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Abstract. In this paper, the main goal is to provide sufficient conditions for the bound-
edness of commutators of the parabolic fractional integral operator [b, I] in parabolic

total Morrey-Guliyev spaces L;; A H(R") with symbols b belonging to parabolic Lipschitz

spaces Ag,p(R").

Key Words and Phrases: parabolic total Morrey-Guliyev spaces, parabolic fractional
integral, commutator, parabolic Lipschitz spaces.

2010 Mathematics Subject Classifications: 42B20, 42B25, 42B35

1. Introduction and main results

The aim of this paper is to study the commutators of the parabolic frac-
tional integral operator [b, I] with parabolic Lipschitz functions in parabolic
total Morrey-Guliyev spaces Li N M(]R”)7 in other words, to obtain the bounded-
ness of the commutators of the parabolic fractional integral operator [b, I1'] with
parabolic Lipschitz functions in parabolic total Morrey-Guliyev spaces Li N N(R”),
see for example, [4, 7, 11, 12, 17, 18, 20, 22, 25, 29, 30].

Let R™ be the n-dimension Euclidean space with the norm |z| for each x € R,
S™~1 denotes the unit sphere on R™. For z € R™ and r > 0, we denote by B(z,)
the open ball centered at x of radius r. Let |B(x, )| be the Lebesgue measure of
the ball B(x,r).

Let P be a real n x n matrix, all of whose eigenvalues have positive real part.
Let A; =t (t > 0), and set v = trP. Then, there exists a quasi-distance p
associated with P such that (see [5, 6, 8])

(a) p(Awz) =tp(z), t>0, forevery z e R";
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(b) p(0) =0, p(x —y) = ply —x) > 0 and p(z — y) < k(p(z — 2) + p(y — 2));
(¢) dz=p 'do(w)dp, where p=p(z),w=A,
and do(w) is a measure on the ellipsoid {w : p(w) = 1}.

1T

Let S, = {w € R" : p(w) = 1} be the unit p-sphere (ellipsoid) in R™ (n > 2)
equipped with the normalized Lebesgue surface measure do. Then, {R", p,dz}
becomes a space of homogeneous type in the sense of Coifman-Weiss. Thus
R™, endowed with the metric p, defines a homogeneous metric space ([5, 8]).
The balls with respect to p, centered at x of radius r, are just the ellipsoids
E(x,r) = {y e R": p(x —y) < r} with the Lebesgue measure |E(x,r)| = v,r?,
where v, is the volume of the unit ellipsoid in R™. If P = I, then clearly p(x) = |z|
and £(xz,r) = B(x,r). Note that in the standard parabolic case P = (1,...,1,2)

we have
|2/|2 + \x’\‘l—i—mz )
x = (2, zy).

Let f : R®™ — R be a locally integrable function. The parabolic maximal
function M* f is given by

M fe) = swlel ™ [ |y,
and the parabolic fractional integral I f is defined by

Ple) — f(y) a
I f( )_/np(x_y),yady, 0<a<y.

The commutators generated by the parabolic fractional integral operator I 5
and the locally integrable function b are defined by the formula

b, IE1f = b1l f — 17 (bf).

Morrey spaces, introduced by C. B. Morrey [27], play important roles in the
regularity theory of PDE, including heat equations and Navier-Stokes equations
(seee.g. [3,4,9,18, 31]). The total Morrey-Guliyev spaces Ly, 5 ,(R™), introduced
by Guliyev [13], extend the classical Morrey space Ly x(R"™) by incorporating
a second parameter p. These spaces can be regarded as intermediate spaces
between Lebesgue spaces and Morrey spaces. Their norms are defined through
a combination of the norms of L, ,(R™) and L, ,(R"), allowing for a broader
range of function behaviors, see [15, 16]. In [1, 2] the authors was consider the

parabolic total Morrey-Guliyev spaces Lp A\ u(R”), give basic properties of the
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spaces L; Al M(R”) and study some embeddings into the parabolic total Morrey-
Guliyev space Lf’)\’u(R”), see also [1, 2, 14, 19, 21, 26, 28, 29, 30, 32, 33, 34, 35].

In this paper we characterize the boundedness of the commutators of the
parabolic fractional integral operator [b, I'] with parabolic Lipschitz functions
(Theorems 1 and 2) in parabolic total Morrey-Guliyev spaces.

Let us now give the notations useful in the sequel.

At first, we give the definition of the parabolic Lipschitz spaces on R™.

Definition 1. Let 0 < 8 < 1, we say a function b belongs to the parabolic
Lipschitz space Ag p(R™) if there exists a constant C such that for all x,y € R",

Ib(z) — b(y)| < Cp(a —y)~.

The smallest such constant C' is called the Ag,p(R”) norm of b and is denoted by
181l 45, -
B,P

Definition 2. Let 0 < p < oo, A € R, p € R, [t]; = min{l,t}, t > 0. We denote
by LZI:)\M(R”) the parabolic total Morrey space [1, 2, 13, 14] the set of all classes
of locally integrable functions f with the finite quasi-norm

A o
fllgp. = sup [ty P [L/H7 |If :
IAlle, xeR",t>0[ I 7 Tl L)

We denote by WL;;/\#(R") the weak parabolic total Morrey space [1, 2, 13, 14]
the set of all classes of locally integrable functions f with the finite quasi-norm

_2 ©
— p P
sz, = s (0 (/07 1 lwieton
Let us note that if A\ = y, then L;/\(R”) = L;/\’)\(R”) is the parabolic Mor-
rey space, WLZ]:)\( ") = WL}];)\ L(R™) is the weak parabolic Morrey space and
if 4 = 0, then Eg)\(R") = L;/\D(]R”) is the parabolic modified Morrey space,
WEZI;/\(R") = WL;;/\O(]R") is the weak parabolic modified Morrey space [11, 12].
Our main results may be formulated as follows.

Theorem 1. (Spanne’s type result) Let b € A57P(Rn), 1<p<oo, 0< A pu<,
0<B<1,0<a+ﬁ<min{7$,%} and%_%:a;;ﬁ,

1. Ifp>1, fe L, (R"), then [b,IF]f € foq (R™) and

DA , 29 B
p°p

P
.21 e, . < oIz, )
p

p e
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where Cp » , depends only on p,\,pu and n.

2. Ifp=1, fe L], ,(R"), then [b,I]]f € WWLL\ . (R") and

P
6 150 ee, < Conul e, @

where Cy x , 1s independent of f.
From Theorem 1 in the case A = p or = 0 we get the following corollaries.

Corollary 1. Letb € Agp(R"), 1 <p<00,0< A<y, 0<fB<L,0<a+6<
1= gnd L — L — atB

p P q v

1 Ifp>1, fe L]\ (R"), then [b,I]]f € Lfkq(R”) and

P

6 T2V e, < Con s, 3)
o
where C), \ depends only on p, \.
2. Ifp=1, f € Lf/\(Rn), then [b, IL]f € WL;A(]R”) and

6 FEV e, < Coa g, (4)
where Cy ) is independent of f.

Corollary 2. Letbe Agp(R"), 1<p<o00,0< A<, 0<B<1,0<a+8<
1A and L — 1 — atB

P P a v _
1. Ifp>1, fe L;/\(R"), then [b, IV f € L(I]DM (R™) and

77

6251 flze | < o

7

iz (5)

where C), ) depends only on p, A and ~.
2. Ifp=1, f ¢ Lﬁ/\(Rn), then [b, IL]f € WLf;/\(]R”) and

I, 2y ze < Coxllflize s (6)
9,Aq 1,A
where Cy  is independent of f.

Theorem 2. (Adams type result) Let b € Ag,p(R”), 1<p<oo,0< up<A<y,
0<B<1,0<a+f<2

HIf1<p< ﬁ, then condition % < % - é < % is sufficient for the
boundedness of the operator [b, IL] from L£A7M(R”) to L(I;)W(R”).

2)Ifp=1< %, then condition %‘5 <1- é < ;‘ff is sufficient for the
boundedness of the operator [b, IL] from Lf)\M(R”) to WL(I;A’“(R”).
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From Theorem 2 in the case A = p or 4 = 0 we get the following corollaries.

Corollary 3. LethA/g,p(R”),0<B<1,0<a+6<’y,0§)\<’y—a—6

and1<p<a+g

1)Ifl<p< 222 then condition 1 —1 = 2F8 g sufficient for the boundedness

a+pB’ p g 7=A
of the operator [b, IP] from LP L(R™) to LP L(R™).
2)Ifp=1<2 m, then condmon 1—7 = O‘J“B is sufficient for the boundedness

of the operator [b,IL] from LY IAR™) to WL%)\(R )-

Corollary 4. Letb€ Agp(R"),0<a <7, 0<A<y—aandl1<p< %
1)If1l<p< %, then condition % < % — é < % is sufficient for the
boundedness of the operator [b, IL] from Zi)\(R") to E;A(R”).
2)Ifp=1< %, then condition % <1- % < 7%‘)\ is sufficient for the
boundedness of the operator [b, IL] from Ef)\(R”) to WE(I;)\(R”).

The structure of the paper is as follows. In Section 2, we present some defi-
nitions and auxiliary results, and discuss certain embeddings into the parabolic
total Morrey-Guliyev space Lp A\ M(]R"). In Section 3, we establish sufficient con-
ditions for the Spanne- and Adams- type boundedness of the commutators of the
parabolic fractional integral operator [b, I ] with parabolic Lipschitz functions
from the spaces LP ,(R™) to the spaces Lq AR, 1<p<g<oo.

By A < B we mean that A < C'B with some positive constant C' independent
of appropriate quantities. If A < B and B < A, we write A =~ B and say that A
and B are equivalent.

2. Preliminaries
In this section, we provide essential lemmas and definitions that are crucial
for establishing our main results.
Lemma 1. /2, Lemma 0.1] If 0 < p < 00, 0 < ppt < XA < ~, then
P P
Lp /\,u(Rn) = Lp,A(Rn) N Lp,u(Rn)

and

1lr, @y = max {1 Fle 1, | -
Lemma 2. [2, Lemma 0.2] = IfO <p<oo, 0 < u< A<, then
WL, (R") = WL\ (R*) N WL, (R")

and

Wlhwzr, = max {1 flhwr I lweg, -
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Lemma 3. [1, Lemma 2.4] If 0 <p < 00, 0 < A<+ and 0 < p <, then

L W(BY) Cr Loo(B") G L (RY)

and

I lle, <o f e < Ifllep

P,y

Corollary 5. If0 < p < oo, then
P n TP n n
Ly, (R") = L, (R") = Loo(R")

and
Illzp, = Iz = b1 leec

Remark 1. Let 0 <p <oco. If u <0 or A > v, then

L;I;A,,U,(Rn) = WL;])D,)\,“(RTL) = ®<Rn)7

where © = O(R™) is the set of all functions equivalent to 0 on R™.
The following result is valid.

Theorem 3. [14, Corollary 2.1] Let 1 <p < 00, 0 < A\, u < 7.

1 Ifp>1, fe L], (R"), then M"f € LI\ (R") and

MEfle Sl
Py Ay
2. If f e Lf)\M(R”), then MY f € WL{TML(R") and
P <
M7 Flp, S fllp,

Since {R", p,dx} (see [5, 6, 8]) becomes a space of homogeneous type in the
sense of Coifman-Weiss, hence, the following results can be derived from [23, 24].

Lemma 4. Let 0 < 5 < 1, we have

1
b, S0 e [ bGe) — beld

where bg = ﬁ Je b(y)dy.

The following local estimate is valid.
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Lemma 5. Let 0 < S < 1,0 < a<a+fB<vyandbd € Aﬁ,p(R”), then the
following pointwise estimate holds:

[0, I f ()| S Wll, , Lo slF1(2).
Proof. Let 0 < <1, 0<a<a+f<~vyandbe AB,P(Rn)v then

b(z) — b(y)||f(y)]
plx —y)—° W
Sl [ oo

= [bll5, , 2251 f1(2).

b5 s [

3. Commutator of parabolic fractional integral operators with
parabolic Lipschitz functions

In this section, we establish the boundedness of the commutator of the parabolic
fractional integral operator [ 5 with parabolic Lipschitz functions in parabolic to-
tal Morrey-Guliyev spaces L; N #(R”).

The following local estimate is valid.

Lemma 6. [10/ Let 0 < a <y, 1<p< I, and%—%:%. Then, for p > 1 the
inequality
[ dt
11 fllny @y ST /2 t f‘||f||Lp(g(x,t))7 (7)
T

holds for all £(x,r) and for all f € L*°(R™).
Moreover if p =1, then the inequality

°° dt

2 _
I ooy S 74 [ W e 5 0
T

holds for all £(z,7) and for all f € L°¢(R™).

Proof of Theorem 1. Let 1 <p<oo, 0< A\ u<v0<8<,0<a+8<
min{%,%} and%—l:a—w.

>
Suppose p > 1. From the inequality (7) (see Lemma 6) we get

A 7
P _ -2 P
S ”Ia—f—,@fHLj/\q’Mq = xe};‘T}BN[Th P Mg s f oy

PP

02151,

p

~[§
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By [0 4 dt
< swp [l /e / ey O

z€R™ r>0 4 13
R M e ¥
SWlg,, sl Welf rd [T d oy e g
P . t
22 0 ~ A B dt
=g, supll” 1 [T e e g
S 1
P Y % —&dt
= fllpp, max{ sup r7r [ eTa @ /0]
P 0<r<1 1 t
e [ _a w dt
supr™5 [ (08§ = 1y
r>1 1 t Pk
_2A Ur A dt
xmax{ sup r » (/ ta (tr)e
0<r<1 1

t
[ Ceienr ) [T
1/r t 1 t

_x=> dt
+
:||f||LpA max sup / ¢ A —
P A 0<r<1 t
+r*;“/ jatp— 2k dt) / patB-1t ﬂ}
1/r ¢
1/7“ A dt
<z, max{ sup ([ e G
P 0<r<1

+/oota+5vpkdt)7/ tamf%@}
1/r t 1 t

[o¢]
_ atpg-1=x dt
= WFlsg,, max{ [~ e+ Ll

which implies that the operator [b, I['] is bounded from LII;A L(R™) to L, 2q uq ¢ (R™).
K b p

a?

Let p = 1. From the inequality (8) (see Lemma 6) we get

162 e, S sl lwrp,,, = sup 7 /7 2, p vy

AGRT peRn >0

_ ot © 4 dt
< sup [P/ / ey

z€R™, >0 13
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R _, dt

= Wfllag,, sl 1 [ R e =1,

A 1 AL

R _, dt o dt

xmax{ sup r_’\/ t Z[tr]i\[l/(tr)]l“,supr_“/ t Z(tr)“—}

0<r<1 1 o1 1 t

A 1/T _x )\dt

=|Ifll.r max{ sup 1~ (/ ta (tr)" —

LA 0<r<1 1 t

4 dt 4., dt
ta (tr)t = tath
+/1/r " (i) t>7/1 ' t}

1/1” dt
Il max{ sup ([T
LA p 1

0<r<1

(o] o0
+r_)‘+“/ ¢t ﬁ), / t_%ﬂbﬂ}
1/r t 1 t

1/r dt
= Hf”LP Inax{ sup </ tonrﬁf(»y,/\) at
1,0, ) ;

0<r<1

4O / % ot B—(y—p) @) / °°ta+ﬁ—(v—m@}
1/r t/’ 1 t

1/7‘ dt
_ at+pf—(y=A) =¥
= HfHLiA,u max{ sup (/1 t

0<r<1 t

o° dt & dt
toH—ﬂ (v=N) / ta+5—(7_>\) -
* /1 /r t )’ 1 t }

dt
A)
~Wflsg,, [N L,

which implies that the operator [b, I['] is bounded from Lﬁ A u(R™) to wLP

q:Aq, uq(Rn)'

ProofofTheoremQ Let 1 <p<o0,0<u<A<y,0<p8<,0<a+p8<

7;)‘, 37—’_5 < p - é < 3+f, fe LpA M(R") and r arbitrary positive number.

=
5%
=
=
=

)]
S I slfl() = /R o g W
<[ ([T ) rwlay
Rn

P
~ [ ] X 08 )ty
R JO
_[" t dy) P71t = mta+5—7 dt
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ro dt % atp- dt

= [ e U lean T+ [ W e 5
o 2

<ot MP (@) + 8 | fll o)
a—2 5 ~»

< oD Mpf(iU) 4+ ¥ [r]f [1/7“]1 P HfHL;A#

atB prP = S
=P MP @)+l T T e,

) _a=A e
< min {ra+,8 MPf(a:) + potp="3 Hf||L£A,M’Ta+ﬂ MPf(fU) + Poth—3 |’fHL5Au}

Minimizing with respect to r, at

I llr, =2 I e, N2
TZ(M) and rz(M)

we have

1—(etB)p (at+B)p (a+B)p

B 221 @)] < min { (M7 p()' T A2 (P p@) T I
9)

where we used the fact that the supremum is achieved when the minimal parts
are balanced. From theorem 3 and inequality (9) we obtain

1-2 P
P < P < q P e\ =
8.2V iy, S Ees g, S W7t IOIP D),

1-2 P
q P r|q <
el WM fllpe S g, o

ifl <p<gqg<ooand

1 1
P P 1-¢ Pyya
102 e, S Ml S A1 M F i, S 17

ifp=1<gq<o0.

4. Conclusion

In this paper, we present sufficient conditions for the boundedness of com-
mutators of the parabolic fractional integral operator [b, Iolf | in parabolic total
Morrey-Guliyev spaces L;DD A\ #(R") with symbols b belonging to parabolic Lips-

chitz spaces Ag p(R").
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