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Abstract. The main purpose of this work is to propose a new hybrid method to obtain
analytical approximate solutions for general nonlinear time-fractional partial differential
equations with inhomogeneous terms. This method is called Khalouta residual power se-
ries method (KHRPSM) which is based on a combination of Khalouta transform method
and residual power series method. The main advantage of KHRPSM is that it does
not require making any material assumptions about the problem and requires minimum
computations to solve these types of equations. The analytical approximate solutions of
three types of time-fractional nonlinear partial differential equations are presented by the
proposed method. The obtained results are compared with the exact solutions. Through
this comparison, we conclude that the proposed method is very effective and easy to
apply to different types of time-fractional nonlinear partial differential equations.
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1. Introduction

Over the past decade, nonlinear fractional partial differential equations (NF-
PDEs) have been widely used to describe and help solve many phenomena in
the natural sciences such as plasma physics, mechanical system, quantum me-
chanics, chaos, relaxation processes, mathematical biology, diffusion and damp-
ing laws [3, 5, 9, 10, 12, 13, 14]. It is very difficult to obtain exact solutions
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to real-world problems using NFPDEs and complex mathematical techniques are
usually required. Therefore, approximate or numerical methods are used for such
problems, such as Adomian decomposition method (ADM), homotopy perturba-
tion method (HPM), homotopy analysis method (HAM), differential transform
method (DTM), etc.

Recently, Ahmad El-Ajou et al. [2] developed a new iterative algorithm called
residual power series method (RPSM) to find approximate analytical solutions to
nonlinear fractional KdV-Burgers equation. RPSM is easy and efficient to find
fractional series solutions for linear and nonlinear equations without perturba-
tion, linearization and discretization through a sequence of algebraic equations.
Furthermore, RPSM can be applied to calculate analytical solutions of NFPDEs.
The series solution is obtained by using the concept of residual error, where this
solution and their fractional derivatives are valid in the given domain for each
multidimensional variable and each arbitrary point.

In 2023, the author [4] introduced the "Khalouta transform" and applied it to
solve a wide range of higher-order linear ordinary differential equations, partial
differential equations, system of ordinary and partial differential equations, and
integral equations. The main advantage of the Khalouta transform is that it
covers existing transforms such as Laplace, Aboodh, Elzaki, Sumudu, natural,
Shehu, and ZZ transforms for different values of the transform variables.

The aim of this paper is to develop a new analytical approach to obtain analyt-
ical approximate solutions of general nonlinear time-fractional partial differential
equations with inhomogeneous terms involving the Caputo fractional operator.
We call this approach the Khalouta residual power series method (KHRPSM).
This method provides analytical solutions in the form of rapid and accurate con-
vergent series in terms of multiple fractional power series with easily computable
components. The KHRPSM is based on a new version of the Taylor series that
generates a convergent series as a solution.

The outline of this work is organized as follows. Firstly, we present some
essential definitions, properties, and theorems related to the fractional calculus
and the Khalouta transform in Section 2. Then, we establish a new formula
of multiple fractional Taylor’s series, which is the basis of the new method in
Section 3. Next, we study the methodology of KHRPSM for solving general
nonlinear time-fractional partial differential equations with inhomogeneous terms
in Section 4. After that, we solve three well-known nonlinear time-fractional
partial differential equations. with the help of KHRPSM in Section 5. In addition,
we discuss our results which are presented in the form of figures and tables in
Section 6. Finally, our results are summarized in the conclusion.
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2. Basic definitions and main results

In this section, we present the essential definitions and theorems of fractional
calculs. In addition, we give a brief overview of the preliminary definitions and
necessary theorems concerning the Khalouta transform of fractional derivatives,
which will be used in this work.

Definition 1. [9] The Caputo time-fractional derivative of the function 9(x,t) of
order « is defined by
DY (x,t) = I (2, 1), (1)

where n —1 < a < n,n € N, z € J = [a,b] C R,t € [0,400[ and I} is the
time-fractional Riemann-Liouville integral operator defined as

I7(x, t) =

(o) /O (t—0)* "Iz, 0)do, if >0, (2)

and
I7Y(z,t) = d(z,t), if a =0. (3)

Definition 2. [9] The Mittag-Leffler function for one parameter is described as

follows

Eu(z) = Z; F(Z;m a,z € C, Re(a) > 0. (4)

Definition 3. [4] Let 9(x,t) be a piecewise continuous function defined on
J x [0,400] and of exponential order. Then the Khalouta transform of 9(x,t)
is defined by

s [ st
KH [¥(z,t)] = K(x,s,v,n :/ exp <—)19x,tdt,s,'y, > 0, b}
[9(z, 1)] = K( ) o o (z,1) U (5)

and the inverse Khalouta transform is defined by

. 1 [feticoq st
19(1',15) = KH [K:(.ZL',S,?],’)/)] -y — €Xp % ]C(.’E, 877777>d3' (6)
©

21 Jp—ioo S

Theorem 1. [8] Let ¥(x,t) and p(z,t) be piecewise continuous and of exponential
order. Suppose that KH [J(z,t)] = K(x, s,v,n) and KH [p(z,t)] = H(z, s,7,n) are
the Khalouta transfoms of 9(x,t) and p(x,t), respectively. Then we have

1)
KH [a¥(z, t) + bp(x, t)] = aK(z, s,7v,n) + bH(z, 5,7, 1), (7)

where a,b are real numbers.
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2)
o _ o
KH [It 19(:B,t)] - e K:(xv 877777)' (8)
3)
e n—1 s a—i
KH [Dyd(z,t)] = ——K(x, s,7,1) —Z () 99D (z,0),n—1 < a<n. (9)
7°n =\
4)
KH [F(aH)] = a> -1 (10)

Theorem 2. Let 9(x,t) be a piecewise continuous function defined on J x [0, +00]
and of exponential order. Suppose KH [¥(z,t)] = K(x,s,v,n) is the Khalouta
transfom of ¥(x,t). Then the Khalouta transform of the m'™ time-fractional
derivative in the Caputo sense of 9(x,t) of order ma with mﬁfl <a<lmeN"
is given as

—_

sMma m— s (m—i)a '
KH DP9z, )] = —K(z, 5,7,1) — () Di9(a,0), (1)
ymanme 5\

where D" = D .D¢...D§* (m—times).

Proof. 'To prove the result, we use the principle of mathematical induction
method.
Taking m = 1 in equation (11), we obtain

(o7

KH [DY(z, t)] = K(z,s,7,1) — (5) 9(z,0). (12)

e M

So, equation (11) is true for m = 1.
Taking m = 2 in equation (11), we obtain

KH [D?*9(x, t)] = %K(m,s,’y,n) - (5)2a 9(z,0) — <;7>an19(1‘,()).

v2en 1
(13)
Given the left-hand side (LHS) of equation (13), we get
LHS = KH [D{*¥(z,t)] = KH[D* (D{d(, t))] . (14)

Let
¢(z,t) = Dfd(x,t). (15)
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Therefore, equation (14) becomes
LHS = KH [D}*¥(z,t)] = KH[D{¢(x,t)] . (16)

Using the Caputo time-fractional derivative defined by (1), equation (16) be-
comes

LHS = KH [D2*0(,t)] = KH [Itl_a‘qﬁ(l)(x, t)} . (17)

Using the Khalouta transform of the Riemann-Liouville fractional integral
defined by (8), we get

l-a,,1—«

LHS = KH [D29(z,t)] = - _KH [¢<1>(x, t)] . (18)

Sl—oz

Using the differential property of the Khalouta transform [4], equation (18)

becomes
(0% o

S
- 0 19
,yana (b(ll) S?’Y’ T]) ’yana ¢(1"3 )7 ( )

where KH [¢(z,t)] = ¢(z,s,7,7) and ¢(z,0) = Did(z,0).

According to equation (19), we have

KH [D*¥(z,t)] =

o «

S S

KH [D2%9(x, )] = KH [DY9(z, )] — DY(z,0
[D7*Y(, 1)) g (D7 (z,1)] S Lt (z,0)

_ K(z,s ) — (s )QQ I(x,0) — (S )aD"‘ﬁ(m 0) (20)
yaq2a N ST v ’ ) TR

Thus, from equation (20) we conclude that equation (11) is true for m = 2.

Now suppose that equation (11) is true for m = [. So we have

S

lo -1 (=)o
K [Df*0(,0)] = oK) =3 () Do), @
e =\
Now we prove that equation (11) is true for m =1+ 1.
For this, from equation (11) we have
(I+1)a (I+1-1)
(I+1) o S S ;

KH | Dy Iz, t)| = WK(%&%U) - Z <777> Dy (x,0).

=0

(22)
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Through the LHS of equation (22), we have
LHS = KH [DS* Dey(a, t)} = KH [Df (Diaﬁ(a:, t))] . (23)

Let
x(z,t) = Diaﬂ(zv, t). (24)

Therefore, equation (24) becomes
LHS = KH [Dﬁ*”‘”‘ﬁ@, t)} = KH [D%x(,1)]. (25)

Using the Caputo time-fractional derivative defined by (1), equation (25) be-
comes

LHS = KH [Dt(” Vey (e, t)} = KH [Itl*axﬂ)(x, t)] . (26)

Using the Khalouta transform of the Riemann-Liouville fractional integral
defined by (8), we get

l—o,,1—a
LHS = KH [D,E” 1)‘%9(9;,@] - %KH [X“)(:c,t)} . (27)
Using the differential property of the Khalouta transform [4], equation (27)
becomes

(87 «

S S
X([L‘, 577777) -
YN

,yana

KH [D,f” Dey(a, t)} - _(x,0), (28)

where KH [x(z,t)] = X(x,s,7,n) and x(z,0) = D*9(z,0).
According to equation (28), we have

«

I+ _ s la 8 lo
KH [Dt 19(:0,75)] = Kl [Dt 19(33,75)] e D0 0)
(I+1)a -1 (I+1-1) o
— 8— _ i (%o _ s law
- 7(l+1)an(l+1)a/c(9375a%77) ZZ; <’777> Dt 19(1‘70) 'Ya'f]a Dt 19(1'70)
s(HDa l g\ (H1=da
= 7(l+1)an(l+1)a,c(x’ S, 7, 77) - ; (W) Dt 19(567 0) (29)

Thus, from equation (29) we conclude that equation (11) is true for m = [+ 1.
So, equation (11) is true for all positive integers and the above proven formula
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takes the following form:

—

m—
mao
S

(m—i)a
KE (D02, 6)] =~ K(a,s,7m) — 3 () Di9(x,0),  (30)
ymen — \ 7
where D" = Dg*.D{*...D{*(m—times).

This completes the proof. «

3. New formula of multiple fractional Taylor’s series

In this section, we present a new formula of multiple fractional Taylor’s series
using the Khalouta transform.

Suppose that the multiple fractional power series representation of the function
J(x,t) at t = 0 has the form

o
ﬁ(x,t):Zcm(a:)tm“,n—l<a§n,x€JCR,O§t§R, (31)
m=0

and R is the radius of convergence of the multiple fractional power series.

Theorem 3. [1] If ¥ € C(Jx[0,R)) and D**Y € C(Jx(0,R)) for m =
0,1,2,..., then the coefficients c,,(x) will take the form of

_ Di"*9(z,0)

em(z) = Tima+ 1)’ (32)

where D" = DY.Dg.....DY (m-times).

Lemma 1. Let ¥(x,t) be piecewise continuous and of exponential order. Then the
Khalouta transform of ¥(xz,t) given by KH [J(z,t)] = K(x,s,v,n), has multiple
fractional Taylor’s series representation as

K(xasvly’n) = Z PYSTT{I@M('I)v (33)

m=0

where O, () represents m" coefficient of the new formula of multiple fractional
Taylor’s series in Khalouta transform.

Proof. Consider the following fractional Taylor series:
o t2a t3o¢

9(@:1) = ©0(@) +01(2) {35 T 020 3 71y T OO T 7Ty

+o. (34)
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Applying the Khalouta transform in both sides of equation (11) and using its
linearity property, we get

KH [9(z, £)] = Op() + 01 (2)KH h(oil)] +
(20 30
0, (z)KH [F(Qoz—l—l)} + O5(2)KH [F(SQHJ Yo (35)
Using part (4) of Theorem 1, we get
apo 20, 2a 3,30
K(z,s,v,n) = Og(x)+ @1<$)’ysg + @2(3@)7 327‘1 + 93(%‘)’y 332‘ + ...
_ i 7":;7:“ O (1), (36)

which is a new form of fractional Taylor’s series in Khalouta transform form.
This completes the proof. «

Lemma 2. Suppose the function KH [¢(z,t)] = K(x, s,7,n) has a multiple frac-
tional power series representation in the new form of the Taylor’s series (33).
Then we have

lim K(z, 5,7, 1) = Oo(z) = J(,0). (37)

Proof. Taking lims_,~ of equation (36) and performing a simple calculation,
we get
le K(z,s,v,n) = O¢(z) = V(x,0). (38)

This completes the proof. <«

Theorem 4. Suppose that the function KH [¢(z,t)] = K(x,s,7,n) has the fol-
lowing multiple fractional power series representation:

m=0
Then we have
O (z) = D*9(x,0), (40)

where D" = D¢ .Dg*...DY (m—times).
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Proof. Suppose that K(z,s,v,n) has multiple fractional power series repre-
sentation as in equation (39). Then equation (39) becomes

a 20,2 3a,,3a

O1(2) + L 0y(x) + L —O4(z) + ... (41)

820‘ SSa

«

7n

SOé

IC($737’7777) = @0($) +

Multiplying equation (41) by o s We get

fe « ,yocnoz 20,2
O1(z) = ryanalC(x,s,’y, n) — ~Oo(z) — s

Taking limg_, of equation (42) and using Theorem 2, we get

Orle) = Jim (oK) - 2 eu(o))

s—o0 \ Y9N Yen
= lim (KH [D}9(x, )] (s,7,m)) (43)

By Lemma 2, equation (43) becomes
©1(z) = D{(x,0). (44)

Similarly, we multiply equation (41) by 2a 2w to get

2a 2 a oo

S S S
Os(2) = —o—s=K(, 5,7, 1) — ——5= O () = —— O () — 1

,720177 a 2 a ,yana s

Taking lim,_, o of equation (45) and using Theorem 2, we get

) SQa 5204 P
O2(z) = Slggo WK(%S,%W) - Weo(x) - ’70‘770‘@1(93)
= lim (KH [D*0(x,0)] (s,7,m)) - (46)
By Lemma 2, equation (46) becomes
Oq(x) = D¥*9(x,0). (47)

To complete the proof, we use the principle of mathematical induction method.

o

Suppose Op,—1(x) = Dﬁmfl)aﬁ(az,O) Multiplying equation (41) by %
and using Theorem 2 and Lemma 2, we get

Om(x) =
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y gma gma S(m—l)a oy
A | S @8 7m) = e O0l@) — e e D Ve 0
(m—2)a le'
S o S m—1)«
_ D29(z,0) — ... — D! 9z, 0
S Dagmza Dt 0(0) pr ( )>
— lim (KE [DJ*9(z, )] (5,7,m)) = Dy 9(,0). (15)

S5§—00

This completes the proof. «

Remark 1. The inverse Khalouta transform of the series extension in Theorem
4 has the form of the following multiple fractional power series:

= D"Y(z,0)
I, t) = —t A S gma <1,t>0. 49
(z,t) Z:Or(ma+1) 0<a<1,t>0 (49)

In the following theorem, we explain and determine the convergence conditions
of the new form of multiple fractional Taylor’s formula.

Theorem 5. Let 9(x,t) be a piecewise continuous function defined on J x [0, +00|
and of exponential order, and let KH [J(z,t)] = K(z,s,v,n) be represented as
the new form of multiple fractional Taylor’s formula explained in Theorem 4. If

‘K]H[ [ngﬂ)aﬂ(:v,t)” <T(z) on J x (0,d] with 0 < a < 1, then the remainder
Ry (z,s,7v,m) of the new form of multiple fractional Taylor’s formula satisfies the
following inequality:

|R ( )| < WT( ) (50)
BT, 8,77, 1)| = S(k+1)a x).

Proof. Consider the following:

Ki(,5,7,1) = Oo(x) + 110 (x)

SCY

20,20 3o, 3a ka, ka
+782z O9(x) + 7332 Os3(x) + ... + 73,:1 O (x). (51)

From equations (39) and (51), we get

k mo,, MM
Rilw,s,7,m) = K(w,5,7,m) = Y —-—Oum(a). (52)

m=0
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Using Theorem 4, we get

mo,, M

k
Ri(z,8,7,m) = K(z,8,7,1) Z 1 77 — D" 9(, 0). (53)
=0

Multiplying equation (52) by %, we get
8(k+1)a
WRI«(%&%U) =

sk Da k g(k—m+1)a

S+ Dy (- 1a K, 5,7,m) Zo,yk mADap(h-mti)a
m=

DY(x,0). (54

By Theorem 2, we have

S(k+1)a

_ (k+1D)a
DT fk (@ 8,7,m) = KH DI (@, )] (55)

Using the absolute sign in equation (55), we get

g(k+1)or

FEE e = [ [pf o o] o)

Rk(x7 5,7, 77)

Under the given assumption, equation (56) becomes

S(k—l—l)a
—T'(z) < m&(%s,%n) < T(x). (57)
From equation (57), we have
,y(k+l)an(k+1)a
|Rip(x, 5,7, m)| < WT(QT) (58)

This completes the proof. <«

4. The methodology of KHRPSM

In this section, we present the fundamental idea of KHRPSM for solving gen-
eral nonlinear fractional partial differential equations with inhomogeneous terms.

Theorem 6. Consider the following general time-fractional nonlinear partial dif-
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ferential equation:
Di*9(x,t) = L (I(x,t)) + N (I(z,t)) + f(x,1), (59)
with the initial conditions
Di*¥(z,0) = ¥;(x),i = 0,1,2,....,m — 1, (60)

where the symbol D™ represents the m'™ time-fractional derivative operator in
the Caputo sense of order ma with mT_l <a<1l,meN* L isalinear operator,
N is a nonlinear operator, and f(x,t) is an inhomogeneous term.

According to the KHRPSM, the solution of (59), (60) is described as an infinite

series expansion which rapidly converges to the exact solution as follows:

?9(.1‘,75) = thH;o ﬂk’(xat)? (61)

where Oy (x,t) is the k" —approzimate solution given by

k

Oy (x,t) = ;ﬁimw.

tia

(62)

Proof.

To prove this theorem, consider the general nonlinear time-fractional partial
differential equation with inhomogeneous term (59) under the initial conditions
(60).

Operating the Khalouta transform on both sides of equation (59) and using
part (1) of Theorem 1, we get

KH [DI"*9(z, )] = KH [LY(z, )] + KH[NY(z,t)] + KH[f(2,t)].  (63)

According to Theorem 2 and the initial conditions (60), equation (63) can be
written as

m—1 .
i ,ymoz mao
]C(.T,S,"}/,??) = Z (?n) Dt 19(:1:70)—’_(9,,”7711;(](:(%78777”))—’_
i=0
,ymoz mo . ,ymoz mo
+SminaKH [N (KH [K(z, 5,7, m)])] + wiif(g;,s,%n), (64)

where KH™ K (z, s,7v,n) = ¥(x,t) and KH [f(z,t)] = F(z,s,v,7).
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Based on Theorem 4, we assume that the solution of equation (64) has the

following form:

.’ES")/n

Taking into account that lims_, o K(2,s,7,7)

orem 4, we have

O:(x) =
Oy(z) =

@Z(ZE) =

=Y T e, (65)

= Oy(z) = ¥(x,0) and using The-
Did(z,0),

Di*d(z,0), (66)
Dii(x,0),

and the k" —truncated series solutions of equation (64) will be written as follows

k Mao,,mao a,,Q 20,20
K@ s,7,m) = Y Oy (x) = Op() + 5;7 el(a;)+7822 Oa(z) + ...
m=0
+7 " Z T 19, (). (67)

m=1+1

Now, we consider separately the Khalouta residual function of equation (64)
and the k" —truncated Khalouta residual function, so that

m—1 Mo, ma
ia Q v Ui
KHRes(x,s,7,m) = K(z,s,7,n)— Z( ) D9, 0)— o= L (K(w,5,7,))
=0
,ymanmoz _ ,ymanma
and
KHResk(z, s,7v,m) = Ki(x, s,v,1m)—
m—1 . MO, MO
(Z)" Diev(@,0) - 2T L (Kilw,5,7,m))
i—0  ° 5
%KH [N (KH! [k (2, 5,7, m)])] - 73777?@’5’%77)' (69)
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Substituting the series form of /Ck(ib‘ $,7,m) in equation (69) and multiplying
both sides of equation (69) by ,m e We get

Ska
,-yk‘ocnk:a KHReSk (l’, 5,7, 77)
ka m—1 i mao,,mo
S yn [Xe" . ~
= ,Ykanka (K'I‘;(m’ $ 75 77) o Z <?> D;Otlg(l.’ 0) - STL (Kk(l‘, 57, 77))

7=

,ymanma _ Wmoé,r}moé

gma KH [N (KH ! [’Ck(l" 5,7, 77)])] Sif(xa 7, 77) (70)

Taking lims_,o, on both sides of equation (70), we obtain

ka

lim — — o KHResg(z, s,7,1)
5—00 ’y ’r]

m—1 .
S Mo, mao

ka
N (Y pia "
= i (Kk(m,s,%n) > (L))" v, 0) = TE—L (K. 5,7,m)

1=

mao,,Mmo mao,, M

~ TP KH[N (KH ! (@, 5,7,m)])] - T h—F (o, s,m) NG

Sm
Solving the following equation for O (z)
Ska
lim ————KHResk(v,s,7,m) =0,k =i+ 1,i+2,i+3,.. (72)
S§—00 ’Y Tl

and substituting the obtained values of ©y(x) into k'*—truncated series of
K(z,s,v,n), we get the k" —approximate solution of equation (64).

Using the inverse Khalouta transform on Kg(z,s,vy,7n), we obtain the
kth —approximate solution of equation (59) as follows:

k tia

Vp(z,t) = Zﬁi(@m? (73)

1=0

where ¥;(x) = Di*9(z,0).



A New Hybrid of Khalouta Transform and Residual Power Series Method 41

Finally, the solution of (59), (60) is given by

Iz, t) = kl;r{:o Vg (z,t)
- kl—gloi_o T e+ 1)

- Z Uil T (ia+1) (74)

This completes the proof. «

Now, we analyse the convergence of the KHRPSM when it is applied to solve
general nonlinear time-fractional partial differential equations with inhomoge-
neous terms.

Theorem 7. (Convergence theorem) For k € N, let U(x,t) and 9(x,t) be respec-
tiwely the approzimate and exact solutions of equations (59) and (60). If there
exists a positive constant T € [0,1] such that |[Vkr1(x,t)|| < 7||9k(x,t)| for all
(x,t) € J x[0,4+00[ as well as |[|[9g(x)| < oo for all x € J, then Vi (x,t) converges
to ¥(x,t) as soon as k — oo.

Proof. For all (x,t) € J x [0, +o0[, we have ||0x41(x,t)| < 7||Pk(x,t)||, which
gives [[91(z, )| < 7 [[Wo(z, )] = 7 [[9o()]. So, [[F2(z,8)| < 7|91 (2, t)]| and
therefore |9y (z,t)|| < 7% [|0o(2)||. Consequently, we get > e ;. [ ()| <
Yom=tar T 100 (@)I] = [P0 (@) | 2ompa 7™

Therefore, we conclude that

[0(z, t) = Ip(zt)]| = | Y Hﬁm(xat)|||
m=k+1
< D (a0l
m=k-+1
< [[do(z Z "
m=k-+1
7_k+1
< @)l =0

as soon as k — o0.
This completes the proof. «
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5. Numerical tests

In this section, we show the efficiency and applicability of KHRPSM which is
achieved by testing three well-known nonlinear time-fractional partial differential
equations.

Example 1. Let’s consider the nonlinear time-fractional reaction-diffusion-
convection equation [6]

DY = (99,), + 390, + 2(9 — 9?), (75)

with the initial condition

¥(z,0) = 2¢/exp(x) — exp(—4z), (76)

where D represents the Caputo time-fractional derivative operator of order o
with 0 < a <1 and ¥ = {I(x,t), (z,t) € RT x RT}.

By applying the Khalouta transform operator on equation (75) and using part
(1) of Theorem 1, we get

KH [D§] = KH [(99,.),] + 3KH [99,] + 2 (KH [J] — KH [¢%]).  (77)

By using Theorem 2 for m = 1 and the initial condition (76), we rewrite the
equation (77) ass follows:

K(z,5,7,m) = 21/exp(x) — exp(—4z)+

,yana
Sa

_'_

KH [D, (KH™" [K(=, 5,7,7)] DKH ™ [K(z, 5,7,7)])]

+3 L KH [KH™ [K(x, 5,7, n)] DKH [K(z, 5,7, 1)]]

Sa

Qp

7N

SO(

YN

+2 =

K(x,s,7v,n) —2 QKH [[KH_l K(z,s,, 77)]]2} ) (78)

According to the construction of KHRPSM presented in Section 4, the series
solution of equation (78) can be expressed as follows:

IC(:BaSv’yvn) = Z P)/STZ{@m(m)v (79)

m=0

and the k" —truncated series of equation (78) is given by
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k mao,, Mo
Ki(z,s,7,m Z’y 77 O (). (80)
m=0
By using Lemma 2, we have
li_>m K(z,s,7v,1m) = 9(x,0) = 2y/exp(x) — exp(—4x). (81)
Therefore, the k'™ —truncated series (80) becomes
k mao,,ma
Ki(z,5,7,1) = 2/exp(z) — exp(—4z) + Y Tl —Op(z).  (82)

m=1

From Theorem 5, we establish the Khalouta residual function of equation (78)
as follows:

KHRes(z, s,v,n) = K(x,s,v,n) — 2\/exp

) — exp(—4x)
—782 KH [D, (KH™" [K(x, 5,7, 7)) DKH [K(z, 5,7, 1)])]
von” 1 1
_3 P KH [KH [K(x’svfyan)] DIKH [K(an,’Yﬂ?)H
Qo [a PN B 9
—2782 K(w,s,7,m) + 27 KH[[KH YK, s,7,m)]] ] (83)

and the k" —truncated Khalouta residual function of equation (78) becomes

KHResk(x, s,7v,n) =

= Kp(z,5,7,1n) — 2¢/exp(z) — exp(—4z)

20 KW D, (KH el 5.7, ) DKE (K, 5,7,7)])]
37 1 KB (KB [, 5.7, m)] DoKE [, 5,7, )]
o

T e [[KH a5, )]

o ]Ck(l', 87’7777)

(84)

To find the unknown coefficients, using equations (82) and (84) and by solving

ka
lim

dm e ——-KHResg(z,s,v,m) =0,k =1,2,3, (85)
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we get
O1(x) = 4v/exp(r) — exp(—4z),
Oz(x) = 8y/exp(r) — exp(—4x),
O3(x) = 16+/exp(z) — exp(—4x), (86)
Os(x) = 32y/exp(r) — exp(—4z),

On(x) = 281/ exp(z) — exp(—4zx).

So, the k" —the approzimate solution of equation (78) is formulated as follows:

Kk(x,5,7,m) = 2¢/exp(z) — exp(—4x) + 47 Vexp(z) — exp(—4x)

,y2a772a k 1fykanka
+8 a Vexp(z) — exp(—4x) + ... + 28 ST\/exp(:c) —exp(—4zx). (87)

Finally, by applying the inverse Khalouta transform of the obtained equation
(87), we derive that the k" —approzimate solution for the nonlinear time-fractional
reaction-diffusion-convection equation (75), can be written as follows:

Ip(z,t) = 2¢/exp(x) — exp(—4x) 4 2y/exp(z) — exp(—4$)F(2tj_1)
9242 ok ko
+2/exp(z) — exp(_4x)m + oo 4 2¢/exp(z) — exp(—4a:)m

_ 2\/ 4 : (Qta)i 88

= exp(z) — exp(—4z) ; m- (88)
By taking limy_, o on both sides of equation (88), we obtain
B - (2t%)

Iz, t) = 2v/exp(x) — exp(—4x) ZZ; Tlatl)
= 2\/exp(x) —exp(—dw) Y Ea(2t%), (89)

=0

where E,(2tY) is the Mittag-Leffler function defined in equation (4).
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If we put o = 1 in equation (89), then we get

Iz, t) = 2e*\/exp(z) — exp(—4dzx), (90)

which represents the exact solution of the classical nonlinear reaction-diffusion-
convection equation, and is in complete agreement with the results in [6].

Example 2. Let’s consider the nonlinear time-fractional gas dynamics equation
with inhomogeneous term [11]

DY + 99, + (1 + )22 = 2%, (91)
with the initial condition
Hx,0) =z, (92)
where D represents the Caputo time-fractional derivative operator of order o
with 0 < a <1 and ¥ = {I(x,t), (z,t) € R x RT}.
By applying the Khalouta transform operator on equation (91) and using part
(1) of Theorem 1, we get
KH [D{] + KH [99,] + KH [(1 + ¢)*9?] = KH [2?] . (93)

By using Theorem 2 for m = 1 and the initial condition (92), we rewrite the
equation (93) as follows:

YT gH [KH [K(2, 5,7, m)] DKH ! [K(2, 5,7,7)]

K(xasar%n) =T —

(a0

7

Sa

gy [KH_l [KH [(1+)2]] [KH! [K(x,s,v,n)]]z} +

KH [2%] . (94)

According to the construction of KHRPSM presented in Section 4, the series
solution of equation (94) can be expressed as follows:

K(x,s,7,m) ZV il O (), (95)
=0

and the k™" —truncated series of of equation (94) is given by

mo,, M

k
Ki(z,s,v,n) ZV 77 O (). (96)
m=0
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By using Lemma 2, we have

llm K(z,s,v,n) =9x,0) ==z (97)

Therefore, the k'"—truncated series (96) becomes

k mo ,, Mo

m=1

From Theorem 5, we establish the Khalouta residual function of equation (94)
as follows:
KH [Res(x, s,v,n)] = K(z, s,v,n) — z+
7n®
SO(

+ L KH [KH ! [K (2, 5,7, 7)] DKH ™ [K(x, 5,7, 7)]]

Qo 2,2
+7’7KH{KH”[(1+2Z7+21£:H[KH‘WK@z&%an -

SO{

& O

Sa

and the k" —truncated Khalouta residual function of equation (94) becomes

KH [Resy(z, s,7,n)] = Ki(z,s,7,m7) — 2+

7;2}KH[KH_IM%@Q&VJﬁ]DﬂKH_IM%C%SK%UH]+

_|_

e 2,2
N e [

sa

) (100)

To find the unknown coefficients, using equations (98) and (100) and by solving
Ska
slggo WKH [Resp(z,s,v,m)] =0,k=1,2,3,... (101)

we get
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O2(z) = 2,
O3(z) = —6u, (102)
@4(ZL‘) = 241',

On(z) = k—1)kk!x.

So, the k™" — approzimate solution of equation (94) is formulated as follows:

,yoznoz 720477204
Ki(z,s,7v,m) =2 — ——x+2 o
3o, 3a da, 4o ko, ko
n Yn koY N
—6 Ba T + 24 T +. (=17 R o (103)

Finally, by applying the inverse Khalouta transform of the obtained equa-
tion (108), we derive that the k" —approzimate solution for the nonlinear time-
fractional gas dynamics equation with inhomogeneous term (91) can be written as
follows:

e t?oz
Dpla,t) =z — 2 _
et = 1 T T e )
t3o¢ t40¢ & tk‘oc
L A /N SRRy (i ) L ¥ N —
S s e LR S Ly

1 1 o4 2! s2a
= — —
I'(a+1) I'2a+1)

_ 3! t30¢_|_ 4l t4oc_|_ + (_1)k k! tka
T (Ba+1) T (da+1) T (ke + 1)

k i -
= xZ%tw (104)

Iz, t) ==z i F(_Mta (105)
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If we put a = 1 in equation (105), then we get

T

19($,t) = m,

(106)

which represents the exact solution of the classical nonlinear gas dynamics equa-
tion, and is in complete agreement with the results in [11].

Example 3. Let’s consider the nonlinear time-fractional wave-like equation with
variable coefficients [7]

DY = 2%(9:092) 2 — 22 (Vgz)® — 0, (107)
with the initial conditions
I(z,0) =0, D&Y(x,0) = 22, (108)

where D?* represents the Caputo time-fractional derivative operator of order o
with 1 < a <1 and 9 = {I(z,1), (z,t) €]0,1[ x R*}.

By applying the Khalouta transform operator on equation (75) and using part
(1) of Theorem 1, we get

KH [D§] = 2° KH [(V2032) 2] — 2°KH [(¥45)?] — KH [9]. (109)

By using Theorem 2 for m = 2 and the initial conditions (108), we rewrite
the equation (109) as follows:
/A

2
sax—’_

IC(:L‘J S? 77 ,,7) =

,.Y2an2a

2
+x o

KH [DI(DwKH_l [’C(xv S, 77)] Dﬂ?fﬁKH_l [IC(.’L‘, S, 77)])] -

2c0,2¢¢ 200, 2

T KH (D KH ™! [/C(x,s,%n)])ﬂ—”s;; K(z,s,7,n).  (110)

According to the construction of KHRPSM presented in Section 4, the series
solution of equation (110) can be expressed as follows:

IC('CU78777 77) = Z ’YSTTLGW(‘T)? (111)
m=0
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and the k™" —truncated series of of equation (110) is given by

k mao,, Mo
Ki(x,s,v,n Z 2 77 ———— O (). (112)
m=0
By using Lemma 2, we have
li)m K(z,s,7v,m) = 9(z,0) = 0,0(z) = DX (x,0) = z2. (113)

Therefore, the k'™ —truncated series (112) becomes

k mao,,ma
Kr(z,s,v,m) = 7577 :UQ—FZ:ry 77 O (). (114)

m=2

From Theorem 5, we establish the Khalouta residual function of equation (110)

as follows:

KHRes(z, s,v,n) = K(x,s,v,n) — 1 o x?
s

—? T KH [Do(DKH ™ [K(, 5,7, )] Do KH [K (2, 5,7, m)])]

5 ,7206,,7204 ) 72an2a
2 KH [( Dy KH [K(2, 5,7, )] + =K@, 5,7,m),  (115)

52

and the k" —truncated Khalouta residual function of equation (110) becomes

QO

777x2
SCM

KHResg(x, s,v,n) = Ki(x,s,v,m) —

—? T KH [ Dy (D, KH ™ Kk (2, 5,7, n)] Dao KH ™ [Ki (2, 5,7, m)])]

20,20 200, 2

b 278” KH [( D KH ! [Kg (2, 5,7, )])%] +

K:k:(xvsv’y:n)' (116)

To find the unknown coefficients, using equations (114) and (116) and by solv-
ing
ska
lim ————KHResk(v,s,7,n) =0,k =2,3,4, ... (117)
5—00 ’y ’I7
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we get
@2(.%') = O,
O3(z) = -2
@4(.%’) = 0,
O5(z) = 2 (118)
@zk(l‘) = 0,
Oopri(z) = (—1)Fa?

So, the k™" — approzimate solution of equation (110) is formulated as follows

fe " 3a, 3a S5ar,,ba (2k+1)a,,(2k+1)
:782 x2—7$3z x2+.785z 224 (—1)F 2 U

Kk(xasary’n) s(2k+1)a L

(119)

Finally, by applying the inverse Khalouta transform of the obtained equa-
tion (119), we derive that the k" —approzimate solution for the nonlinear time-
fractional wave-like equation with variable coefficients (107) can be written as
follows:

e t3o¢
Oy (z,t) = 2 2
KD = T Y T T )Y
1o ) X +(2k+1)a )
(-1
Tear® T Y T@mrnes”

o t3a t50¢ t(2k+1)a
g . ' ot (1)
T(a+1) T(Ba+tl) T(Gatl) T((2k+1)a+1)

k +2i+ e

:$2Z(_1>ir((2¢+1)a+1)‘

1=0

(120)

By taking limy_, on both sides of equation (120), we obtain

(@1 = @ ;(_ @+ e+ D)

= 2%sin(t, a). (121)
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If we put a = 1 in equation (121), then we get
Iz, t) = 2° sin(t), (122)

which represents the exact solution of the classical nonlinear wave-like equation
with variable coefficients, and is in complete agreement with the results in [7].

6. Numerical results and discussion

In this section, we evaluate the numerical results obtained using KHRPSM
for different nonlinear time-fractional partial differential equations discussed in
Examples 1, 2, and 3. Figures 1, 3 and 5 show the 3D graph comparison be-
tween the approximate solutions obtained by KHRPSM for different values of
time-fractional order v = 0.8,0.9,1 and exact solutions for equations (75), (91)
and (107), respectively. While, figures 2, 4 and 6 show the 2D graph comparison
between the approximate solutions obtained by KHRPSM for different values of
time-fractional order @ = 0.7,0.8,0.9,1 and exact solutions for the same equa-
tions. Similar to these graphs, approximate solutions converge to exact solutions.
Also, in this case the graphs of the exact solutions and the graphs of the approx-
imate solutions are identical at @ = 1. This implies that the results obtained by
KHRPSM are in good agreement with the exact solution at a = 1. The analysis
of numerical values of the approximate solutions obtained by KHRPSM and the
exact solutions are summarized in Tables 1, 2 and 3 at some selected grid points
of t. These tables show that the solutions of the KHRPSM are in good agreement
with the exact solutions. Thus, we can conclude from the above numerical re-
sults, that KHRPSM is too accurate to deal with nonlinear time-fractional partial
differential equations.

a=0.8 a=0.9

3
©

0.5

0

t 0 X
Exact solution

200

% 100

9(x,t)

Figure 1: 3D plots of J¢(z,t) obtained by KHRPSM and 9(x, t) for equation (75)
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= Exact solution
| [snangot

=0.9

=08

[ | e—=0.7

2
0
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005 01 015 02 025 03 035 04 045 05

t

Figure 2: 2D plots of Jg(x,t) obtained by KHRPSM and 9(x,t) at = 1 for
equation (75)

t a=07|a=08 | a=09| a=1 | exact solution | [Yezact — YxHRPSM|
0.01 | 3.8409 | 3.7928 | 3.7635 | 3.7456 3.7456 2.2690 x 1012
0.03 | 3.9922 | 3.9020 | 3.8417 | 3.8011 3.8011 5.5322 x 10710
0.05 | 4.1212 4.0005 3.9165 | 3.8577 3.8577 7.1383 x 107
0.07 | 4.2412 4.0947 3.9904 | 3.9154 3.9154 3.8520 x 1078
0.09 | 4.3565 4.1868 4.0642 | 3.9743 3.9743 1.3579 x 10~ 7

Table 1: Numerical values of Jg(z, ) obtained by KHRPSM and ¥(z,t) at x = 1

for equation (75)

t a=07|a=08|a=09| a=1 | exact solution | |Feract — IxHRPSM|
0.01 | 0.95858 | 0.97388 | 0.98382 | 0.99010 0.99010 9.9010 x 1013
0.03 | 0.91584 | 0.91252 | 0.95777 | 0.97087 0.97087 7.0777 x 10710
0.05 | 0.88493 | 0.91252 | 0.93488 | 0.95238 0.95238 1.4881 x 1078
0.07 | 0.85963 | 0.88904 | 0.91401 | 0.93458 0.93458 1.0995 x 1077
0.09 | 0.83773 | 0.86812 | 0.89469 | 0.91743 0.91743 4.8756 x 1077

Table 2: Numerical values of Jg(z,t) obtained by KHRPSM and ¥(z,t) at x = 1

for equation (91)
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a=0.8

t

0

t

00

a=0.9

Exact solution

0.5

X

Figure 3: 3D plots of Jg(x,t) obtained by KHRPSM and 9(x,t) at = = 1 for
equation (91)
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Figure 4: 2D plots of Jg(z,t) obtained by KHRPSM and 9(x,t) at © = 1 for
equation (91)

t |la=07] a=08 | aa=0.9 a=1 exact solution | |Uepact — UKHRPSM]|
0.1 | 0.05400 | 0.042209 | 0.032605 | 0.024958 0.024958 4.9596 x 10712
0.3 | 0.10969 | 0.097871 | 0.085658 | 0.07388 0.07388 1.0835 x 1078
0.5 | 0.14473 | 0.13893 0.13028 0.11986 0.11986 3.8618 x 107
0.7 | 0.16673 | 0.16866 | 0.16664 | 0.16106 0.16105 4.0574 x 1076
0.9 | 0.17926 | 0.18843 0.19429 0.19586 0.19583 2.346 x 107°

Table 3: Numerical values of J¢(z, t) obtained by KHRPSM and d(x,t) at x = 0.5
for equation (107)
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Exact solution

Figure 5: 3D plots of Jg(x,t) obtained by KHRPSM and 9(x,t) at = 1 for
equation (107)
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Figure 6: 2D plots of J¢(z,t) obtained by KHRPSM and 9(x,t) at = 0.5 for
equation (107)

7. Conclusions

In this work, we introduced, discussed, and investigated analytical approxi-
mate solutions for general nonlinear time-fractional partial differential equations
with inhomogeneous terms using a new hybrid method called Khalouta residual
power series method (KHRPSM). Using the proposed method, we were able to
solve three different time-fractional nonlinear partial differential equations. The
solutions obtained using KHRPSM agree well with the exact solutions in the clas-
sical case of alpha value and in continuous consistency with each other for different
orders of fractional cases. Moreover, the obtained results led us to conclude that
the current method is easy to implement, accurate, flexible and effective. In fu-
ture, the stability, existence, and uniqueness of the results obtained for nonlinear
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fractional partial differential equations will be investigated.
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