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Inverse Boundary Value Problem for Two-Dimensional
Pseudo Parabolic Equation of Time-Fractional
Order with Additional Integral Condition

Y.T. Mehraliyev*, A.I. Ismailov, N.A. Suleymanov

Abstract. Inverse boundary value problem for two-dimensional pseudo parabolic equa-
tion of third order with additional integral condition is considered. We first reduce our
problem to some equivalent (in some sense) one. Using the Fourier method, the equivalent
problem, in turn, is reduced to the system of integral equations. Then, using contraction
mapping method, we prove the existence and uniqueness for the solution of the system
of integral equations, which is also a unique solution of the equivalent problem. Finally,
using equivalence, we prove the existence and uniqueness for the classical solution of the
original problem.
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1. Introduction

By the inverse problem for partial differential equations, we mean a prob-
lem that requires to find, along with a solution itself, the right-hand side and
(or) some coefficient(s) of the equation. Inverse problems arise in many fields
of human activities, such as seismology, mineral exploration, biology, medicine,
quality control of industrial products, etc. which makes them one of the most
important problems in today’s mathematics. If an inverse problem requires to
find not only the solution itself, but also the right-hand side of the equation, then
such an inverse problem is linear. And if it requires to find both the solution and
at least one of the coefficients, then such an inverse problem is nonlinear. Many
mathematicians have studied various inverse problems for some types of partial
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differential equations, such as Tikhonov [1], Lavrentiev [2,3], Ivanov [4] and their
students. More details about these problems can be found in the monograph by
Denisov [5].

Inverse problems for pseudo-parabolic equations of third-order were studied in
[6,7,8]. The existence and uniqueness of the solution of the inverse problem for the
third order pseudoparabolic equation with integral over-determination condition
was studied in [9]. Khompysh [10] investigated the reconstruction of unknown
coefficient in pseudo-parabolic inverse problem with the integral over determina-
tion condition and studied the uniqueness and existence of solution by means of
the method of successive approximations. Ramazanova et al. [11] theocratically
studied the fourth-order inverse problem with nonlocal integral condition. Stud-
ies of wave propagation in cold plasma and magnetohydrodynamics also reduce to
the partial differential equations of third-order, see [12]. For nonlocal boundary
value problems (including integral conditions) for partial differential equations of
third-order see, for example, [13,14].

It should be noted that boundary value problems with integral conditions are
of particular interest. From physical considerations, the integral conditions are
completely natural, and they arise in mathematical modelling in cases where it
is impossible to obtain information about the process occurring at the boundary
of domain.

Recently, some inverse problems concerning the determination time-dependent
coefficients have been numerically solved [15–21]. In [22], free boundary coming
from two new scenarios, aggregation processes and nonlocal diffusion have been
considered. Snitko [23], theoretically, and Huntul [24] numerically investigated
the inverse problem of determining the time-dependent reaction coefficient in a
two-dimensional parabolic problem. Furthermore, Huntul et al. [25,26] numeri-
cally studied the inverse problems of reconstructing the unknown coefficients in
a third-order pseudo-parabolic equation. In [ 29], an inverse problem of deter-
mining a time-dependent source coefficient in a one-dimensional time-fractional
diffusion equation is investigated with initial-boundary and overdetermination
conditions. And in [30] nonlocal problems for fractional subdiffusion equations
in time are considered.

In this work, using Fourier method and contraction mapping principle, we
prove the existence and uniqueness of the solution of the inverse boundary value
problem for two-dimensional pseudo parabolic equation of time-fractional order
with additional integral condition
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2. Problem statement and its reduction to the equivalent
problem

Let DT = Qxy × {0 ≤ t ≤ T}, where Qxy = {(x, y) : 0 ≤ x ≤ 1, 0 ≤ y ≤
1}. Also, let f(x, y, t), φ(x, y), ω(x, y), h(t) be the given functions defined for
x ∈ [0, 1], y ∈ [0, 1], t ∈ [0, T ]. Consider the following inverse boundary value
problem: find a pair {u(x, t) , p(t)} of functions u(x, t), p(t) which satisfy the
equation

CD
α
0tu(x, y, t)− CD

α
0t∆u(x, y, t)−∆u(x, y, t) = p(t)u(x, y, t) + f(x, y, t) , (1)

initial condition

u(x, y, 0) = φ(x, y) (0 ≤ x ≤ 1, 0 ≤ y ≤ 1) , (2)

boundary conditions

ux(0, y, t) = u(1, y, t) = 0 (0 ≤ y ≤ 1, 0 ≤ t ≤ T ) , (3)

u(x, 0, t) = uy(x, 1, t) = 0 (0 ≤ y ≤ 1, 0 ≤ t ≤ T ) , (4)

and the additional condition∫ 1

0

∫ 1

0
ω(x, y)u(x, y, t)dxdy = h(t) (0 ≤ t ≤ T ), (5)

where

CD
α
0tu(x, y, t) =

1

Γ(1− α)

∫ t

0
(t− τ)−α∂u(x, y, τ)

∂τ
dτ, α ∈ (0.1).

The notation Γ (α) in the last equation represents Euler’s gamma function.

Denote

C̃2,2,1(DT ) = {u(x, y, t) : u(x, y, t) ∈ C2,2,0(DT ),

CD
α
0tu(x, t), CD

α
0tuxx(x, t), CD

α
0tuyy(x, t) ∈ C(DT )} .

Definition 1. By the classical solution of the inverse boundary value problem (1)-
(4), we mean a pair {u(x, y, t), p(t) } of functions u(x, t), p(t) such that u(x, y, t) ∈
C̃2,2,1(DT ), p(t) ∈ C[0, T ] and the relations (1)-(5) are satisfied in the usual sense.

The following theorem is true.
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Theorem 1. Let φ(x, y) ∈ C(Qxy), ω(x, y) ∈ C(Qxy), f(x, y, t) ∈ C(DT ), h(t) ∈
C[0, T ] , CD

α
0th(t) ∈ C[0, T ] , h(t) ̸= 0 (0 ≤ t ≤ T ), α > 0, β > 0, and the

coherence condition ∫ 1

0

∫ 1

0
ω(x, y)φ(x, y)dxdy = h(0)

be satisfied. Then the problem of finding the classical solution of the problem (1)-
(5) is equivalent to the one of determining the functions u(x, y, t) ∈ C̃2,2,1(DT ),
p(t) ∈ C[0, T ] from the relations (1)-(4) such that

CD
α
0th(t)−CD

α
0t

∫ 1

0

∫ 1

0
ω(x, y)∆u(x, y, t)dxdy−

∫ 1

0

∫ 1

0
ω(x, y)∆u(x, y, t)dxdy =

= p(t)h(t) +

∫ 1

0

∫ 1

0
ω(x, y)f(x, y, t)dxdy (0 ≤ t ≤ T ). (6)

Proof. Let {u(x, y, t), p(t))} be a classical solution of the problem (1)- (5).
Multiplying the both sides of equation (1) by a function ω(x, y) and integrating
from 0 to 1 with respect to x and y gives

CD
α
0t

∫ 1

0

∫ 1

0
ω(x, y)u(x, y, t)dxdy−

−CD
α
0t

∫ 1

0

∫ 1

0
ω(x, y)∆u(x, y, t)dxdy −

∫ 1

0

∫ 1

0
ω(x, y)∆u(x, y, t)dxdy =

= p(t)

∫ 1

0

∫ 1

0
ω(x, y)u(x, y, t)dxdy +

∫ 1

0

∫ 1

0
ω(x, y)f(x, y, t)dxdy ( 0 ≤ t ≤ T ).

(7)
Now, taking CD

α
0th(t) ∈ C[0, T ] and differentiating (5), we have

CD
α
0t

∫ 1

0

∫ 1

0
ω(x, y)u(x, y, t)dxdy = CD

α
0th(t) (0 ≤ t ≤ T ). (8)

By (5) and (8), it follows from (7) that the relation (6) is valid.
Now let’s assume that {u(x, t), p(t)} is a soluton of the problem (1)-(4), (6).

Then from (6) and (7) we obtain

CD
α
0t

(∫ 1

0

∫ 1

0
ω(x, y)u(x, y, t)dxdy − h(t)

)
=

= p(t)

(∫ 1

0

∫ 1

0
ω(x, y)u(x, y, t)dxdy − h(t)

)
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( 0 ≤ t ≤ T ) . (9)

By (2) and the coherence condition
∫ 1
0

∫ 1
0 ω(x, y)φ(x, y)dxdy = h(0), we have∫ 1

0

∫ 1

0
ω(x, y)u(x, y, 0)dxdy − h(0) =

∫ 1

0

∫ 1

0
ω(x, y)φ(x, y)dxdy − h(0) = 0.

(10)
From (9), taking into account (10) [27], it is clear that condition (5) is also
satisfied.

The theorem is proved. ◀

3. The proof of the existence and uniqueness of the classical
solution of the inverse boundary value problem

We will search for the first component u(x, y, t) of the solution {u(x, y, t), p(t) }
of the problem (1)-(4), (6) in the following form:

u(x, y, t) =

∞∑
n=1

∞∑
k=1

uk,n(t) cosλkx sin γny , (11)

where

λk =
π

2
(2k − 1) (k = 1, 2, ...), γn =

π

2
(2n− 1) (n = 1, 2, ...) ,

uk,n(t) = 4

∫ 1

0

∫ 1

0
u(x, y, t) cosλkx sin γnydxdy (k = 1, 2, ...; n = 1, 2, ...). (12)

Using the method of separation of variables to define the sought coefficients
uk,n(t) (k = 1, 2, ...;n = 1, 2, ...) of the function u(x, t), from (1), (2) we obtain

CD
α
0tuk,n(t) +

µ2
k,n

1 + µ2
k,n

uk,n(t) =

=
1

1 + µ2
k,n

Fk,n(t;u, p) (k = 1, 2, ..., n = 1, 2, ...; 0 ≤ t ≤ T ) , (13)

uk,n(0) = φk,n(k = 1, 2, ...;n = 1, 2, ...) , (14)

where

µ2
k,n = λ2

k + γ2n (k = 1, 2, ...;n = 1, 2, ...),

Fk,n(t;u, p) = fk,n(t) + p(t)uk,n(t) (k = 1, 2, ...;n = 1, 2, ...) ,
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fk,n(t) = 4

∫ 1

0

∫ 1

0
f(x, y, t) cosλkx sin γnydxdy (k = 1, 2, ...; n = 1, 2, ...),

φk,n = 4

∫ 1

0

∫ 1

0
φ(x, y) cosλkx sin γnydxdy (k = 1, 2, ...; n = 1, 2, ...).

Solving the problem (13), (14), we find [27]

uk,n(t) = φk,nEα(−β2
k,n t

α)+

+
1

1 + µ2
k,n

∫ t

0
(t− τ)α−1Eα,α(−β2

k,n(t− τ)α)Fk,n(τ ; u, p)dτ

(k = 1, 2, ...;n = 1, 2, ...), (15)

where Eα(−β2
k,nt

α) and Eα,α(−β2
k,nt − τ)α) are the Mittag- Leffler functions,

β2
k,n =

µ2
k,n

1+µ2
k,n

(k = 1, 2, ...;n = 1, 2, ...) .

Definition 2 ([27]). The generalized Mittag-Leffler function is defined by

Eα,β(z) =
∞∑
k=0

zk

Γ(αk + β)
, z ∈ C,

where αand β ∈ R.

Remark 1 ([28]). Let 0 < α < 2, and β ∈ R be arbitrary numbers. If πα
2 < µ <

min{π, πα} , then there exists a constant Cα,β such that

|Eα,β(z)| ≤
Cα,β

1 + |z|
, µ ≤ |arg(z)| ≤ π.

Substituting the expressions uk,n(t) (k = 1, 2, . . . ;n = 1, 2, ...) in (11), we
have

u(x, y, t) =
∞∑
n=1

∞∑
k=1

{
φk,nEα(−β2

k,n t
α)+

+
1

1 + µ2
k,n

∫ t

0
(t− τ)α−1Eα,α(−β2

k,n(t− τ)α)Fk,n(τ ; u, p)dτ

}
cosλkx sin γny.

(16)
Now, from (6), by (11), we obtain

CD
α
0th(t) +

∞∑
k=1

∞∑
n=1

µ2
k,n (CD

α
0tuk,n(t) + uk,n(t)) qk ,n =
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= p(t)h(t) +

∫ 1

0

∫ 1

0
ω(x, y)f(x, y, t)dxdy (0 ≤ t ≤ T ), (17)

where

qk,n =

∫ 1

0

∫ 1

0
ω(x, y) cosλkx sin γnydxdy.

Further, from (13) we have

µ2
k,n (CD

α
0tuk,n(t) + uk,n(t)) = Fk,n(t;u, p) − CD

α
0tuk,n(t) =

µ2
k,n

1 + µ2
k,n

uk,n(t)+

+
µ2
k,n

1 + µ2
k,n

Fk,n(t;u, p)(k = 1, 2, ..., n = 1, 2, ...; 0 ≤ t ≤ T ) . (18)

From (17), taking into account (18), we obtain

p(t) = [h(t)]−1

{
CD

α
0th(t)−

∫ 1

0

∫ 1

0
ω(x, y)f(x, y, t)dxdy +

+
∞∑
k=1

∞∑
n=1

(
µ2
k,n

1 + µ2
k,n

uk,n(t) +
µ2
k,n

1 + µ2
k,n

Fk,n(t;u, p)

)
qk ,n

}
. (19)

To obtain the equation for the second component p(t) of the solution {u(x, t), p(t)}
of the problem (1)-(4), (6), we substitute the expression (15) in (19) to get

p(t) = [h(t)]−1

{
CD

α
0th(t)−

∫ 1

0

∫ 1

0
ω(x, y)f(x, y, t)dxdy +

+
∞∑
k=1

∞∑
n=1

[
µ2
k,n

1 + µ2
k,n

(
φk,nEα(−β2

k,n t
α)+

1

1 + µ2
k,n

×

×
∫ t

0
(t− τ)α−1Eα,α(−β2

k,n(t− τ)α)Fk,n(τ ; u, p)dτ

)
+

µ2
k,n

1 + µ2
k,n

Fk,n(t;u, p)

]
qk,n

}
.

(20)

Thus, the solution of the problem (1)-(4), (6) is reduced to the solution of the
system (16), (20) with respect to the unknown functions u(x, y, t) and p(t).

To treat the uniqueness of the solution of (1)-(4), (6), we will significantly
use the following lemma.
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Lemma 1. If {u(x, y, t), p(t)} is any solution of the problem (1)-(4), (6), then
the functions

uk,n(t) = 4

∫ 1

0

∫ 1

0
u(x, y, t) cosλkx sin γnydxdy (k = 1, 2, ...; n = 1, 2, ...)

satisfy the system (15) on [0, T ].

Proof. Let {u(x, y, t), p(t)} be any solution of the problem (1)-(4), (6). Then,
multiplying both sides of the equation (1) by the function 4 cosλkx sin γny (k =
1, 2, ...; n = 1, 2, ...), integrating the obtained equality with respect to x and y
from 0 to 1 and using the relations

4

∫ 1

0

∫ 1

0
CD

α
0tu(x, y, t) cosλkx sin γnydxdy =

= CD
α
0t

(
4

∫ 1

0

∫ 1

0
u(x, y, t) cosλkx sin γnydxdy

)
= CD

α
0tuk,n(t)

(k = 1, 2, ...; n = 1, 2, ...),

4

∫ 1

0

∫ 1

0
uxx(x, y, t) cosλkx sin γnydxdy =

= −λ2
k

(
4

∫ 1

0

∫ 1

0
u(x, y, t) cosλkx sin γnydxdy

)
= −λ2

kuk,n(t)

(k = 1, 2, ...; n = 1, 2, ...),

4

∫ 1

0

∫ 1

0
uyy(x, y, t) cosλkx sin γnydxdy =

−γ2n

(
4

∫ 1

0

∫ 1

0
u(x, y, t) cosλkx sin γnydxdy

)
= −γ2kuk,n(t)

(k = 1, 2, ...; n = 1, 2, ...),

4

∫ 1

0

∫ 1

0
CD

α
0tuxx(x, y, t) cosλkx sin γnydxdy = −λ2

kCD
α
0tuk,n(t)

(k = 1, 2, ...; n = 1, 2, ...),

4

∫ 1

0

∫ 1

0
CD

α
0tuyy(x, y, t) cosλkx sin γnydxdy = −γ2nCD

α
0tuk,n(t)

(k = 1, 2, ...; n = 1, 2, ...),

we get the validity of the equation (13).
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Similarly, from (2) it follows that the condition (14) holds.
Thus, uk,n(t) (k = 1, 2, ...; n = 1, 2, ...) are the solutions of the problem (13),

(14). Hence it directly follows that the functions uk,n(t) (k = 1, 2, ...; n = 1, 2, ...)
satisfy the system (15) on [0, T ].

The lemma is proved. ◀

It is clear that if

uk,n(t) = 4

∫ 1

0

∫ 1

0
u(x, y, t) cosλkx sin γnydxdy (k = 1, 2, ...; n = 1, 2, ...)

are the solutions of the system (15), then the pair {u(x, y, t), p(t)} of the functions
u(x, y, t) =

∑∞
n=1

∑∞
k=1 uk,n(t) cosλkx sin γny and p(t) is a solution of the system

(16), (20).
Lemma 1 has the following corollary.

Corollary 1. Let the system (16), (20) have a unique solution. Then the problem
(1)-(4), (6) cannot have more than one solution, i.e. if the problem (1)-(4),(6)
has a solution, then it is unique.

1. Denote by B3
2,T [31] the totality of all functions u(x, y, t) of the form

u(x, y, t) =
∞∑
n=1

∞∑
k=1

uk,n(t) cosλkx sin γny

in DT , where each of the functions uk,n(t) (k = 1, 2, ...; n = 1, .2, ..) is continu-
ously differentiable on [0, T ] and{ ∞∑

n=1

∞∑
k=1

(
µ3
k,n ∥uk,n(t)∥C[0,T ]

)2 } 1
2

< +∞.

Define the norm on this set as follows:

∥u(x, y, t)∥B3
2,T

=

{ ∞∑
n=1

∞∑
k=1

(
µ3
k,n ∥uk,n(t)∥C[0,T ]

)2 } 1
2

.

2. Denote by E3
T the space consisting of topological product

B3
2,T × C[0, T ] .

The norm of the element z = {u, p} is defined by the formula

∥z∥E3
T
= ∥u(x, y, t)∥B3

2,T
+ ∥p(t)∥C[0,T ] .
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It is known that B3
2,T and E3,

T are Banach spaces.

Now let’s consider in the space E3
T the operator

Φ(u, p) = {Φ1(u, p),Φ2(u, p)},

where

Φ1(u, p) = ũ(x, y, t) ≡
∞∑
n=1

∞∑
k=1

ũk,n(t) cosλkx sin γny ,

Φ2(u, p) = p̃(t), ,

and ũk,n(t) (k = 1, 2, ...; n = 1, 2, ...) and p̃(t) are equal to the right-hand sides of
(15) and (20), respectively.

It is not difficult to see that∣∣Eα(−β2
k,nt

α)
∣∣ ≤ M1

1 + β2
k,nt

α
,
∣∣Eα,α(−β2

k,n(t− τ)α)
∣∣ ≤ M2

1 + β2
k,n(t− τ)α

(0 ≤ τ ≤ t),

|qk,n| ≤ ∥ω(x, y)∥C(Qxy)
≡ q ,

µ2
k,n

1 + µ2
k,n

< 1 ,

µ3
k,n ≤ (λ2

k + γ2k)(λk + γn) = λ3
k + λ2

k γn + γ2kλk + γ3k .

From these relations we obtain{ ∞∑
n=1

∞∑
k=1

(
µ3
k,n ∥ũk,n(t)∥C[0,T ]

)2 } 1
2

≤
√
7M1

( ∞∑
n=1

∞∑
k=1

(
λ3
k |φk,n|

)2) 1
2

+

+
√
7M1

( ∞∑
n=1

∞∑
k=1

(
λ2
k γn |φk,n|

)2) 1
2

+
√
7M1

( ∞∑
n=1

∞∑
k=1

(
λkγ

2
n |φk,n|

)2) 1
2

+

+
√
7M1

( ∞∑
n=1

∞∑
k=1

(
γ3n |φk,n|

)2) 1
2

+

√
7TαM2

α
×

×

( ∞∑
n=1

∞∑
k=1

(
λk ∥fk,n(t)∥C[0,T ]

)2) 1
2

+

( ∞∑
n=1

∞∑
k=1

(
γn ∥fk,n(t)∥C[0,T ]

)2) 1
2

+

+ ∥p(t)∥C[0,T ]

( ∞∑
k=1

∞∑
k=1

(
µ3
k,n ∥uk,n(t)∥C[0,T ]

)2) 1
2

 , (21)
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∥p̃(t)∥C[0,T ] ≤
∥∥∥[h(t)]−1

∥∥∥
C[0,T ]

{∥∥∥∥CDα
0th(t)−

∫ 1

0

∫ 1

0
ω(x, y)f(x, y, t)dxdy

∥∥∥∥
C[0,T ]

+

+q

( ∞∑
k=1

∞∑
k=1

µ−2
k

) 1
2

M1

( ∞∑
n=1

∞∑
k=1

(
λ3
k |φk,n|

)2) 1
2

+M1

( ∞∑
n=1

∞∑
k=1

(
λ2
k γn |φk,n|

)2) 1
2

+

+M1

( ∞∑
n=1

∞∑
k=1

(
λkγ

2
n |φk,n|

)2) 1
2

+M1

( ∞∑
n=1

∞∑
k=1

(
γ3n |φk,n|

)2) 1
2

+

+
TαM2

α

( ∞∑
n=1

∞∑
k=1

(λk |fk,n(t)|)2
) 1

2

+

( ∞∑
n=1

∞∑
k=1

(γn |fk,n(t)|)2
) 1

2

+

+ ∥p(t)∥C[0,T ]

( ∞∑
k=1

∞∑
k=1

(
µ3
k,n ∥uk,n(t)∥C[0,T ]

)2) 1
2

+

( ∞∑
n=1

∞∑
k=1

(λk |fk,n(t)|)2 dτ

) 1
2

+

+

( ∞∑
n=1

∞∑
k=1

(γn |fk,n(t)|)2 dτ

) 1
2

+ ∥p(t)∥C[0,T ]

( ∞∑
n=1

∞∑
k=1

(µ3
k ∥uk(t)∥C[0,T ])

2

) 1
2

 .

(22)
Assume that the data of the problem (1)-(4), (6) satisfy the following condi-

tions:
1.

φ(x, y), φx(x, y), φxx(x, y), φy(x, y), φxy(x, y), φyy(x, y) ∈ C(Q̄xy),

φxxy(x, y), φxyy(x, y), φxxx(x, y), φyyy(x, y) ∈ L2(Qxy),

φx(0, y) = φ(1, y) = φxx(1, y) = 0 (0 ≤ y ≤ 1),

φ(x, 0) = φy(x, 1) = φyy(x, 0) = 0 (0 ≤ x ≤ 1).

2.
f(x, y, t) ∈ C(DT ), fx(x, y, t), fy(x, y, t) ∈ C(0, T ;L2(Qxy)),

f (1, y, t) = f (x, 0, t) = 0 (0 ≤ x, y ≤ 1, 0 ≤ t ≤ T ) .

3.
h(t) ∈ C[0, T ] , CD

α
0th(t) ∈ C[0, T ] , h(t) ̸= 0 (0 ≤ t ≤ T ),

Then from (21)- (22) we obtain

∥ũ(x, y, t)∥B3
2,T

=

{ ∞∑
n=1

∞∑
k=1

(
µ3
k ∥ũk,n(t)∥C[0,T ]

)2 } 1
2

≤



Inverse Boundary Value Problem for Two-Dimensional Pseudo Parabolic Equation 93

≤ A1(T ) +B1(T ) ∥p(t)∥C[0,T ] ∥u(x, y, t)∥B3
2,T

, (23)

∥p̃(t)∥C[0,T ] ≤ A2(T ) +B2(T ) ∥p(t)∥C[0,T ] ∥u(x, y, t)∥B3
2,T

, (24)

where
A1(T ) =

√
7M1 ∥φxxx(x, y)∥L2(Qxy)

+
√
7M1 ∥φxyy(x, y)∥L2(Qxy)

+
√
7M1 ∥φxxy(x, y)∥L2(Qxy)

+
√
7M1 ∥φxxx(x, y)∥L2(Qxy)

+

√
7TαM2

α

(∥∥∥∥fx(x, y, t)∥L2(Qxy)

∥∥∥
C[0,T ]

+
∥∥∥∥fy(x, y, t)∥L2(Qxy)

∥∥∥
C[0,T ]

)
,

B1 (T ) =

√
7TαM2

α
,

A2(T ) =
∥∥∥[h(t)]−1

∥∥∥
C[0,T ]

{∥∥∥∥CDα
0th(t)−

∫ 1

0

∫ 1

0
ω(x, y)f(x, y, t)dxdy

∥∥∥∥
C[0,T ]

+q

( ∞∑
k=1

∞∑
k=1

µ−2
k

) 1
2 [

M1 ∥φxxx(x, y)∥L2(Qxy)
+M1 ∥φxyy(x, y)∥L2(Qxy)

+

+M1 ∥φxxy(x, y)∥L2(Qxy)
+M1 ∥φxxx(x, y)∥L2(Qxy)

+

+

(
TαM2

α
+ 1

)(∥∥∥∥fx(x, y, t)∥L2(Qxy)

∥∥∥
C[0,T ]

+
∥∥∥∥fy(x, y, t)∥L2(Qxy)

∥∥∥
C[0,T ]

)]}
,

B2 (T ) =
∥∥∥[h(t)]−1

∥∥∥
C[0,T ]

q

( ∞∑
k=1

∞∑
k=1

µ−2
k

) 1
2 (TαM2

α
+ 1

)
.

From the inequalities (23)-(24) it follows

∥ũ(x, y, t)∥B3
2,T

+ ∥p̃(t)∥C[0,T ] ≤

≤ A(T ) +B(T ) ∥p(t)∥C[0,T ] ∥u(x, t)∥B3
2,T

, (25)

where

A(T ) =

2∑
i=1

Ai(T ), B(T ) =

2∑
i=1

Bi(T ), .

So we can prove the following theorem.

Theorem 2. Let the conditions 1-3 be satisfied and

(A(T ) + 2)2B(T ) < 1. (26)

Then the problem (1)-(4), (6) has a unique solution in the ball K = KR(∥z∥E3
T

≤ R = A(T ) + 2) of the space E3
T .
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Proof. Consider in the space E3
T the equation

z = $z, (27)

where z = {u, p}, and the components Φi(u, p)(i = 1, 2) of the operator $(u, p) are
defined by the right-hand sides of the equations (16), (20), respectively. Consider
the operator $(u, p) in the ball K = KR(∥z∥E3

T
≤ R = A(T ) + 2) of E3

T .

Similar to (25), we obtain the following estimates for every z, z1, z2 ∈ KR:

∥Φz∥E3
T
≤ A(T ) +B(T ) ∥p(t)∥C[0,T ] ∥u(x, y, t)∥B3

2,T
, (28)

∥Φz1 − Φz2∥E2
T
≤ B(T )R

(
∥p1(t)− p2(t)∥C[0,T ] + ∥u1(x, y, t)− u2(x, y, t)∥B3

2,T

)
.

(29)

Then from the estimates (28) and (29), by (26), it follows that the operator
$ acts in the ball K = KR and is a contraction operator. Therefore, the operator
$ has a unique fixed point {u, p} in the ball K = KR, which is a unique solution
of the equation (27), i.e. a unique solution of the system (16), (20) in the ball
K = KR.

As an element of the space B3
2,T , the function u(x, y, t) is continuous and has

continuous derivatives ux(x, y, t), uxx(x, y, t), uy(x, y, t), uxy(x, y, t), uyy(x, y, t)
in DT .

Now it is not difficult to see from (13) that

{ ∞∑
n=1

∞∑
k=1

(
µ3

k,n
∥CDα

0tuk,n(t)∥C[0,T ]

)2 } 1
2

≤
√
2
[
∥u(x, y, t)∥B3

2,T
+

+
∥∥∥∥fx(x, y, t) + fy(x, y, t) + p(t) (ux(x, y, t) + uy(x, y, t))∥L2(Qxy)

∥∥∥
C[0,T ]

]
.

Hence, it is clear that ut(x, y, t), utxx(x, y, t), utyy(x, y, t) are continuous in
DT .

It is not difficult to verify that the equation (1) and the conditions (2)-(4),
(6) are satisfied in the usual sense. Thus, the solution of the problem (1)–(4), (6)
is a pair of functions {u(x, t), p(t)}. By the corollary of Lemma 1, this solution
is unique in the ball K = KR.

The theorem is proved. ◀

Using Theorems 1 and 2, we obtain the unique solvability of the problem
(1)–(5).
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Theorem 3. Let all the conditions of Theorem 2 be satisfied and the coherence
conditions ∫ 1

0

∫ 1

0
ω(x, y)φ(x, y)dxdy = h(0)

hold. Then the problem (1)-(5) has a unique classical solution in the ball K =
KR(∥z∥E3

T
≤ R = A(T ) + 2) of the space E3

T .

4. Conclusions

In this paper, a nonlinear inverse boundary value problem for a time fractional
two-dimensional pseudo parabolic equation with the integral type overdetermi-
nation conditions is studied and the classical solvability of the considered inverse
boundary problem is investigated. To examine the solvability of the problem, the
considered problem is first reduced to an auxiliary inverse boundary value prob-
lem and its equivalence to the original problem is shown. Then, the existence
and uniqueness theorems for the auxiliary problem are proved using the Fourier
method and the contraction mappings principle. Further, based on the equiva-
lence of these problems, the existence and uniqueness theorem for the classical
solution of the original inverse problem is established

References

[1] Tikhonov, A.N. (1943) On stability of inverse problems, Doklady Akademii
Nauk SSSR, 39(5), 195–198 (in Russian).

[2] Lavrentiev, M.M. (1964) On one inverse problem for the wave equation,
Doklady Akademii Nauk SSSR, 157(3), 520–521 (in Russian).

[3] Lavrentiev, M.M., Romanov, V.G., Shishatski, S.T. (1980) Noncorrect prob-
lems of mathematical physics and analysis, Nauka, Moscow (in Russian).

[4] Ivanov, V.K., Vasin, V.V., Tanina, V.P. (1978) Theory of linear noncorrect
problems and its applications, Nauka, Moscow (in Russian).

[5] Denisov, A.M. (1994) Introduction to the theory of inverse problems, Moscow
State University, Moscow (in Russian).

[6] Mehraliyev, Y.T., Ramazanova, A.T., Huntul, M.J. (2022) An inverse
boundary value problem for a two-dimensional pseudoparabolic equation of
third order, Results in Applied Mathematics, 14, 100274.



96 Y.T. Mehraliyev, A.I. Ismailov, N.A. Suleymanov

[7] Mehraliyev, Y.T., Shafiyeva, G.K. (2015)On an inverse boundary value prob-
lem for a pseudo-parabolic third order equation with integral condition of the
first kind, Journal of Mathematical Sciences, 204(3), 343–350.

[8] Mehraliyev, Y.T., Shafiyeva, G.K. (2014) Determination of an unknown co-
efficient in the third order pseudoparabolic equation with non-self-adjoint
boundary conditions, Journal of Applied Mathematics, 2014, Article ID
358696, 7 pages.

[9] Mehraliyev, Y.T., Shafiyeva, G.K. (2014) Inverse boundary value problem
for the pseudoparabolic equation of the third order with periodic and integral
conditions, Applied Mathematical Sciences, 8(23), 1145–1155.

[10] Khompysh, K. (2017) Inverse problem for one-dimensional pseudo-parabolic
equation, Functional Analysis and Interdisciplinary Applications, 216, 382–
387.

[11] Ramazanova, A.T., Mehraliyev, Y.T., Allahverdieva, S.I. (2019) On an in-
verse boundary value problem with non-local integral terms condition for
the pseudoparabolic equation of the fourth order, Differential Equations and
Their Applications in Mathematical Modeling, Saransk, 101–103.

[12] Rudenko, O.V., Soluyan, S.I., Beyer, R.T. (1977) Theoretical foundations of
nonlinear acoustics, Consultants Bureau, New York, 274.

[13] Beshtokov, M.K. (2014) A numerical method for solving one nonlocal bound-
ary value problem for a third-order hyperbolic equation, Computational
Mathematics and Mathematical Physics, 54, 1441–1458.

[14] Gekkieva, S.K. (2018) Nonlocal boundary-value problem for the general-
ized Ller–Lykov moisture transport equation, Vestnik KRAUNC. Fiziko-
Matematicheskie Nauki, 4, 19–26.

[15] Huntul, M.J., Lesnic, D. (2017) Determination of time-dependent coefficients
and multiple free boundaries, Eurasian Journal of Mathematical and Com-
putational Applications, 5, 15–43.

[16] Huntul, M.J., Lesnic, D. (2019) Time-dependent reaction coefficient identi-
fication problems with a free boundary, International Journal of Computa-
tional Methods in Engineering Science and Mechanics, 20, 99–114.

[17] Huntul, M.J., Lesnic, D. (2019) Determination of a time-dependent free
boundary in a two-dimensional parabolic problem, International Journal of
Applied and Computational Mathematics, 5(4), 118, 15 pages.



Inverse Boundary Value Problem for Two-Dimensional Pseudo Parabolic Equation 97

[18] Huntul, M.J. (2021) Identification of the timewise thermal conductivity in a
two-dimensional heat equation from local heat flux conditions, Inverse Prob-
lems in Science and Engineering, 29, 903–919.

[19] Huntul, M.J., Lesnic, D. (2021) Determination of the time-dependent con-
vection coefficient in two-dimensional free boundary problems, Engineering
Computations, 38, 3694–3709.

[20] Huntul, M.J. (2021) Reconstructing the time-dependent thermal coefficient
in two-dimensional free boundary problems, CMC–Computers, Materials &
Continua, 67, 3681–3699.

[21] Huntul, M.J. (2021) Finding the time-dependent term in a two-dimensional
heat equation from nonlocal integral conditions, Computer Systems Science
and Engineering, 39, 415–429.

[22] Carrillo, J.A., Vázquez, J.L. (2015) Some free boundary problems involving
non-local diffusion and aggregation, Philosophical Transactions of the Royal
Society A, 373, 20140275.

[23] Snitko, H.A. (2012) Inverse problem for a parabolic equation with unknown
minor coefficient in a free boundary domain, Visnyk of the Lviv University.
Series Mechanics and Mathematics, 77, 218–230.

[24] Huntul, M.J. (2019) Recovering the timewise reaction coefficient for a two-
dimensional free boundary problem, Eurasian Journal of Mathematical and
Computational Applications, 7, 66–85.

[25] Huntul, M.J., Dhiman, N., Tamsir, M. (2021) Reconstructing an unknown
potential term in the third-order pseudo-parabolic problem, Computational
and Applied Mathematics, 40, 140.

[26] Huntul, M.J. (2021) Identifying an unknown heat source term in the third-
order pseudo-parabolic equation from nonlocal integral observation, Interna-
tional Communications in Heat and Mass Transfer, 128, 105550.

[27] Kilbas, A.A., Srivastava, M.H., Trujillo, J.J. (2006) Theory and applications
of fractional differential equations, Elsevier.

[28] Podlubny, I. (1998) Fractional differential equations: an introduction to frac-
tional derivatives, fractional differential equations, methods of their solution
and some of their applications, Elsevier.



98 Y.T. Mehraliyev, A.I. Ismailov, N.A. Suleymanov

[29] Durdiev, D.K., Jumaev J.J. (2023) Inverse coefficient problem for a time-
fractional diffusion equation in a bounded domain, Lobachevskii Journal of
Mathematics, 44(2), 548–557.

[30] Ashurov, R., Fayziev, Y. (2022) On the nonlocal problems in time for time-
fractional subdiffusion equations, Fractal and Fractional, 6(1), 41.

[31] Khudaverdiyev, K.I., Veliyev, A.A. (2010) Study of one-dimensional mixed
problem for one class of pseudo-hyperbolic equations of third order with non-
linear operator right-hand side, Casioglu, Baku (in Russian).

Yashar T. Mehraliyev
Baku State University, Baku, Azerbaijan
E-mail: yashar aze@mail.ru

Arif I. Ismailov
Baku State University, Baku, Azerbaijan
E-mail: ismayilov.arif58@mail.ru

Nurbala A. Suleymanov
Guba branch of the Azerbaijan State Pedagogical University, Guba, Azerbaijan
E-mail: nurbalanurbala210@gmail.com

Received 30 June 2025
Accepted 21 October 2025


