
2 L )
gt;([ toh' + (1L —t)py' ], [spy” + (1 — s)p)’] r)dtds

/ / t7715772
T
tppl —1) pl]l [Spiu +(1- 8)p§2]1_p2

O?F o "
9i0s ([ Pht + (1 — )b )71, [sph? 4 (1 — 5)ph?] P2 >dtd8]

where

_py Llp+1)
(piz — ngQ)Th
P2
X [ I F(p1,03) +P2 I F(p1, 1) +72 T2 Fp2, p3) +72 17 F (2, @4)]
4 93 04 o
pi' Tlm+1)

4 (pgl _ ppl
/4
) [llgl’f(pl’m) I F (92, 08) 7 I F (o1, 00) +71 Igif(pz,m)].
2 1 5 ]

Proof. Integrating by parts yields

) / / $M g2
L= 1 1
0 Jo [tk 4 (1 t)ph']' w1 [spl? + (1 — 5)ph?]' 72

2

X gt;; ({tp’fl + (1 —t)ph } [spp2 (1—s mz] pl?)dtds

/1 m [ 1 o2
- -5 / 1—-L
0 [t@lfl + (1 — t)pgl] P1 0 [3@22 + (1 _ S)piz] 3

S ([ a0 ot 0= 002 sl

1
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/1 tm
0 [teh" + (1 —t)ph'] m

{‘ ppfgsm (W([t@ +(1—t)p’§1}’}1,[sp§2+(1—8)pi’2]p12>

P2712 772_13i toPt D1 | P1 D2 . Do | P2
(go” ) / § o1 ([ o1 + (1 —1)py } [Spg + (1 —9)p, } ds »dt

1

0

p 1 m 8]: . pi . -
= ng 5@22 [/0 [P+ (1 — )b ] 875 <[t@ "H(1-t)ph'] 17@3>dt—?72/0 g1
1 tm (9.7: L ]
X{/O bkt + (1 — )b o O Gp e ] st (1)l )dt}d]

_ P1p2
(" — b ) (95 — @l

1
bip2m - 1
(ol = (R — ) /0 e (e + (1= O )it

P1p272 ! m-1p ) . L J
T ) o (b + (1 =)y ) s

)J:(@Lm)

p1p2m1n2

+
(91! — 05" ) (957 — 94°)
1 1 1 1
x/ / s F ([t + (1= 0051 [se8? + (L~ )] )i
0 0

By change of variables, we get

p1p2
ST = = )
P1P2M p1 /@1 5" —$p1>"1_1f($7@3)dx
= oh ) (05— oh7) o — b Sy @bt — o a1l
n p1p2m)2 D2 /p3 (@T —yP? )Tiz—l F(p1,v) dy
(O — b ) (08 — 7)) 957 — o Jo, \@h° — o8 yp2—1
p1p2m172 p1p2

T B — ) (R~ B — o)

P13 PL_ eP1\m—1 2 _yp2\m2—1 F
X / / (@gl xm ) ( pgz ypz ) 2 —(11:’ y)—l dzdy
©2 ©4 pQ - pl p4 - 93 P yp2
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(05— (P52 —e5?)
4p1p2

Multiplying by , we get

~ Flp1,93) p1 F(771+1) - py T +1)
BN O i A a7

pl'pd  T(m+ 1)L +1)

”21"2 S F (91, 94)

p1p217717772 )
MR T S el
Let
) (pgl — ppl pp2 / / tm g2
] =— 1— L
4p1p2 [teh" + (1 — )] 7 st + (1 — s)h?] ' o2

gg([’f@“ (1=1) pl}pllv[S@§2+(1—S)p£2]1}2>dtds

Integration by parts and change of variables yield

Flp1,04)  pI" T(m+1) py T(ne+1)

P21 F(p1, 93)
3

_Z\PL o) BT pm
T e O T M S N T
71 ,.M2
P1 Py I‘(771 + 1)F(772 + 1) P1p2 Th N2
+ I F(p2, 03).
4 (o — el )m (el — ) el
Similarly,
e (pjzn _ p;lln / / $111 N2
frd 1 -
4p1p2 [toh! + (1 — ) 0] 71 [sph? + (1 — s)pP2] 72

2

8 gta}; <[t@ - 0gp] . [S@?Q +(1- )] 2 ) dtds

F(p1,94) p1 L(m + 1) » s F(ﬂ? +1)
— ) m 2 pzﬂm
4 pp1 @ ‘F(@lv 93) p]32 p;]:<§727 {04)
71,.712
' Py F(m + 1)T(772 +1) e
+ "™ F(p1, pa).
4 (95 — o )m(ph? — o) eles
Finally,
] — (bt — ") / / tmsm’
- 1
4p1p2 (b5 + (1 — ) 8] o s + (1 — s)ghe]' P

1

3:; (P’me +(1—t)py" } [SM +(1 - 5)@?] é)dtds
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Flp1,04) P F(m +1) 4 py. Dl +1)
— b m 2 p2 "2
4 4 pp1 KJ ‘F(ph @4) 4 (pig — pgz) p3 F(@g, @3)
1, 12
pl p2 F(nl + 1)F(772 + 1) p1p2 711,72
+ I F (o,
4 (5" — i) — b7 ol 0f (02, 03)

By summing i, j, k, [, we obtain the left-hand side of. Lemma 1.

Remark 10. If p; = po =1, then

Fp1,03) + F(p1, p4) + F (02, p3) + F(p2,04) At L(m +1)I(n2 +1)
4 Ap2 = 91)M (4 — p3)™

177177)2 I771J]2 Imﬂh 17717772
X [wp;f(pz,mwr Mmf(pz,mH mf’@f(@l,m)Jr 92@4?(@1,@3)]

_ (p2— @1)(@4 — ©3) "

i g"2 82}‘

to1 + (1 — t)pa, 593 + (1 — s)pa ) dtds

[/ / [to1 + (1 —t)pa2][sps + (1 — s)p4] 87585( 1+ )92, 893 + ( )@4>

M gn2 92 F

B t 1—t 1— dtd

/ / [tp1 + (1 = t)pa][spa + (1 — 5) 3] 8tas< o1+ (1= 1)p2, 594 + ( 8)@3) s
t"713772 82.7

t 1—t 1— dtd

/ / [tp2 + (1 — t)p1][sps + (1 — s)pa] OtOs < P2+ (1= 1)p1, 593 + ( 8)@4) s

i g2 o°F
+ too + (1 — )1, spa + (1 — dtds |,
[ L o aitipr oo (2 + 0= 9650+ 0 -s)e) ]

Where

(2 +1)
A=A B o 00) + I Fey, pa) + I Flpa, 03) + I Fpa,
or — o7 | Lo (91, 03) + L3 F (01, 04) + L2 F (92, 03) + L3 F (92, 04)
I'(m +1)
BTN F oy, og) + I Fpa, p8) + I Flpr, oa) + I Flpa, 1) |
os —on™ | s (o1, 08) + I54 F (92, 03) + 102 F (o1, 04) + 154 F (02, 04)

Remark 11. Ifny =ny =1, then

F(p1,903) + F(p1, p4) +f(pz,m) +F(p200)

F(z,y)
dxd
+(p1_p1 @4 _@3 //xl “hiylope Y
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_ (95 — o) (9" — 95

a 42?1]92

T X

t

3t35 ([ ef + (1 —t)pd! ] (8957 4+ (1 — 8)ph’] pi>dtds

_/O/O[t@p”r(l—t@p} Tpr 1—sp3]léx

02 F L N
9103 ([t@]fl (1= BB or, [sgh? + (1 — s)pl2]73 )dtds

b ts
_/ / p1 pril— 1  po ol L
070 [tps' +(1—t)p)'] = [Spg + (1 — Iz

3)@4
02 F L
9103 ([tpgl + (1= t)p']7r, [sp5 + (1 — )] >dtds

1,1 b
* 1—L 1L X
0 Jo [tpgl + (1 — t)gﬁl} P1 [5922 + (1 _ 8)p§2] 3
0*F s N
Dtds (“pgl + (L= t)p' )71, [sph? + (1 — s)ph?] 72 )dtd5] :
where
92 ©2
A:*% / de+/ Mdm
2005 — 1) | Jp @M o xtTP

P4 , o1 T :
*% / (f‘)lpy)dy+/ (f%y)dy .
2([{94 — 3 ) o3 Y 2 o3 y

Remark 12. If p1 =po =m =1y =1, then
F(p1, 93) + F(p1, 04) + F (92, 3) + F (92, p4)
4
1

* " F(a,y) dady
(92_@1)(@4—@3 /p s (@)

(92 - @1)(@4 — ©3) 2F - )
ts(?t@s (tm + (1= t)p2, sp3 + (1 8)@4) dtds

A

—A

tp]- + (]' - t)@27 S04 + (1 — S)p3> dtds
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e

- /0 /0 527 (152 + (1= ). 394 + (1 = 9)00) dtds],

where

tm + (1 —t)p1,sp4 + (1 — s)m) dtds

a=-L 1 /p [Pl o) + Fla. o)) d
=—— T, T, x
2 02— o1 J,, £3 4

1
+
©4 — 03

4
/ [f(m,y)Jrf(m?y)]dy]'
©3

Theorem 4. Let m,n € N, p1,p2 > 0, n1,m2 > 0, A° C (0,00) x (0,00) — R be
a differentiable function on A°, o1, p2, 03,04 € A° with p1 < E2, P3 < P4 such

that gtg; € Li(A) and ‘% be a (m,n)-polynomial (p1,p2)-convex function on
A°. Then we have

Flp1,93) + Flor, 1) + Fp2,03) + Flp2.04)
4

P1,P2

121777; .7:(@2,@4) _|_p1,p2 [771777; F(@Q,@S)

pllpZQF( m+ 1) (e + 1)
A(ph" — M )m (ph? — i)

2 )

+p1,p2 I771,772 ]'"(m, p4) _|_p1,p2 I771_ﬂ72_.;-(pl7 93)] ‘
p 92 ,@4

< (98 — o) (e — 5°)
- 4p1p2

1—1
.
X [(%(m,m,m,m;pum)) (‘(‘%8 (p1,03) 1/}2(@1,@2,@3,@4;191;292)

0*F a O*F o
+ 8ta (91794) w?)(pla927@37@4ap1ap2)+‘%(927@3) ¢4(@17@2)@37@4ap17p2)
1-1 1-1
PF a o
1595 - (92, p4) ws)(pl,m,pg,m;pl;pz)) - <¢6(@1,p2,m,m;p1,pz)>

o
Ys(91, 92, 93, 043013 P2)

7 (1,00 2+ O (or, )
ItOs 1, 4 7(#1, £2, 23, 4, P15 P2 9tds 1, 93
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O*F o
+‘%(p2’ 94)‘ 1/}9(@1, £25 693, @47p1>p2)

Q=

27 (2, 0000l i)
OtOs £2, 3 100815 £2, £3, £4; P15 P2

1—1
o (|9°F
— | ¥11(p1, 92, 93, 94; P1; D2) ‘8758 (p2, p3) 1#12(@1,@2,@37@4;1)1;132)

02 F
‘ 11114(@1,@2,@3,@4,}?1,292)

otos

(@2,@4)‘ V13(p1, 92, 93, 945 D13 P2 +‘8t8 (91, 93)

@

PF a
+’%(m,m) V15(91, 92, 93, 943 P1; D2)

1—1
+ (1#16(@1, 02, 3, @4;1?1;]02))

P F
(‘81&8 (92, 04) 1/117(@1,@2,@37@4;171;1?2)

(e}
’8t8 (92, 03)| V18(p1, 92, 93, P45 P13 D2)

(e}
Y19(p1, P2, 93, P43 P13 D2)

f
+’%(p17 ©4)

O*F a >
+‘%(@1:@3) Ya0(01, 92, 93, 45 P15 P2) : (6)
where

V1(91, 92, 93, 9043 P1;D2)

1 tm 1 gN2
:/ 1 P1 dt/ D2 a7 ds
o [tV + (1=t Jo [s¢h® + (1 —s)ph’]

@;_pl 1 £1
_ m+12F1<1 o L 21 p§1>
1-p2
4 1 3
X 7]2+12F1<1 ,772+1 Ny +2;1— pr)]

4
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Yo (91, 92, 93, P43 P15 P2)
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1n |y ™ 1 o
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1101
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= dt/ ds
o [tel"+ A —t)pb']  Jo [seh” + )
_ " F(1— L 421 —
= 771+121 ,771+ i+
1—p2

n2+1

2Fi (1= L+ L+ 21— )]
3
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Inequalities (7)—(14) give the desired inequality (6).
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5. Conclusions

Fractional calculus has a bigger impact and yields more accurate results when
looking at computer models. The fields of applied mathematics, mathematical
biology, engineering, simulation, and inequality theory all make extensive use of
fractional calculus. Fractional calculus has attracted the attention of numerous
researchers from a variety of scientific fields. In this work, we have introduced
the new definition-(m, n)-polynomial (p1,ps)-convexity on coordinates. On the
basis of this newly introduced concept, we were able to formulate new Hermite-
Hadamard-type inequalities via generalized fractional operators. Further, we
derived the refinements of Hermite-Hadamard type inequalities on the basis of
newly introduced lemma. The novel idea proposed in this paper can be applied
to a wide range of inequalities that use the fractional Hermite-Hadamard. Some
novel concepts, like interval-valued R-L convexities, center-radius order convex-
ities, and fuzzy interval convexities, can be used to make additional extensions.
Researchers who are enthusiastic and motivated are able to employ quantum cal-
culus and interval-valued functions to see how this inequality behaves. It will
be fascinating to observe how different new convex function types are used to
investigate fractional versions of inequalities.
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