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Weyl-Titcmarsh Theory for a Discrete Schrodinger
Operator With Bounded Coefficients
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Abstract. A discrete Schrodinger equation with an absolutely continuous spectrum of
multiplicity two is considered on the line L. The basic properties of the Weyl solutions
of this equation are investigated. It is proved that the system consisting of the Weyl
solutions, is a Bessel system in some weight space.
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1. Introduction

Consider a discrete Schrédinger equation on the line

p—1Yn—1 + bpyn + AnYn+1 = AYn, 0 € Z, (1)

in the important special case where the coefficients a,, > 0,5, are real and the
difference expression (ly),, = an—1Yn—1 + bn¥n + anyn+1 generates in the space
Uy (—00,+00) a bounded operator L, whose spectrum is absolutely continuous of
multiplicity two. This condition is assumed to hold throughout the work. For
the equation (1), direct and inverse spectral problems have been investigated
in the case where the coefficients a,,b, rapidly decrease (see [1]) and in the
periodic case (see [2,4]). In [5], a new type of spectral data, which are similar to
scattering data, is introduced for the operator L. Moreover, an integral equation
that allows us to reconstruct the operator L from this spectral data, is obtained.
On the other hand, in the work of [6,7], by means of the method of transformation
operators the inverse spectral problems were studied for the equation (1) with
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asymptotically periodic coefficients. At the same time, as follows from [6,7],
when constructing the transformation operator, a special role is played by the
basic properties of explicit solutions of the corresponding unperturbed equation.
In the case of equation (1) with bounded coefficients, the establishment of such
properties is facing significant difficulties.

In this work, the basic properties of the Weyl solutions of the equation (1)
are investigated. It is proved that the system consisting of the Weyl solutions, is
a Bessel system in some weight space.

2. The basic properties of the Weyl solutions

In the spaces 3 [£1, £00), consider the operators L generated by the differ-
ence expressions (l+y),, = an—1Yn—1+bnYn +anyny1, £n > £1 and the boundary
condition yg = 0.

For definiteness, we assume that the spectrum of the operator L lies in the
segment [—2,2]. We denote by ¢, (A) and 6, (\) the solutions of the equation (1)
with initial data @g (A) = 01 (A\) = 0, p1 (A) =1, 0y (A) = 1. Tt is evident that
every solution of this equation is their linear combination.

It is known (see, for example, [6,7,9,10]) that for A € C\R the equation (1)
has two solutions (the Weyl solutions of the operator L)

e

v ) == () ) ne z @)
v ) = 2 () (), e 2 (3)

+oo
such that > }\Iff (A)’Q < oo for any finite number N.
k=N

We denote by sn (A) and ¢, (A) the solutions of the equation (1) with initial
data sp(A\) =c—1 (A) =0, s_1(\) =1, ¢g () = 1. Then for A € C\R the equation
(1) has a Weyl solution
cn (A)

a-1

vl = - +mE N s, (\),neZ, (4)

N
such that Y |UF (/\)‘2 < oo for any finite number N. Let 6, = (6nm)mez
k=—o0
be the canonical basis of ¢y (—o0,+00), where &y, is the Kronecker delta. In
this notation, m, (\) and m” (\) are the Weyl functions of the operators L.
represented in the form of scalar product

ma (\) = <(Li — 1) oy, 5ﬂ> . (5)
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2 2
m+(>\):/ dp+ (t) me()\):/ dp— (1) (6)

g t=MX" o =X

Moreover,

Here dp (t) is the spectral measure of the operator Li. The connection between
functions m_ (\) and mZ ()\) is given by the formula

adm_ () =\ —bg +a%,;ml (). (7)
In this case, the function m% ()\) can be represented as

A—by a*y [Fdp_(t)
=" = . 8
m— (A) a3+a(2) Lt (8)

It should be noted that for each A ¢ [—2, 2] the equation (1) has a unique solution
un (A) from the space ¢ (—00,0) up to a constant factor. It follows that

L) =-——v, (). (9)

Let I" be the complex A-plane with cuts along the segment [—2,2].According to
(2), (3), and (6), (8) the functions ¥;l (\) and ¥, (\) are continuous for A € OT.
Furthermore, the relations m4 (A 4 i0) = mgy (A —140), A € [—2,2] and (2), (3)
imply that WE (X 4 i0) = Wik (A —i0), X\ € [~2,2], where i is the imaginary unit.
On the other hand, the expressions (2), (3) imply that for A € ', X # £2, the
two solutions W (A) and Wi (\) of Eq. (1) are linearly independent, and their
Wronskian is given by the formula

w[wt, | = ao {0 ) UE ) - v )T ()} =

— 4 [mi ) —mze V)] . (10)

Therefore, for A € I', A # +2, we have

Ty (N) = ap () T (0) + by (0 T (), (11)
T () = as (\) Ty () +b- (W) T, (A). (12)

It follows from (10), (11), (12) that

+1
2 2 [m—(A) —m_ (A)
lax (N7 = [bx (W) = (m+ DES (A)> 7 (13)
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[ O) = my ()] as () = [m= () = me ()] am (3 = my A)+m- (A), (14)
[ O) = my )] 1 () = [me () = m= (] 5=V (15)
It follows from (14) that [mi (A) —myg ()\)] a+ (M) admits an analytic continua-

tion to the plane I' and is continuous for A € OI", A # +2.
We introduce the function

w(N) =mgp (N)+m_ (N). (16)

Since the spectrum of the operator Ly is absolutely continuous, we have

+Immy (A£i0) > 0 and £Imm_ (A +40) > 0 for A € (—2,2). Consequently,

+ <m+ (N = 40) —m+(/\ii0)> >0 and + <m, (N £40) — m_ ()\iio)) > 0 for

A € (—2,2). Moreover, at (\) does not vanish at A € 9", A # £2 by normalization
condition (19). At the points A = £2, the functions

Wit (A) =my (A) —my (V)

wlN)=m_ () —m_(\)

may turn to zero. However, we assume that the function wy () has an integrated
— +1
feature at the points A = 2. Moreover, the functions (w) have the
my(A)—m4(A)
finite limits at the points A = £2.

We now assume that w (A) = 0,\ ¢ JI'. It then follows from (7) that the
solutions W:F" (A\) and ¥, (\) are linearly dependent and the self-adjoint operator
L has an eigenvalue, which, according to condition II, is impossible.

Let

i )Y ()
an ()\) = vt (1;\))(3,)— )\) for " 2 "
mT)\)"( for n < m.

Consider the operator Ry on ¢5 (—oo, +00) with kernel Ry, (A), i.e.

(Rxh),, Z Ry (N) By b= {hin }25__ € 1% (=00, 00).. (17)

m=—0o0

It is easy to verify that the operator Ry, A ¢ [—2,2], is the resolvent of L. In
other words, Ry = (L — AI)"'. The explicit formula (17) for the resolvent Ry
leads immediately to the eigenfunction expansion theorem for L. Namely, when
there is no point spectrum, we have the formula

+oo
1
=5~ / {(Rayioh), — (Ra—ioh), }dA = ) <2m /8 Fan()\)hmd)\>_

m=—0oQ
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L (A)xy;(A){ Zn: \Ilm()\)hm}d)\Jr

© 2w Jor

m=—0Q

w (N U ()\){ i UAS (A)hm}d)\.

211 or —l

(see [3], Ch. XII), which is sometimes referred to as Stone’s formula. It is this
formula that serves as a basis for the derivation of the eigenfunction expansion
theorem.

Theorem 1. We have the expansion formula

1

— [ w N (AT, (V) dX = . (18)
271 ar

Using equality (16), we rewrite the formula (18) as follows:

1

ik ()
21 Jor

ay (A)

£ ()T (V) dA = Gum (19)

1
m4(A)—m+ ()
f (X) defined almost everywhere on OI' and satisfying the conditions f (A +:0) =
f (A —10) for almost every \ € [—2,2],

where wy (A) = . We introduce the space Lo (OT'; w+ (A)) of functions

[ s R < .

It is clear that Lo (OT'; w4 (X)) is a separable Hilbert space with the scalar
product

(frg) = 1/8F% (A) £ (N) g (M.

 2mi
Let {¢n (M)}, ,cz and {¥ (M) },c, be two complete systems of functions in
Lo (OT';wx (X)), forming a biorthogonal system of functions, i.e.(@, (A) , ¥ (A)) =
4, Following S.S. Levin [11], we will call the system {¢, (\)}, o, a B-system,
if there is such {t, (\)},cz, which together with it forms a biorthogonal sys-
tem. B-system of functions {¢, (A)},c is said to be a Bessel system if, for any
function f (\) € Lo (OT'; w4 (N)), the series

D) W )

nez
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is convergent(see [8]). B-system of functions{y, (A)},c is said to be a Hilbert
system if, for any sequence of numbers ¢,,, such that

Z ’Cn‘g < o0,

nez
there is one and only one f (), for which ¢, = (f (A), ¥ (A)).
Theorem 2. The {¥F (\)}, ., is a Bessel system in Ly (T;w+ (X)). Moreover,
is a Hilbert system in Lo (OT';wx (N)).

Proof. From the formula (19) it follows that the systems of functions Wit ())

and {(35&;)} are biorthonormal in the space Lo (OT;wy (A)). Consequently,

the system {UZ (A)},., is minimal in Ly (OT; w4 (A)). Let us prove that the
system {UE (\)}, ., is complete in Ly (OT;wy (A)). It is sufficient to show that
Lo (OT'; w+ (X)) contains no non-zero element biorthogonal to all the elements of
the system {¥ (A)},c,. Let f(X) € Ly (w4 (X)) and suppose that

/ we (A TEN) fF(NdA=0,n € Z
or

By (1) we have the equality

/ wNXTEN) F(NdA=0,n=0,£1,42, ...,k =0,1,2,....
or

Consequently, f(A) = 0 for A € 9I'. Further, in the space Ly (OI';wy (M) we
consider the operator B4 defined by the formula

(B£f) (A) = F(A) + 7+ (N f (V).

Since 74 (A —i0) = r+ (A +140), |7+ (N\)| < 1, Bx is a bounded positive Hermite
operator. On the other hand, by virtue of (11) we have

S

n (A
ax ()

~—

BiUE ()\) =

Hence, from Theorem 4 of [6] it follows that {¥ (\)}, ., is a Bessel system in

Ly (OT';w+ (A)). Moreover, {\I’i(i))} is a Hilbert system in Ly (OI'; w4 (N))
“ nez
(see Theorem 3 of [1]). «
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We introduce the function
F(n,k,m,r) =

= o [ W ) () ) - W )W ()} () (. (20)
T Jor

Theorem 3. The following equality holds: F (n,k,m,r) =0 for £r > + (m £ (k — n)).

Proof. Let r < m — (k—mn). It follows from the definition of F (n,k, m,r)
and the residue theorem that

F(n,k,m,r) = res w2 (\) ¥

A=00 "

(W) Ty (N T, (W) W (A) =

res w2 ()T () Ty () WL ()T (V).

We need to know the behavior of the function ¥ (\) as A — oo. From [5,6,9] we
have

(AN = hi A= oo,

where
—a1...0p_1, > 1,
ht = ~1,n=1,
1
“arag <0.

Similarly,

Vo (M)A = h,, A— oo,
where

ag? (a..an1)" ', n>1,
h, = ag?,n =1,
aalan...a_l ,n <0.
According to the last relations and (8), (16), for » < m — (k —n) we find up to
a constant factor that

w2 ()T (N (M) T () T (A) ~ A2 R N o)

w2 (A) T (N W, (M) T ()T (A) ~ A2y oo

Recalling that » — m + (k —n) < 0, from the last two relations we conclude

res w2 (\) UF

A=00 "

(N) T (M) T, (M) @, (A) =0.
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Since the condition r —m+ (k —n) < 0 implies r —m — (k — n) < 0, we similarly
find that
res w2 (A) U ()W, (A) T (M) P (A) =0.

A=00

Thus, F (n,k,m,r) =0 forr <m — (k—n).
Let us now consider the difference

F (0, b, m, r)—F (n, k,r,m) — ﬁ /8F W () (T () W (A) — TF ()T (V)

x {Uh (A) ¥, (A) =T (A) T, (N} dA

r

Note that
w A {E (AT () =T ()T, ()} =

T 1 | L ) (T ) +re )0 () -

e, )} -

L {m i (%, ) - 220 )
0

ap
0y, (A (A 0, (A 6, (A
—ry ) (2 () - 22 ) = 2B, () - 2B ).
0 ao agp ag
It follows that
F(n,k,m,r)—F (n,k,r,m) =
— 545 Jor (22200 () = 2000 () (%20 (0) - 2200, (3)) dr =0,

since for all j, s, the function %O/\)cps (A — %{)}‘)@j (M) takes real values. Thus, we

found that F (n,k,m,r) = F (n,k,r,m). It follows from the last equality that
F(n,k,m,r)=0forr>m+ (k—n). <
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In conclusion, we focus on one important consequence of Theorem 2, which
plays a significant role in the construction of transformation operators (see [8])
Let

B (n,k, N) = wt (0 {05 () T (V) — Ty ()T (V)] (21)

Note that ® (n,k,\) takes real values for A € OI', since in the process of
proving Theorem 3 we saw that

® (n,k,\) = 0’“@(3) ©n () — G"a(OA) oK (A).

Corollary 1. For all n,k, m, where k > n, the equality

m+(k—n)—1
(B NTL N = > F(nkm ) (V), Aeol.  (22)
j=m—(k—n)+1

holds.

Indeed, the function ® (n,k;A\) ¥t () belongs to the space Ly (OT;w_ (N)),
since it is continuous for A € 9I'. Further, since F (n,k,m,-) € {3 (—o00,+00)
and {‘Iﬁ((;\)) } is a Hilbert system in Lo (OT';w_ (X)), there is one and only one
N “- nez

F(X) € Ly (OT';w— (X)) for which the equalities

~ oo gty mkom-l ot ()
F (A F(n,k,m,j) =~ F(n,k,m,j) = , (23
W= Y Fekmi) 2= S Fakmg) L 29
Jj=—00 j=m—(k—n)+1
1 _
F(n,k,m,r) = —— / wo (A) ¥y (V) Fx (W)dA (24)
211 ar
are true . On the other hand, due to equalities (20), (21) we have
1 & (n, k3 \)
F = (N —E (W) P : 2
ko) = oo [ oo TEES R A (29)

Comparing (23),(24), (25), we find that

D (n,k;\) o _F
TriHu ) = FO.

Considering that F'(n, k, m,r) takes real values, we finally obtain

m+(k—n)—1 +
D (n,k; A N7
C(L()\))\IJ% ()‘) = Z F(nvkam7j) CL] ()\)
B j=m—(k—n)+1 B

The last relation is equivalent to the equality (22).
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