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Weyl-Titcmarsh Theory for a Discrete Schrödinger
Operator With Bounded Coefficients
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Abstract. A discrete Schrödinger equation with an absolutely continuous spectrum of
multiplicity two is considered on the line L. The basic properties of the Weyl solutions
of this equation are investigated. It is proved that the system consisting of the Weyl
solutions, is a Bessel system in some weight space.
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1. Introduction

Consider a discrete Schrödinger equation on the line

an−1yn−1 + bnyn + anyn+1 = λyn, n ∈ Z, (1)

in the important special case where the coefficients an > 0, bn are real and the
difference expression (ly)n = an−1yn−1 + bnyn + anyn+1 generates in the space
ℓ2 (−∞,+∞) a bounded operator L, whose spectrum is absolutely continuous of
multiplicity two. This condition is assumed to hold throughout the work. For
the equation (1), direct and inverse spectral problems have been investigated
in the case where the coefficients an, bn rapidly decrease (see [1]) and in the
periodic case (see [2,4]). In [5], a new type of spectral data, which are similar to
scattering data, is introduced for the operator L. Moreover, an integral equation
that allows us to reconstruct the operator L from this spectral data, is obtained.
On the other hand, in the work of [6,7], by means of the method of transformation
operators the inverse spectral problems were studied for the equation (1) with

∗Corresponding author.

http://www.azjm.org 16 © 2010 AZJM All rights reserved.



Weyl-Titcmarsh Theory for a Discrete Schrödinger Operator With Bounded Coefficients 17

asymptotically periodic coefficients. At the same time, as follows from [6,7],
when constructing the transformation operator, a special role is played by the
basic properties of explicit solutions of the corresponding unperturbed equation.
In the case of equation (1) with bounded coefficients, the establishment of such
properties is facing significant difficulties.

In this work, the basic properties of the Weyl solutions of the equation (1)
are investigated. It is proved that the system consisting of the Weyl solutions, is
a Bessel system in some weight space.

2. The basic properties of the Weyl solutions

In the spaces ℓ2 [±1,±∞), consider the operators L± generated by the differ-
ence expressions (l±y)n = an−1yn−1+bnyn+anyn+1,±n ≥ ±1 and the boundary
condition y0 = 0.

For definiteness, we assume that the spectrum of the operator L lies in the
segment [−2, 2]. We denote by φn (λ) and θn (λ) the solutions of the equation (1)
with initial data φ0 (λ) = θ1 (λ) = 0, φ1 (λ) = 1, θ0 (λ) = 1. It is evident that
every solution of this equation is their linear combination.

It is known (see, for example, [6,7,9,10]) that for λ ∈ C\R the equation (1)
has two solutions (the Weyl solutions of the operator L)

Ψ+
n (λ) = −θn (λ)

a0
+m+ (λ)φn (λ) , n ∈ Z, (2)

Ψ−
n (λ) =

θn (λ)

a0
+m− (λ)φn (λ) , n ∈ Z, (3)

such that
±∞∑
k=N

∣∣Ψ±
k (λ)

∣∣2 <∞ for any finite number N .

We denote by sn (λ) and cn (λ) the solutions of the equation (1) with initial
data s0 (λ) = c−1 (λ) = 0, s−1 (λ) = 1, c0 (λ) = 1. Then for λ ∈ C\R the equation
(1) has a Weyl solution

ΨL
n (λ) = −cn (λ)

a−1
+mL

− (λ) sn (λ) , n ∈ Z, (4)

such that
N∑

k=−∞

∣∣ΨL
k (λ)

∣∣2 < ∞ for any finite number N . Let δn = (δnm)m∈Z

be the canonical basis of ℓ2 (−∞,+∞), where δnm is the Kronecker delta. In
this notation, m+ (λ) and mL

− (λ) are the Weyl functions of the operators L±
represented in the form of scalar product

m± (λ) =
〈
(L± − zI)−1 δ±1, δ±1

〉
. (5)
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Moreover,

m+ (λ) =

∫ 2

−2

dρ+ (t)

t− λ
, mL

− (λ) =

∫ 2

−2

dρ− (t)

t− λ
, (6)

Here dρ± (t) is the spectral measure of the operator L±. The connection between
functions m− (λ) and mL

− (λ) is given by the formula

a20m− (λ) = λ− b0 + a2−1m
L
− (λ) . (7)

In this case, the function mL
− (λ) can be represented as

m− (λ) =
λ− b0
a20

+
a2−1

a20

∫ 2

−2

dρ− (t)

t− λ
. (8)

It should be noted that for each λ /∈ [−2, 2] the equation (1) has a unique solution
un (λ) from the space ℓ2 (−∞, 0) up to a constant factor. It follows that

ΨL
n (λ) = − a0

a−1
Ψ−

n (λ) . (9)

Let Γ be the complex λ-plane with cuts along the segment [−2, 2].According to
(2), (3), and (6), (8) the functions Ψ+

n (λ) and Ψ−
n (λ) are continuous for λ ∈ ∂Γ.

Furthermore, the relations m± (λ+ i0) = m± (λ− i0), λ ∈ [−2, 2] and (2), (3)

imply that Ψ±
n (λ+ i0) = Ψ±

n (λ− i0), λ ∈ [−2, 2], where i is the imaginary unit.
On the other hand, the expressions (2), (3) imply that for λ ∈ ∂Γ, λ ̸= ±2, the

two solutions Ψ±
n (λ) and Ψ±

n (λ) of Eq. (1) are linearly independent, and their
Wronskian is given by the formula

W
[
Ψ±, Ψ±

]
= a0

{
Ψ±

0 (λ)Ψ±
1 (λ)−Ψ±

1 (λ)Ψ±
0 (λ)

}
=

= ±
[
m± (λ)−m± (λ)

]
. (10)

Therefore, for λ ∈ ∂Γ, λ ̸= ±2, we have

Ψ−
n (λ) = a+ (λ)Ψ+

n (λ) + b+ (λ)Ψ+
n (λ) , (11)

Ψ+
n (λ) = a− (λ)Ψ−

n (λ) + b− (λ)Ψ−
n (λ) . (12)

It follows from (10), (11), (12) that

|a± (λ)|2 − |b± (λ)|2 =

(
m− (λ)−m− (λ)

m+ (λ)−m+ (λ)

)±1

, (13)
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m+ (λ)−m+ (λ)

]
a+ (λ) =

[
m− (λ)−m− (λ)

]
a− (λ) = m+ (λ)+m− (λ) , (14)[

m+ (λ)−m+ (λ)
]
b+ (λ) =

[
m− (λ)−m− (λ)

]
b− (λ). (15)

It follows from (14) that
[
m± (λ)−m± (λ)

]
a± (λ) admits an analytic continua-

tion to the plane Γ and is continuous for λ ∈ ∂Γ, λ ̸= ±2.
We introduce the function

w (λ) = m+ (λ) +m− (λ) . (16)

Since the spectrum of the operator L̂± is absolutely continuous, we have
±Imm+ (λ± i0) > 0 and ±Imm− (λ± i0) > 0 for λ ∈ (−2, 2). Consequently,

±
(
m+ (λ± i0)−m+ (λ± i0)

)
> 0 and ±

(
m− (λ± i0)−m− (λ± i0)

)
> 0 for

λ ∈ (−2, 2). Moreover, a± (λ) does not vanish at λ ∈ ∂Γ, λ ̸= ±2 by normalization
condition (19). At the points λ = ±2, the functions

ω−1
+ (λ) = m+ (λ)−m+ (λ) ,

ω−1
− (λ) = m− (λ)−m− (λ)

may turn to zero. However, we assume that the function ω± (λ) has an integrated

feature at the points λ = ±2. Moreover, the functions
(
m−(λ)−m−(λ)

m+(λ)−m+(λ)

)±1

have the

finite limits at the points λ = ±2.
We now assume that w (λ) = 0, λ /∈ ∂Γ. It then follows from (7) that the

solutions Ψ+
n (λ) and Ψ−

n (λ) are linearly dependent and the self-adjoint operator
L̂ has an eigenvalue, which, according to condition II, is impossible.

Let

Rnm (λ) =


Ψ+

n (λ)Ψ−
m(λ)

w(λ) for n ≥ m
Ψ+

m(λ)Ψ−
n (λ)

w(λ) for n < m.

Consider the operator Rλ on ℓ2 (−∞,+∞) with kernel Rnm (λ), i.e.

(Rλh)n =

∞∑
m=−∞

Rnm (λ)hm, h = {hm}∞m=−∞ ∈ l2 (−∞,∞) . (17)

It is easy to verify that the operator Rλ, λ /∈ [−2, 2], is the resolvent of L. In
other words, Rλ = (L− λI)−1. The explicit formula (17) for the resolvent Rλ

leads immediately to the eigenfunction expansion theorem for L. Namely, when
there is no point spectrum, we have the formula

hn =
1

2πi

∫ 2

−2
{(Rλ+i0h)n − (Rλ−i0h)n} dλ =

+∞∑
m=−∞

(
1

2πi

∫
∂Γ
Rnm (λ)hmdλ

)
=
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=
1

2πi

∫
∂Γ
w−1 (λ)Ψ+

n (λ)

{
n∑

m=−∞
Ψ−

m (λ)hm

}
dλ+

+
1

2πi

∫
∂Γ
w−1 (λ)Ψ−

n (λ)

{ ∞∑
m=n+1

Ψ+
m (λ)hm

}
dλ.

(see [3], Ch. XII), which is sometimes referred to as Stone’s formula. It is this
formula that serves as a basis for the derivation of the eigenfunction expansion
theorem.

Theorem 1. We have the expansion formula

1

2πi

∫
∂Γ
w−1 (λ)Ψ+

n (λ)Ψ−
m (λ) dλ = δnm. (18)

Using equality (16), we rewrite the formula (18) as follows:

1

2πi

∫
∂Γ
ω± (λ)Ψ±

n (λ)
Ψ∓

m (λ)

a± (λ)
dλ = δnm, (19)

where ω± (λ) = 1

m±(λ)−m±(λ)
. We introduce the space L2 (∂Γ;ω± (λ)) of functions

f (λ) defined almost everywhere on ∂Γ and satisfying the conditions f (λ+ i0) =
f (λ− i0) for almost every λ ∈ [−2, 2],∣∣∣∣∫

∂Γ
ω± (λ) |f (λ)|2 dλ

∣∣∣∣ <∞.

It is clear that L2 (∂Γ;ω± (λ)) is a separable Hilbert space with the scalar
product

⟨f, g⟩ = 1

2πi

∫
∂Γ
ω± (λ) f (λ) g (λ)dλ.

Let {φn (λ)}n∈Z and {ψn (λ)}n∈Z be two complete systems of functions in
L2 (∂Γ;ω± (λ)), forming a biorthogonal system of functions, i.e.⟨φn (λ) , ψm (λ)⟩ =
δmn . Following S.S. Levin [11], we will call the system {φn (λ)}n∈Z a B-system,
if there is such {ψn (λ)}n∈Z , which together with it forms a biorthogonal sys-
tem. B-system of functions {φn (λ)}n∈Z is said to be a Bessel system if, for any
function f (λ) ∈ L2 (∂Γ;ω± (λ)), the series∑

n∈Z
|⟨f (λ) , ψn (λ)⟩|2
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is convergent(see [8]). B-system of functions{φn (λ)}n∈Z is said to be a Hilbert
system if, for any sequence of numbers cn, such that∑

n∈Z
|cn|2 <∞,

there is one and only one f (λ), for which cn = ⟨f (λ) , ψn (λ)⟩.

Theorem 2. The {Ψ±
n (λ)}n∈Z is a Bessel system in L2 (∂Γ;ω± (λ)). Moreover,

Ψ∓
n (λ)

a±(λ)
is a Hilbert system in L2 (∂Γ;ω± (λ)).

Proof. From the formula (19) it follows that the systems of functions Ψ±
n (λ)

and

{(
Ψ∓

n (λ)
a±(λ)

)}
are biorthonormal in the space L2 (∂Γ;ω± (λ)). Consequently,

the system {Ψ±
n (λ)}n∈Z is minimal in L2 (∂Γ;ω± (λ)). Let us prove that the

system {Ψ±
n (λ)}n∈Z is complete in L2 (∂Γ;ω± (λ)). It is sufficient to show that

L2 (∂Γ;ω± (λ)) contains no non-zero element biorthogonal to all the elements of
the system {Ψ±

n (λ)}n∈Z . Let f (λ) ∈ L2 (∂Γ;ω± (λ)) and suppose that∫
∂Γ
ω± (λ)Ψ±

n (λ) f (λ)dλ = 0, n ∈ Z.

By (1) we have the equality∫
∂Γ
ω (λ)λkΨ±

n (λ) f (λ)dλ = 0, n = 0,±1,±2, ..., k = 0, 1, 2, ....

Consequently, f (λ) = 0 for λ ∈ ∂Γ. Further, in the space L2 (∂Γ;ω± (λ)) we
consider the operator B± defined by the formula

(B±f) (λ) = f (λ) + r± (λ)f (λ).

Since r± (λ− i0) = r± (λ+ i0), |r+ (λ)| < 1, B± is a bounded positive Hermite
operator. On the other hand, by virtue of (11) we have

B±Ψ
±
n (λ) =

Ψ∓
n (λ)

a± (λ)
.

Hence, from Theorem 4 of [6] it follows that {Ψ±
n (λ)}n∈Z is a Bessel system in

L2 (∂Γ;ω± (λ)). Moreover,

{
Ψ∓

n (λ)

a±(λ)

}
n∈Z

is a Hilbert system in L2 (∂Γ;ω± (λ))

(see Theorem 3 of [1]). ◀
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We introduce the function

F (n, k,m, r) =

=
1

2πi

∫
∂Γ
w−2 (λ)

{
Ψ+

n (λ)Ψ−
k (λ)−Ψ−

n (λ)Ψ+
k (λ)

}
Ψ+

m (λ)Ψ−
r (λ) dλ. (20)

Theorem 3. The following equality holds: F (n, k,m, r) = 0 for ±r ≥ ± (m± (k − n)).

Proof. Let r ≤ m − (k − n). It follows from the definition of F (n, k,m, r)
and the residue theorem that

F (n, k,m, r) = res
λ=∞

w−2 (λ)Ψ+
n (λ)Ψ−

k (λ)Ψ+
m (λ)Ψ−

r (λ)−

res
λ=∞

w−2 (λ)Ψ+
k (λ)Ψ−

n (λ)Ψ+
m (λ)Ψ−

r (λ) .

We need to know the behavior of the function Ψ±
n (λ) as λ→ ∞. From [5,6,9] we

have

Ψ+
n (λ)λn → h+n , λ→ ∞,

where

h+n =


−a1...an−1, n > 1,

−1, n = 1,
− 1

an...a0
, n ≤ 0.

Similarly,

Ψ−
n (λ)λ−n → h−n , λ→ ∞,

where

h−n =


a−2
0 (a1...an−1)

−1 , n > 1,

a−2
0 , n = 1,

a−1
0 an...a−1 , n ≤ 0.

According to the last relations and (8), (16), for r ≤ m − (k − n) we find up to
a constant factor that

w−2 (λ)Ψ+
n (λ)Ψ−

k (λ)Ψ+
m (λ)Ψ−

r (λ) ∼ λ−2λr−m+(k−n), λ→ ∞,

w−2 (λ)Ψ+
k (λ)Ψ−

n (λ)Ψ+
m (λ)Ψ−

r (λ) ∼ λ−2λr−m−(k−n), λ→ ∞.

Recalling that r −m+ (k − n) ≤ 0, from the last two relations we conclude

res
λ=∞

w−2 (λ)Ψ+
n (λ)Ψ−

k (λ)Ψ+
m (λ)Ψ−

r (λ) = 0.
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Since the condition r−m+(k − n) ≤ 0 implies r−m− (k − n) ≤ 0, we similarly
find that

res
λ=∞

w−2 (λ)Ψ+
k (λ)Ψ−

n (λ)Ψ+
m (λ)Ψ−

r (λ) = 0.

Thus, F (n, k,m, r) = 0 for r ≤ m− (k − n).

Let us now consider the difference

F (n, k,m, r)−F (n, k, r,m) =
1

2πi

∫
∂Γ
w−2 (λ)

{
Ψ+

n (λ)Ψ−
k (λ)−Ψ+

k (λ)Ψ−
n (λ)

}
×

×
{
Ψ+

m (λ)Ψ−
r (λ)−Ψ+

r (λ)Ψ−
m (λ)

}
dλ.

Note that

w−1 (λ)
{
Ψ+

n (λ)Ψ−
k (λ)−Ψ+

k (λ)Ψ−
n (λ)

}
=

=
1[

m+ (λ)−m+ (λ)
] {Ψ+

n (λ)
(
Ψ+

k (λ) + r+ (λ)Ψ+
k (λ)

)
−

− Ψ+
k (λ)

(
Ψ+

n (λ) + r+ (λ)Ψ+
n (λ)

)}
=

=
1

m+ (λ)−m+ (λ)

{
Ψ+

n (λ)Ψ+
k (λ)−Ψ+

k (λ)Ψ+
n (λ)

}
=

=
1

m+ (λ)−m+ (λ)

{(
−θn (λ)

a0
+m+ (λ)φn (λ)

)(
−θk (λ)

a0
+m+ (λ)φk (λ)

)}
−

− 1

m+ (λ)−m+ (λ)

{(
−θk (λ)

a0
+m+ (λ)φk (λ)

)(
−θn (λ)

a0
+m+ (λ)φn (λ)

)}
=

=
1

m+ (λ)−m+ (λ)

{
m+ (λ)

(
θk (λ)

a0
φn (λ)−

θn (λ)

a0
φk (λ)

)
−

−m+ (λ)

(
θk (λ)

a0
φn (λ)−

θn (λ)

a0
φk (λ)

)}
=
θk (λ)

a0
φn (λ)−

θn (λ)

a0
φk (λ) .

It follows that

F (n, k,m, r)− F (n, k, r,m) =

= 1
2πi

∫
∂Γ

(
θk(λ)
a0

φn (λ)− θn(λ)
a0

φk (λ)
)(

θr(λ)
a0

φm (λ)− θm(λ)
a0

φr (λ)
)
dλ = 0,

since for all j, s, the function
θj(λ)
a0

φs (λ)− θs(λ)
a0

φj (λ) takes real values. Thus, we
found that F (n, k,m, r) = F (n, k, r,m). It follows from the last equality that
F (n, k,m, r) = 0 for r ≥ m+ (k − n). ◀
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In conclusion, we focus on one important consequence of Theorem 2, which
plays a significant role in the construction of transformation operators (see [8]).

Let
Φ (n, k, λ) = w−1 (λ)

{
Ψ+

n (λ)Ψ−
k (λ)−Ψ−

n (λ)Ψ+
k (λ)

}
. (21)

Note that Φ (n, k, λ) takes real values for λ ∈ ∂Γ, since in the process of
proving Theorem 3 we saw that

Φ (n, k, λ) =
θk (λ)

a0
φn (λ)−

θn (λ)

a0
φk (λ) .

Corollary 1. For all n, k,m, where k > n, the equality

Φ (n, k;λ)Ψ+
m (λ) =

m+(k−n)−1∑
j=m−(k−n)+1

F (n, k,m, j)Ψ+
j (λ) , λ ∈ ∂Γ. (22)

holds.

Indeed, the function Φ (n, k;λ)Ψ+
m (λ) belongs to the space L2 (∂Γ;ω− (λ)),

since it is continuous for λ ∈ ∂Γ. Further, since F (n, k,m, ·) ∈ ℓ2 (−∞,+∞)

and

{
Ψ+

n (λ)

a−(λ)

}
n∈Z

is a Hilbert system in L2 (∂Γ;ω− (λ)), there is one and only one

F̃ (λ) ∈ L2 (∂Γ;ω− (λ)) for which the equalities

F̃ (λ) =
+∞∑

j=−∞
F (n, k,m, j)

Ψ+
j (λ)

a− (λ)
=

m+(k−n)−1∑
j=m−(k−n)+1

F (n, k,m, j)
Ψ+

j (λ)

a− (λ)
, (23)

F (n, k,m, r) =
1

2πi

∫
∂Γ
ω− (λ)Ψ−

r (λ) F̃± (λ)dλ (24)

are true . On the other hand, due to equalities (20), (21) we have

F (n, k,m, r) =
1

2πi

∫
∂Γ
ω− (λ)

Φ (n, k;λ)

a− (λ)
Ψ+

m (λ)Ψ−
r (λ) dλ. (25)

Comparing (23),(24), (25), we find that

Φ (n, k;λ)

a− (λ)
Ψ+

m (λ) = F̃ (λ).

Considering that F (n, k,m, r) takes real values, we finally obtain

Φ (n, k;λ)

a− (λ)
Ψ+

m (λ) =

m+(k−n)−1∑
j=m−(k−n)+1

F (n, k,m, j)
Ψ+

j (λ)

a− (λ)
.

The last relation is equivalent to the equality (22).
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