Azerbaijan Journal of Mathematics

V. 16, No 1, 2026, January

ISSN  2218-6816
https://doi.org/10.59849/2218-6816.2026.1.267

Riesz Potential and Its Commutators on Mixed
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Abstract. In this paper, we investigate necessary and sufficient conditions for the
boundedness of the Riesz potential operator I, and its commutator on mixed Morrey
spaces Ly x(R™). We characterize the Spanne-type and Adams-type boundedness of I,
on Lz (R™), respectively. Furthermore, we establish necessary and sufficient conditions
for the boundedness of the commutator [b, I,] on Lz y(R™) when b € BMO(R™). As ap-
plications, we obtain estimates for the Marcinkiewicz operator and for fractional powers
of certain analytic semigroups on mixed Morrey spaces.
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1. Introduction

The theory of mixed-norm function spaces has undergone substantial develop-
ment over the past few decades. Nevertheless, the standard literature still regards
mixed Lebesgue spaces Lz(R™), 0 < p < oo, as a natural generalization of the
classical Lebesgue spaces L,(R"), 0 < p < oo, first introduced by Benedek and
Panzone [7] in 1961. Owing to their finer structural properties compared with
their classical counterparts, mixed-norm function spaces admit a richer analytical
framework and consequently find broader applications in areas such as potential
analysis, harmonic analysis, and partial differential equations.

Morrey spaces, denoted by L, x(R™) and named after Charles Morrey [21],
generalize Lebesgue spaces by including a parameter \ that takes into account
the local behavior of functions in a given domain, while Lebesgue spaces typically
consider global properties of a function. By adding this new parameter, Morrey
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spaces provide a more detailed analysis of functions, which is especially useful
in the study of partial differential equations (PDEs). Since then, many works
have been devoted to various Morrey spaces. In 2019, Nogayama [22] generalized
Morrey spaces and mixed Lebesgue spaces to introduce a new Morrey-type space
called the mixed Morrey space, see also [23].

In this paper, we consider the mixed Morrey spaces Lz (R™). These spaces
generalize the mixed Lebesgue spaces so that L;(R™) = Lz(R"™) and the Morrey
spaces so that Lz \(R") = L, A(R"), p'= (p,...,p). We characterize the Spanne
and Adams type boundedness of I, on Lz,(R"), respectively. We also give
necessary and sufficient conditions for the boundedness of the commutator of
the Riesz potential operator [b, I,] on Ly (R™) when b belongs to the spaces
BMO(R™). As applications, we obtain some estimates for the Marcinkiewicz
operator and fractional powers of some analytic semigroups on the mixed Morrey
spaces, see [1, 5, 6, 10, 15, 16, 17, 18, 19, 20, 24, 25, 28|.

The Hardy-Littlewood-Sobolev (HLS) inequality, which bounds the Riesz po-
tential operator in Lebesgue spaces, has been extended to mixed Morrey spaces.
These inequalities specify conditions under which the Riesz potential maps func-
tions from a mixed Morrey space to another mixed Morrey space with potentially
different parameters. In particular, the HLS inequality in mixed Morrey spaces
investigates how applying the Riesz potential affects the integrability and decay
of a function, as measured by the norms of the mixed Morrey space.

For z € R™ and ¢t > 0, let B(z,t) denote the open ball centered at z of radius
r and BB(a:,t) =R"\ B(z,t).

One of the most important variants of the Hardy-Littlewood maximal function
is the so-called fractional maximal function defined by the formula

Maf(z) = sup | B(a, )]~/ / F@)ldy, 0<a<n,
t>0 B(z,t)

where |B(z,t)| = v,t™ is the Lebesgue measure of the ball B(x,t) and v, is the
volume of the unit ball in R”. It coincides with the Hardy-Littlewood maximal
function M f = My f and is intimately related to the Riesz potential

Ioéf(gc):/]R &dy, 0<a<n

n |z —y|rm

(see, for example, [3] and [4]). The operators M, and I, play important role in
real and harmonic analysis (see, for example [12] and [30]).

The aim of this paper is to establish necessary and sufficient conditions for
the boundedness of the Riesz potential operator I, and its commutator [b, I,] on
Lz A\(R™), when b belongs to the spaces BMO(R™).
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The structure of the paper is as follows. Section 1 presents definitions, auxil-
iary results, and some embeddings into the mixed Morrey space Lz »(R™). Section
2 characterizes the boundedness of the Spanne and Adams types for the Riesz
potential operator I, on the spaces Lz y(R"™), respectively. Section 3 provides
necessary and sufficient conditions for the boundedness of the commutator of the
Riesz potential operator [b, I,] on the spaces Lz x(R™). Section 4 provides suffi-
cient conditions for the boundedness of the modified Riesz potential operator fa
on the spaces L \(R™). In Section 5, as an application, estimates are obtained for
the Marcinkiewicz operator and fractional powers of some analytic semigroups in
mixed Morrey spaces.

By A < B we mean that A < C'B with some positive constant C' independent
of appropriate quantities. If A < B and B < A, we write A ~ B and say that A
and B are equivalent.

2. Definition and basic properties of mixed Morrey spaces

For any r > 0 and = € R", let B(z,r) = {y : |y — x| < r} be the ball
centered at x with radius r. Let B = {B(z,r) : = € R", r > 0} be the set of all
such balls. We also use xg and |E| to denote the characteristic function and the
Lebesgue measure of a measurable set E.

The letter p" denotes n-tuples of the numbers in [0, oo], (n > 1), p =

<

(p1, -+, pn). By definition, the inequality, for example, 0 < p' < oo means
I 11
0<pi<ooforalli. Forl <p< oo,wedenoteﬁz— —, 0" =(p1, -+ . ph)
n < p;
. 1 1 1 1
, where p), P’ satisfies . + o =1, - + o= 1.

(3
We first recall the deﬁniti(l)n of mixed Lebesgue space defined in [7].
Let p = (p1,.--,pn) € (0,00]". Then the mixed Lebesgue norm || - || or

,,,,,

Iy = W Ly
P P3 a1
= (/(/ (/ \f(@1, z2, ..., xn)\pldm)“d@)” .--dxn>p",
R R “JR
where f : R" — R is a measurable function. If p; = oo for some j = 1,...,n,

then we have to make appropriate modifications. We define the mixed Lebesgue
space Lz(R™) = Ly, . p,)(R™) to be the set of all f € Lo(R™) with [|f|L, < oo,
where Lo(R"™) denotes the set of measureable functions on R”.

The following analogue of the Hélder’s inequality for Ly is well known (see,
for example, [34]).
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Theorem 1. Let Q C R™ be a measurable set, 1 < p< oo and £+ & = 1. Then
for any f € Lz(Q2) and g € Ly (R2), the following inequality is valid

S

[ 1 @a@ldz < 170l o

By elementary calculations we have the following property.

Lemma 1. Let 0 < g < oo and B be a balls in R™. Then

1
IxXellzy = Ixsllwey = |BI7.
By Theorem 1 and Lemma 1 we get the following estimate.

Lemma 2. For 1 < p'< oo and for the balls B = B(z,r) the following inequality
1s valid:

/B F@)ldy < 1B | llLys)-

The following lemma shows the Lebesgue differential theorem in mixed-norm
Lebesgue spaces as follows.

Lemma 3. [3/, Lemma 2.4] Let f € L'**(R™) and 0 < p' < oo, then
lim IIXB@,T)HZ; 1Ly = f(@)] ae zeR™

Definition 1. Let 0 < p'< 0o, A € R. We denote by L \(R"™) the mized Morrey
space [22] the set of all classes of locally integrable functions f with the finite
norm

A
flle;, = sup 7P| flr, .
[hal. o 1L s(B .t

Also we define the weak mized Morrey space WLz \(R™) [22] as the set of all
locally integrable functions f with finite norm

DY
fllwesy, = sup 7 [|fllwry B

zeR™,t>0

Note that
Lyo(R™) = L(R") = Lp(R"™), WLzo(R") = W Lz(R"),
I fllwrzy < fllL,, and therefore Ljx(R™) C WLz (R™)

and if A < 0 or A > n, then Lz(R") = WLz \(R") = O, where © = O(R") is
the set of all functions equivalent to 0 on R™.
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Lemma 4. If0 < p < oo, 0 < A < A <mn, then
Lﬁ)\l (Rn) Cw Lﬁv>\2 (Rn)

and
1 llzsn, < WfllLgs, -

Proof. Let f € Ly, 0 <p<o00,0< Ay <Ay <n. Then

Y
1Nz, :xeﬂggp . TP fll By < sup

A
t P B < o
, > Z€R™, £50 HfHLp(B(:U,t)) = HfHLp,/\l

<

Lemma 5. If0 < p < oo, 0 <A <n, then
Lsn(R") = Loo(R™)

and .
1Ly, = v 1fll Lo

Proof. Let f € Loo(R™). Then for all x € R” and ¢ > 0

t P 1 lLpB@) < v [fllie-

Therefore f € Ly, (R") and

n
1 ll2g, < o | FllEe-

Let f € Lz,(R™). By the Lebesgue’s differentiation theorem we have (see
Lemma 3)

. _1 n
hm [B(z, )77 [ fllepB@y = [f(@)] for ae zeR™
Then for a.e. z € R"

. _1
|/ ()] =l [B(2, )7 [ fllz 8.0

_n -z
<wvn”  sup P | fllLy By Son 1L,
z€R™, 0<t<1

Therefore f € Loo(R™) and

_n
[ lzoe < o0 ™ 1 F Nl
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Lemma 6. If0<A<n,0<a<n-—\ then for 1 << oo and P = =2

a
Lﬁ,)\ (Rn) Ce Ll,n,a(Rn)

and for f € Ly \(R™) the following inequality

n_
1AlLr e < va" 1 f Mz

1s valid.

Proof. Let 0 < a <mn, 0 <A <n, fe Lzy(R") and P = %)‘ By the
Holder’s inequality (see Theorem 1) we have

— a—n a—n
[ £y o = xeﬂi}}%ot £l (B < xeﬂS{ggwt I LBt 1L (Bt

B _n=A A
<wop osup TP TP || fllLyBa)
z€R™ t>0
P a—nz2 P
<o | fllLys sug) 7 =od | fllpga-
t>

Therefore f € Ly 5—o(R™) and

n
||f”L1,n_a < U?f/ ||f||Lﬁ,)\'

Theorem 2. [32,Corollary 5.1] Let 1 < p< < oo, p#q,0< A< n. If
f € Lza(R"), then M f € Ly \(R") and

IMFllLzn < CoallfllLsa

where Cy » depends only on p, X and n.

Theorem 3. [32, Corollary 5.6] Let 1 < p< o0, 0 <A <n andbe BMO(R").
If f € LyA(R"), then Myf € Ly \(R") and

1Mo fllLz0 < Conllbll £l

where Cp 5 depends only on p, X and n.
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3. Hardy-Littlewood-Sobolev inequality in mixed Morrey spaces

The classical Hardy-Littlewood-Sobolev theorem states that if 1 < p < ¢ <
00, then I, is bounded from L,(R") to Lg(R") if and only if a = 7 — ¢ and
for p =1 < ¢ < o0, I, is bounded from L;(R") to WL,(R") if and only if
a=n— %. [2, 7] proved the boundedness of I, in mixed-norm Lebesgue spaces.
In 2020, Zhang and Zhou [34] gave necessary and sufficient conditions for I, to be
bounded in mixed Lebesgue spaces. Their result is stated that if 1 < p'< ¢'< oo,
P # ¢, then I, is bounded from Lz(R") to Lg(R") if and only if £ — 5 =2

The following local estimate is valid (see also [13]).

Lemma 7. [32, Lemma 3.2/, [13, Theorem 5.1] Let0 < o <n, 1 <p < §< oo,
p# q, and % — é = 2. Then the following inequality

dt
t

—~
—_
~—

||Iaf’Lq(B(x,r))§rQ/ t QN fllL By

2r
holds for all B(x,r) and for all f € L;?C(]R”).

Below is a Spanne type result for the Riesz potential in mixed Morrey spaces
(see, for example, [13]).

Theorem 4. (Spanne type result) Let 1 < p < ¢ < oo, P
0<a< iz, %_5:%. If f € Lya(R™), then Iof € Ly e (R™

Haflle, sp < Coxllflles s (2)

23
where Cp 5 depends only on p,\ and n.

Proof. Let 1 < p'< oo. From the inequality (1) (see Lemma 7) we get

_A
[Laflle_ sp = sup 77 P [[LIafllL (Br)
g z€R™, r>0

< s [Tty &

~ sup T Ls(B(z,t)) 5

z€R™ r>0 2r p( (1)) t
n—>A dt

—_a4-n=A & a—n=A
5 Hf”Lﬁ,,\ supr TP / 13 P T
r>0 r

~ ”fHLﬁ,)\a
which implies that the operator I f is bounded from Ly \(R") to L Ap (R™). <

Below is a Adams type result for the Riesz potential in mixed Morrey spaces,
see, for example, [13, 14].



274 V.S. Guliyev

Theorem 5. (Adams type result) Letl < p< <00, p#q 0< a< %
and § = Qp Then condition - 5= % = 25 is necessary and sufficient for the
boundedness of the operator 1, from Lz \(R™) to Lg\(R"™).

Proof. Sufficiency. Letl<ﬁ§(j<oo,ﬁ7écf,0<a<"—1;’\, L
€ Lz (R™) and r arbitrary positive number.
2

Lifie) = [ SO [ ([ e sy

z—y|

/n/ X (iamytoey B T f ()| dtdy
a—n—1 o a—n ﬂ
—/0 (/R X (1o—yl00) (D) | f (Y )Idy)t dt = /0 Tl

" a—n dt > a—n dt
= [ laen T+ [ I e

<r Mf(x) + 1P 1L s(B )
n—X\
SrCMf(x) 417 P || fllng -

Minimizing with respect to r, at

[Fllz0\ 75

we have

Lalfl(2) < (M (@) "5 117 (3)

where we have used that the supremum is achieved when the minimum parts are
balanced. From Theorem 2, the inequality (3) and the condition ¢ = % P, we get

Hafllzgs S Hf”L . @ ()@ Iz HfHL fIIMfIIE

5 A
1-2 P
A IMAE S 1l

Necessity. Let 1 < p < §< 00, P # q, %—% = 25, f € Ly A(R") and assume
that I, is bounded from L \(R™) to Lz \(R™).
Define fi(z) =: f(tz), [t]1,+ = max{1,t}. Then

n
P sup 7 P HfHL B(z,tr))

A
Tl = sup 7P| fellLy B =1t
H HLW z€R™,r>0 1Fellzpe) z€R™, >0
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n—2>\

—n=a P _n=X
=t 7  sup (tr) P [[flr;Baw)y =t 7 Ifllss
z€R™ r>0

and
Io fe(x) =t Lo f(tz),

A
If‘ =t sup 71 Q| IL.f(t)|rLB
H alt Lg x zERM >0 H “ ( )H 7(Ber)
—a—n=2A _2 —a—nzA
—¢ @ sup  (tr) Q| LafllL Bies) =1 @ [T fll Ly s-

zER™, >0

By the boundedness of I, from Lj\(R"™) to Lz \(R™) we have
B et} 4= 4R=A_n=X
Mafllgy =72 [afillp,, S | fellp,, =7 77 ISl

If % < %—F 2, then by letting ¢ — 0 we have ||Ioéf||L[IA = 0 for all f €
Lz \(R™).
As well as if 5 > £ + -2 then at t — oo we obtain ||I,f||, .. = 0 for all
P Q n—A>\ Lg
f € Ly x(R").
Therefore % —

o
a4

Ql=

Remark 1. Note that, in the case of P = (p,...,p) Theorems 4 and 5 were given
in [27] and [3], respectively.
4. Commutator of the Riesz potential in mixed Morrey spaces

In this section we find necessary and sufficient conditions for the boundedness
of the commutator of Riesz potential [b, I] in the Ly ,(R") spaces.

Definition 2. We define the space BMO(R™) as the set of all locally integrable
functions f with finite norm

Ifl-= sw [Bla,o)" / FW) — Faaldy < oo,
x€R™,t>0 B(z,t)

where fB(x,t) = |B($, t)|_1 fB(:v,t) f(y)dy

The following local estimate is valid (see also [14]).
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Lemma 8. [32, Lemma 4.3/, [14, Lemma 7.4] Let 0 < a<n, 1 < p< < oo,
P#q - é =2 and b € BMO(R"™). Then the inequality

n

dt

n o0 t, _n
16 L] fll 2B S HbH*TQ/ log (€+;)t @ HfHLﬁ(B(x,t))7

2r

(4)

holds for all B(z,r) and for all f € L;?C(]R”).

The following is Spanne type result for commutator of Riesz potential in
mixed Morrey spaces.

Theorem 6. (Spanne’s type result) Let 0 < a < n, 1 < p < ¢ < oo, P # ¢,

O<a<2z2 L - 6=2,0<A<nandbec BMOR"). If f € LzA(R"), then
b, 1,)f € L(Z%(R”) and

10, L) fllz 2 < Con Il 1Nz 505 (5)

"
where Cp 5 depends only on p,\ and n.

Proof. Let 1 < p< ¢ < 0o, p# ¢. From the inequality (4) we get

_2A
116 La] fllz sp = sup 7P b, Lol fllLy(B(am)
Q0 z€ER™ r>0
_Ayn [ ty _n dt
< ||o|lx sup 1"P+Q/ log(e+ )t Q@ ||fllo«n —
ol sw [ g (e ) £ 1y
n— ° t n—x dt
<l supr=e 7 / log (e + —) "% =
P2 >0 r r t

o _n=x dt
g [ toste+ 17

which implies that the operator [b, Io] is bounded from Lz \(R") to L (R").
Q
<

The following theorem is one of our main s, in which we obtain conditions
that guarantee the boundedness of the commutator of Riesz potential [b, ]| from
the space Lz \(R") to Lz (R") for b € BMO(R™).

Theorem 7. Letl<ﬁ§cj’<oo,ﬁ7é(j’,0§/\<n,0<a<”;P)‘,(j’:%ﬁand
b€ BMO(R"™). Then the condition %—é = 25 is sufficient for the boundedness
of the operator [b,1,] from Lz x(R™) to Lg(R").
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Proof. Let0<a<n 0< A<, 1<P<—andb€BMO(R”) Let also

n—

1
QT
= f1 + fo with f1 = fx, and fo :fXg

brlh@l < [ ﬁu( ) dy 1 My ).

y‘n o
For z € B we have

tn] < [, SO0 )

28 |7 —
~ |b(z) — b(y)|
~ Joy Teg e VWl

Analogously to [14, Section 7.1], for all p'e (1, oo) and z € B we get

o0 dt
b, Lol fo(@)| < 1] / tog (e + ) 9% | Flypeny

r

Then from inequalities (6) and (7) we get

o0

t\ ,a-n
b ) @)| S 1 M @) + bl [ log e+ 1) 7 | llyioiman

2r

) o) t a—i)‘ dt
<7 Mpf(x) + ([0« | fll 2y / log (€+T‘)t t

« a—n=2A e af— A dt
< 0 Maf @)+ [0l |l 7 [ togte e

n—

_n=A
~r My f (@) + bl ([ fllzzn ™7

Minimizing with respect to r, at
B ( ||f||Lﬁ,)\ ) 5
My f(x)

b, Lol f(2)] < (Maf(a)' "7 ||f||LM,

we have

—2 and f € Ly \(R"). For arbitrary zg € R", set B = B(xq,7). Write

(6)

dt

(9)

where we have used that the supremum is achieved when the minimum parts are
balanced. From Theorem 3, the inequality (9) and the condition ¢ = % P, we get

116 o] fllLgn S HfHL @ |(Maf) 2z, HfHL @ IIbeIILa5

1—-£ L
= 71, IMAIE S 1 ey
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5. Modified Riesz potential in mixed Morrey spaces

We consider the modified Riesz potential
fafx=/ z—yl* " = Y1 Xeg 0 (V) ) FW)dy-
@)= [ (=l = Il X0, W) S)

Note that in the limiting case P = ”T_/\ the statement of Theorem 5 is not
true. Moreover, there exists f € Lz x(R") such that I, f(x) = oo for all z € R™.
In [15, Theorem 3.2] we showed that if P = %)‘, then the operator M, is
bounded from Lz x(R") to Lo(R™). However, as will be shown, statement of
Theorem 5 is valid for the modified Riesz potential I, if the space Log(R") is
replaced by the wider space BMO(R"™).

The following theorem is one of our main results, in which we obtain conditions
that guarantee that the modified Riesz potential operator fa is bounded from the
space Lz (R™) to BMO(R"™).

Theorem 8. Let0<a<n,1<ﬁ<oo,0§,u§)\<nandP:"T_)‘,then

the operator I, is bounded from Lz \(R™) to BMO(R™). Moreover, if the integral
I f exists almost everywhere for f € Ly \(R"), P = ”T_A, then I,f € BMO(R™)
and the following inequality is valid

Hafll« < Cllfllzsas
where C > 0 is independent of f.

Proof. For given x € R", y € B(x,t) and t > 0 we denote

HW) = FWxBEa (W), f29) = fy) — f(y), (10)
where X p(z,2¢) is the characteristic function of the set B (x,2t). Then
Inf(y) = Infi(y) + Lnfo(y) = Fi(y) + Fa(y), (11)

where

A= [l e ) S

F — ( _ L|a—m _ |a—n ) )
0 /CB(M) [y 2" e 2 () T2
Note that the function f; has compact (bounded) support and thus

a; = —/ |z — 2|*7" f(2)dz
B(z,2t)\B(z,min{1,2t})
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is finite.
Note also that

Fi(y) — a1 = / ly — 2% f(2)dz
B(z,2t)

- / & — 2 f(2)d

B(z,2t)\B(z,min{1,2t})

+f & — 2" f (2)ds
B(z,2t)\ B(z,min{1,2t})

= [ == A = LA

Therefore
Fiy) — a1l = Ifi ()] < / 22 fy — )|
B(0,3t)
Then
B(a, )" / Fily) — ai|dy
B(z,t)
<Ban [ ([ 2)lde)dy
B(z,t) \JB(0,3t)
—Ba O [ ([ s 2l
B(0,3t) \JB(z,t)
< / 2z~ |l
B(0,3t)
Denote

as = / |z — 2|*7" f(2)dz.
B(z,max{1,2t})\B(x,2t)
If 2|z — y| < |z — 2|, then

ly = 217" = |z = 2[*7"| < Cla — yllz — [>T

By the Holder’s inequality we have

o) | Sl [, @

(2,20+2)\ B(z,20+1t)

= |z -yl [f(2)] e — 2> dz
> ),

279

(12)
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Slo—yl S @+l / ()] d

= B(z,29+2¢)
o - -
Sl =yl fllzy,m. D @O @R
j=0
o0
~ -1 —j
Sz =yt Ly, Y27
j=0
~ |'CC - y| til ”fHLl,n—a = ||f||L1,n—a' (13)

Therefore, from (12) and (13) we have

sup I°f(y) = ag|dy S 112 (14)

vt | B, )] /B

Finally for P = % and f € Ly \(R") from (14) and Lemma 6 we get

1
§2sup/
* x,t ’B(.%',t)| B(z,t)

The Theorem 8 is proved. «

s

T (y) = ag| dy < CIfllz

6. Some applications

In this section, we shall apply Theorems 4, 5, 6 and 7 to several particular
operators such as the Marcinkiewicz operator and fractional powers of the some
analytic semigroups.

6.1. Marcinkiewicz operator

Let S" 1 = {z € R" : |z| = 1} be the unit sphere in R", equipped with
Lebesgue measure do. Suppose that €2 is a homogeneous function of degree zero
on R™, has zero mean on S"~!, and satisfies the condition 2 € L (S™1).

The Marcinkiewicz integral operator g is defined by

. . 1/2
/m(f)(w)=</0 | /x_quf(y)dffi) -

As is known, the Marcinkiewicz integral is one of the classical operators of
harmonic analysis, belonging to a wide class of Littlewood-Paley g-functions and
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playing an important role in harmonic analysis and the theory of partial dif-
ferential equations. Research into the mapping properties of the Marcinkiewicz
integral and its commutators in various functional spaces is a topical issue. In
1958, Stein [29] first introduced the operator g, which is the higher dimensional
generalization of Marcinkiewicz integral in one-dimension, and showed that uq is
bounded on L,(R") for 1 < p < 2 and weak type (1.1), provided Q € Lipw(S”_l)7
0<vy <1

For 0 < a < n the fractional Marcinkiewicz operator pq o is defined by (see

[31])
o0 r— 1/2

Note that pof = paof.
The sublinear commutator of the operator pq o is defined by

1/2
[b, heal () (2 (/ ]/| . |$_ - Y ) by))f dy‘%lt) |

By Minkowski inequality and the conditions on 2, we get

- 1/2
ug,a<f><x>éénm|f<y>|</ f;f) <o [ MWLy,

z—y| R™ |.’IJ - y|n @

It is known that for b € BMO(R"™) the operators o o and [b, o o] are bounded
from L,(R™) to Ly(R™) for p > 1, and bounded from L;(R™) to W L4(R") (see
[26, 31, 33]), then from Theorems 4, 5, 6 and 7 we get

Corollary 1. Let 1 < < <00, P# ¢ 0< A <n, 0<a< 2 and

P >
- - % = %. Then pq.q is bounded from Ly to Lq?%'

Corollary 2. Let1<ﬁ§cj’<oo,ﬁ7é(f,O§N§A<n,0<a<%,cmd

1 1 a

PO iex Then pg,qo s bounded from Lz to Lg .

Corollary 3. Let 1 < p< §<o0, p£ 7 0<A<n, 0<a< 252 %_5:%
and b € BMO(R"). Then [b, poa] is bounded from L to L e

Q
Corollary 4. Letl<ﬁ§cf<oo,ﬁ#@0§A<n,0<oz<”—1;)‘,%—é:ﬁ

and b € BMO(R"™). Then [b, pa.q| is bounded from Ly to Lg y
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6.2. Fractional powers of the some analytic semigroups

The theorems of the previous sections can be applied to various operators
which are estimated from above by Riesz potentials. We give some examples.
Suppose that L is a linear operator on Ls which generates an analytic semi-

group e~ *F with the kernel p;(z,vy) satisfying a Gaussian upper bound, that is,
€1 gy le—ul?
Ipt(z,y)| < 2 ‘ (15)

for x,y € R™ and all t > 0, where ¢1, co > 0 are independent of z, y and t.
For 0 < o < n, the fractional powers L~%2 of the operator L are defined by

_a 1 > dt
L /Qf(if)—w/o e th(fﬂ)m-

Note that if L = —A is the Laplacian on R™, then L~%/2 is the Riesz potential
I,. See, for example, Chapter 5 in [30].

Property (15) is satisfied for large classes of differential operators (see, for
example [8]). In [8] also other examples of operators which are estimates from
above by Riesz potentials are given. In these cases Theorems 4 and 5 are also
applicable for proving boundedness of those operators and commutators from
Lﬁ,)\ to Lq,% and from Lﬁ)\ to sz,X

Corollary 5. Let condition (15) be satisfied. Moreover, let 1 < p < § < 00,
PEGO<A<n, 0<a< ”—IS)‘, and % — % = . Then L=9/2 is bounded from
Lz to Lq-:% .

Proof. Since the semigroup e~** has the kernel p;(z,y) which satisfies condi-

tion (15), it follows that

L7 f(@)] S La(|f)(2)

(see [11]). Hence by the aforementioned theorems we have

”L_O‘/2fHLq;% S HIa(’f‘)HL@% S Hf”Lﬁw)\'

<

satisfied. Moreover, let 1 < p < ¢ < o0,

L— o Then L=%? is bounded from

Corollary 6. Let condition (15)
1

— -\
P#qG0<A<n, 0<a< ™5,
Lﬁ,)\toqu/\.

be
nd
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Let b be a locally integrable function on R™, the commutator of b and L~%/2
is defined as follows

[b, L= f(z) = b(zx)L=** f(z) — L=*/*(bf)(x).

In [11], Chanillo’s result was generalized from (—A) to the more general oper-
ator L defined above. More precisely, see [9], they showed that if b € BMO(R™),
then the commutator operator [b, L~%/?] is bounded from L,(R") to L,(R™) for

1

1 <p<ooand % =5 . Then, from theorems 6 and 7 it follows

Corollary 7. Let condition (15) be satisfied. Moreover, let 1 < p < § < o0,
P#ALGO0<A<n 0<a<?z2 5 —L=2andbe BMOR"). Then [b,L=%/?|
is bounded from Ly to Lq&.

Q

Corollary 8. Let condition (15) be satisfied. Moreover, let 1 < p < § < o0,
P#30<A<n 0<a<?? §-4 =2 andb e BMOR"). Then
[b, L=/?] is bounded from L to Lg .

7. Conclusion

In this paper, we present necessary and sufficient conditions for the bounded-
ness of the Riesz potential I, and the commutator of the Riesz potential [b, I,] in
the mixed Morrey spaces L; y(R™), when b belongs to the BMO spaces BMO(R"™).
As an application, we obtain estimates for the Marcinkiewicz operator and frac-
tional powers of some analytic semigroups in the mixed Morrey spaces.
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