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Maximal-simultaneous Approximation by Faber
Series in Bergman Spaces Defined on Unbounded
Continuums
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Abstract. In this study, we examine the problem of maximal simultaneous approxima-
tion in Bergman spaces defined over unbounded continuum of the complex plane, using
classical Faber series. We derive upper bounds for the approximation error that explicitly
depend on the best polynomial approximation numbers, as well as on structural param-
eters of the canonical domain under consideration. These results provide quantitative
insights into how the geometry of the domain influences the convergence behavior of the
Faber series.
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1. Introduction

Let C be the extended complex plane and let 9 be an unbounded continuum
which contains co. We assume that the complementary set B:=9M¢ := C\ 9N is an
simply connected bounded domain in C and 0 € B. Let D := {z € C: |z| < 1}.
By the Riemann conformal mapping theorem, there exists the conformal mapping
w = p(2) which maps the domain B onto C'D := C\ D and is normalized by the
conditions

¢ (0) = oo and limzy (z) > 0.
z—0

By 1 we denote the inverse mapping of ¢.
The function ¢ in some neighborhood of zero has the series representation

@ k
©(2) :;+a0+alz + a2t
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and hence
[p(2)]" = Fn(1/2) = Q,(2), z € B, (1)

where

Fo(1/z) = —+& +& n=12,...

is the Faber polynomial of degree n with respect to the negative powers of z
and the function @, (z), which contains nonnegative powers of z, is an analytic
function in the domain B.

For a given R > 1, we set

Lr:={z€B:|p(z)] =R}, Mr:=extLp:={z:2¢€ M and |p(2)] < R}UM.

In the mathematical literature MMy is called an R canonical domain of the
continuum 1.

Note that the polynomials Fy(1/z), k = 1,2,..., with respect to 1/z can be
defined in the continuum 997 also as the coefficients of the series representation

Fr(1/2)
o) SR eon ol

Differentiating this equality m + 1 € N:={1,2, ...} times with respect to the
variable z we have

X F Y (1/2)

(m+1)!
W = _Z wkt1 , 2€M, w| > 1. (2)

Now let G be a simply connected bounded domain in the complex plane C
and let AP (G), 1 < p < oo, be the Bergman space of analytic functions f in G,
equipped with the norm

1/p

1 lLaviry = / FEPdo. | <o
G

where do, = dxdy is the 2-dimensional Lebesgue measure on G. We also denote
A(G) := A (G). Note that AP (G), 1 < p < oo, is a Banach space.

As is well known, Faber polynomials and their various generalizations have
played a significant role in approximation theory, particularly in the construction
of approximation schemes (see, e.g., [32, 29, 30, 8, 3, 9, 10, 11, 12, 13, 14, 2, 1,
16, 17, 27, 21, 24, 18, 25, 26, 20, 19]). In addition, these polynomials have been
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effectively employed in solving various boundary value problems and basicity
problems in domains of the complex plane (see, for example, [6, 7, 28]).

In mathematical literature, problems of maximal and simultaneous approxi-
mation problems, generally, have been studied separately. Mostly, maximal con-
vergence problems have been studied on different spaces defined on various sets
of complex plane (see, for example, [14, 21, 31]). The classical results in this di-
rection can be found in the monographs [32, 29, 30, 8]. In this work, we will study
maximal and simultaneous approximation property of Faber series in the norm of
the Bergman spaces defined on the unbounded continuums of the complex plane.
Here we investigate maximal and simultaneous approximation problems jointly,
providing a unified approach to their analysis. We provide upper estimates for the
approximation rates of functions from the Bergman space on a canonical domain
IMr, and for those of their derivatives, by partial sums of the Faber series and its
derivatives (simultaneous approximation) in the Bergman space norm on a set of
M (maximal convergence). These estimates depend on the best approximation
numbers, the canonical domain parameters, the order of a derivative, and the
degree of the partial sums. The considered problem and obtained results can be
found in detail in the third section of this paper. In the case of bounded contin-
uum this problem was investigated in [22] (nonweighted case) and [23] (weighted
case). In the unbounded case, only maximal approximation property without
considering simultaneous case was studied in [15].

2. Auxiliary Results

Let G be a bounded simply connected domain with quasiconformal boundary
L. We recall that a Jordan curve L is called quasiconformal if it is the image of
some quasiconformal homeomorphism of the complex plane onto itself that maps
a circle onto L.

Without loss of generality, we assume that 0 € G.

If f is analytic and bounded in G, then the following integral representation

holds:
flz) = —% / / U O(y) (g))y; ) doc, z€G. (3)
e

¢— 2z

This result was established by V.I. Belyi in [5] (see also [3, pp. 103-113]). Here,
y = y(s) denotes a quasiconformal reflection across the boundary L. This integral
representation plays a crucial role in establishing direct approximation theorems
in the uniform norm for domains with quasiconformal boundaries. It is worth
noting that there also exists a canonical quasiconformal reflection y = y(s) (see,
for example, [3, pp. 107-109]), which is differentiable almost everywhere in C,
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except possibly on L, and satisfies the following relations for any small fixed
0> 0:

lyel + lyel < er, 6 <c| <1/85 if < ¢ L, (4)
el + el < eals| ™25 if <] > 1/8 or [¢] <,

where ¢; = ¢;(d), i = 1,2, are some positive constants.

By considering only canonical quasiconformal reflections, Batchaev [4] showed
that the above integral representation also holds in the space A (G).

The following analogue of formula (3) for unbounded domains was established
n [15]:

Theorem A Let G 5 oo be an unbounded simply connect domain, with a qua-
siconformal boundary L, and let f € A(G). Then for every z € G the following
integral representation holds:

2

// - ;)]; do., z€G. (5)

Since every analytic curve is also a quasiconformal curve, it follows from
Theorem A that for any f € A%(9Mp) the following integral representation holds:

// oyr) (<) Z/R)f(g) Z2d0'§, z € Mp. (6)

(c—2)?[yr (<)

Here, yr denotes a quasiconformal reflection with respect to the level line Lg.
The integral representation given in (6) can be equivalently written as

// OyR s) (r)< (s) do.. My 7)

(¢ —2)?

Now, we denote by Ag(Mr) the class of functions fp that can be represented
in the form fy (2) = f(2) /22, for some f € A(DMg). In this class the following
result holds:

Theorem B If fy € Ag(Mg), R > 1, then

— _// ?f): S)Q doc, z € Mpg. (8)
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Proof. Since fy € Ap(9Mp), there exists a function f € A(9g) such that
fo (2) = f(2) /2%, z € Mg, for some f € A(Mg). Consequently,

(foyr)(s)
lr ()

Substituting this identity into formula (7) gives the representation stated in (8).
<

(fooyr)(s) =

Differentiating formula (8) m € N times, we obtain:

(m oy )()
fim sy = _(m D! // fooy) e (), 2 € M

Now, by substituting ¢ = 1) (w) we derive that for all z € Mg

£(z)

__(m+1! // (fooyr o) (W) ((yx). o ¥) (w) ¥ (w) ¢’ (w)do (<) o)
[w ]m+2 :

(w) —2
|lw>R)|

Hence, considering (2) in (9), we have the series representation

fom Zak fo)F mH (1/2), z € Mg, m €N, (10)
where
=L ] (foo ) <w<w>>$zﬁgow>><w> @ 4 0y, k=1 2

|lw|>R
Note that if fo € AZ(Mg), then the series (10) converges uniformly on the

compact subsets of the canonical domain M.
Now let

fo,l/z = Zak (fo)F, mH (1/2), zeMr, meN,n=1,2,...

be the n'" partial sum of the series (10).
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Lemma 1. Let fy € A%(‘)ﬁR), R > 1, and y, be a canonical quasiconformal
reflection across the level line Lr of the unbounded continuum 9. Then

2 1 foll%e @)

// ‘(fo °Ygr) (<) (yR)E ()| do(s) < 1ok
my

where kp = (Kr — 1) (Kr+ 1) and Kg is a quasiconformality coefficient of the
level line Lp.

Proof. Tt is seen that the function 7, (<) is a canonical K quasiconformal map-

ping of the extended complex plane onto itself. Then we have ‘ @R)?‘ Ve ) (@R)g <

k and ‘(@R)g‘z — ‘(@R)?‘Q > 0. Considering the relations ‘(@R)?‘ = ’(yR)g‘ and
|32).] = 1)l we see that |(a) ]/ [(we)e] <k and [(w)el* = |(wa)]* > 0.
Then
J[ e © @@ do o
Mz
= ([ 1o OF (1= 1) 1wl (0l = | ) dor ()
e,
< [ 100en) OF (1l ~ | ) do o).

Since ‘(yR)§’2 — !(yR)E‘Q is the Jacobian of y,, substituting ¢ by v, on the
right-hand side of the last inequality, we obtain

//‘(fo"ya) () (x)_ (<)
o,

do (s) <

‘2 1 follemy
T 1-kh 1-k%

<

Lemma 2. If F,,(1/z), n € N, is the Faber polynomial of degree n with respect
to 1/z, then ay (F,,L) =0 for every k > n+ 1.

Proof. In fact, for every k > n+ 1 and R > 1 we have

() = L] (Frour) wm»{ggcow>><w>w'<w>da<w)
lw[>R
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L] -l

|w|>R

B F, (1/¢¥(w d
Y wkt1 '
lw|=R
Since by (1)

Fa(1/2) = [p(2)]" + @u(2), z € B,

where @, (z) is an analytic function in B = 9¢ and @, (0) = const, we get

ak<F> _ 1 / w" + @n(Y(w))

" 27 whk+1
|lw|=R
1 w" 1 Qn(h(w))
= % 7wk+1dw+ % wk+1 dw.
|lw|=R |lw|=R

Here the first integral on the right-hand side vanishes by the Cauchy integral
formula.

Since the function @, (z) contains only non-negative powers of z and the
conformal mapping ¢ (w) admits the Laurent expansion

4, %2, a3
P(w) = w+w2+w3+...

in a neighborhood of infinity, the second integral also vanishes by the Cauchy
integral theorem for unbounded domains. «

Lemma 3. Let Fy (1/z), k =1,2,3, ... be the Faber polynomials of order k with
respect to 1/z in an unbounded continuum M . Let also R > 1 and 1 <r < R.
Then for every m = 1,2, ...the following inequality holds:

B+ /) 2 . (1)2(%1) )

AZ(O)
) Rl B R (n))* (n +1)
Proof. Consider the Faber polynomial of degree k with respect to 1/z :

Fr(1/2) —+@+% +ﬁ—’,j, k=1,2,.. .
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Differentiating by z we get:

’ 2 3 k
Haj = A2 s K

k
= o (0(11)Zk—1 +cgl)zk_2+c§1)zk_3...—|—cg)), k=12 ...
z

Similarly, the second derivative is:

Fk (l/z) = e + A + P +...+7zk+2
1
= 7]{ (jc:; ) (C?)zk_l + ch)zk_2 + cgz)zk_s... + c,(f)).

For higher derivatives of order m > 2 :

m[1:2:3- . (I+m-—1)B 2-3-..(2+m—1)8
z1+m + z2+m

F™(1/z2) = (-1)

+3-4(3—1—m—1),83+ ‘+k:(k‘+1)-...-(k‘+m—l)ﬁk

23+m h Zk+m
k —1 m — m — m
_ -k E+D) zkierm Wi (o) o1 | o) b2 | )y
_ (k+m-—1)!
= m m(2),

where
Am(z) == (—1)mﬁk(cgm)zk_1 + cgm)zk_2 +..+ c](cm)), m=1,2,..
are analytic functions in 9t¢. Using the conformal mapping substitution

z=Y(w) = E+7+$+m

where p(w) is analytic and nonzero at infinity, we rewrite

FMO) = e e (ww)

(E+m—1)!
(k=1

Uk,m(w)a
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with
WAy (1 (w))
k
[ (w) |7

analytic function in D°, having a pole of order k + m at infinity.
Using the Laurent expansion of o, (w) in some neighborhood of oo, we have

Ok.m(w) :=

FI (1 (w)) = (’T m- Z%’f%uza'm/wy .

(k,m)

where the coefficients 7; ,7=0,1,....k +m, can be defined as

T T wit]
jwf=r

(hom)_ L / Tk (w)dw

for some r € (1, R) and can be estimated as

) < rim M (J@im,m)'
r

(12)

(m)

Since the function F,, "’ (1/z) is analytic on 9t with the connected complement
B, considering the representation (11) and using the area theorem due to Lebedev-
Milin (given in [30, p.170]), we see that the area of the Riemann surface onto which

the function F; k(:m)(l /%) maps the continuum 9t can be given by the formula

Sk,m:w{(k(—;rfl_)!l)!r Z]) (km) —ij‘5](~k’m)‘2 >0,
=

and hence using (12) we have

r 12 k+m
(k+m—1)! 2 | (km) |2
Skm < T W Z]"Yj ‘
r _ 1112 k+m .
< 7 (k—;ml'l) M? (T,ﬂﬁ,m) er2(k+m—g)
SO 2
r _ “2 k+m
= 7 (k(j;ill)ll)‘ M? (r,M,m) r k+m)2j7’
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(kz—i—m—l)!r (13)

< clrom e o) 2 [

On the other hand, the area of the Riemann surface onto which the function
w=F lgm)(l /z) maps the continuum 91 is defined by the formula

2dxdy = HF,gmH)(l/z)‘ ’

Skam =a | E{"V (1/2) .

Hence, considering (13), we have the desired inequality

o HF,S”“) (1/,2)]

kR2k

n+1

- (k—}—m—l)!] 2

2
A < c1(rym, ) Z <%)2k [(kkl)'

r )2<n+1> [(n +m)1?

= co(r,m, M) (1) = c(r,m, M) (— m

R R

3. Main Result

In this section, we will estimate the approximation error f(gm) (z) —

ST(Lm)(fo,l/z) , m € N, in the Bergman space A% (9M), in terms of the best

approximation number
E,(fo,MR) := plergn | fo — p||A2(st) )

where II,, is the class of algebraic polynomials in the variable 1/z of degree at
most n, and the parameters involve n, m, 9 and R.

The main result of this paper is the following theorem, which characterizes
the maximal-simultaneous approximation property of the Faber partial sums:

Theorem 1. If fo € A3 (9MR) for some R > 1 and

S;zm)(f()a 1/Z) = Zak(fO)F]Em+1) (1/2) y 2 € g:nv n,m = 1a 2a
k=1

is the n'* partial sum of the generalized Faber series

f(gm)(z) = Zak(fo)F,ﬁm“) (1/2), zeM
k=1
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of £™, then

S C(r’ m’m)En(fO’ mR) <£>n+1 ( (n + m)'

Hfém)(z) - Sr(Lm)(anl/Z)‘ I COICE)

AZ()

Proof. Let P} be the best approximation polynomial with respect to 1/z for
fo € A% (IMR) of order < n, in the norm [l a2 (om )+ 1-€-5

[fo — PnHA2(E)ﬁR) = En(fo,Mg) == pielhfn [ fo — p||A2(sz) )
where II,, is the class of algebraic polynomials of degree at most n with respect

to 1/z.
Then for every z € MM and n,m = 1,2, ... using Lemma 2 we have

B 157 =

= 17 @) = s 12| = | X ac (o) BV (1)

k=n-+1
Ly B (1/2)
=2 =] om0 (w0 0T Bt P )
T >R

= (m+1) 11/,
=25 ] o= R ownl @) [), 0 )] @) T 2 o )

k=n+1 lw|>R

and then by the Holder inequality

<

Bz, 1)

2

< 5 ] o= P e lvw) T (o) ww)[ do w)

¢
|lw|>R

!

|lw|>R

2

00 (m+1)
B @) ). (14)

2.
wht1

k=n+1
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By Lemma 1,

// ((fo—P;i)oyR [Y(w)] ¥’ (w) (We)_ [W(w)] 2da(w)

|lw|>R

Pyl
[ Nt 2001 6 0, O do 6 < 12 1_',';3 M) (15)
ons,

On the other hand, since
_ | www k=l
k+1wl+1 1 0, k#1
|lw|>R
we have

7 @)

m+1) (Z) 2
do(w)=m Z
k=n+1

s

|lw|>R
and then, using (15) and (16) in (14), we get

wk+1

k=n+1

< |7 @)

Ifo = P12 o) >
kR2k

<1
= 2
s 1fkR

(m)y|?
[Ra(z, f3™)
k=n+1

Integrating both sides of this inequality over 9t and applying Lemma 3, after
some calculation we get

[0 e

(m)y ||? 1 [En(fo, Mg)]? 42()
HR”(Z’ 0 )’ Axomy T om 1—k% Nt kR2k
_ Le(r,mM) [By(fo, Mp)]? (1)2<n+1> [(n +m)*
= o 1— k2 R () (n+1)
and hence
(m) ntl (n+m)!
HRn(’ZafO ))AQ(DJT) < c(r,m,fm) (anmR) (R) 77"\/”7_’_1

<

Remark 1. Let us emphasize that if the boundary of the continuum 9M is suffi-
ciently smooth, then one can take r = 1 in the statement of the above theorem.
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