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Potential Operator on Carleson Curves in Local
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Abstract. In this paper we give a strong and weak type Guliyev-Spanne type bounded-
ness criterion for the potential operator Z¢ in the local generalized weighted Morrey space
LM;‘ig} (T', w) and the generalized weighted Morrey space M, ,,(I', w) defined on Carleson
curves I'. For the operator Z% we establish necessary and sufficient conditions for the

strong and LMéi?,}(F ,w) and the strong and weak Guliyev-Spanne type boundedness
and M, ,(T', w).
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1. Introduction

The classical Morrey spaces were originally introduced by Morrey in [29] to
study the local behavior of solutions to second order elliptic partial differential
equations. For the properties and applications of Morrey spaces, we refer the
readers to [3, 9, 19, 20, 33]. Guliyev, Mizuhara and Nakai [12, 28, 32] intro-
duced generalized Morrey spaces MP#(R™) (see also [13, 35]). Recently, Komori
and Shirai [27] considered the weighted Morrey spaces LP*(w) and studied the
boundedness of some classical operators such as the Hardy-Littlewood maximal
operator, the Calderén-Zygmund operator on these spaces. Guliyev [15] gave a
concept of generalized weighted Morrey space M, ,(w) which could be viewed
as extension of both generalized Morrey space M, , and weighted Morrey space
LP*(w). In [15], Guliyev also studied the boundedness of classical operators and
their commutators in the spaces M), ,(w).

http://www.azjm.org 99 © 2010 AZJM Al rights reserved.
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Let I' ={t € C:t =t(s), 0 < s <1< oo} be arectifiable Jordan curve in the
complex plane C with arc-length measure v(t) = s, with [ = vI" = length of T".
We denote

L(t,r):=TNDB(tr), tel, r>0,

where B(t,r) = {z € C : |z —t| < r}. We also denote for brevity vI'(¢t,r) =
[T (t, 7).
A rectifiable Jordan curve I' is called a Carleson curves if the condition

vI'(t,r) < cor

holds for all £ € I and r > 0, where the constant ¢y > 0 does not depend on ¢
and 7.

Let f € L!°¢(T',w). The maximal operator M and the potential operator Z¢
on I' are defined by

t>0

Mf(t) = sup(uT'(t, 7))~ /F o ),

and

Iaf(t)—/w_f(:‘z_ad’/(ﬂ’ 0<a<l,

respectively.

Maximal operator and potential operator in various spaces, in particular,
defined on Carleson curves, have been widely studied by many authors (see, for
example, [4, 5, 6, 8, 10, 11, 22, 23, 24, 26]).

According to [2, 3, 18, 19, 20, 21, 33|, the maximal estimates are vital for
examining the regularity of solutions of elliptic, parabolic, and ultraparabolic
partial differential equations of second order, and their boundedness can be used
to describe specific function spaces.

The main purpose of this paper is to establish the boundedness of potential
operator Z%, 0 < ao < 1 in local generalized weighted Morrey spaces LM;pr}(F, w)
defined on Carleson curves I'. We shall give characterizations of the strong and
weak Guliyev-Spanne type boundedness of the operator Z% from LMIE,ZOI}(F, w) to
LMq{fPOQ}(F,w), l1<p<qg<oo,1/p—1/q=a and from the space LMl{fpol}(I’,w)
to the weak space WLM;@OQ}(F,w), l1<g<oo,1-1/q=a.

By A < B we mean that A < C'B with some positive constant C' independent
of appropriate quantities. If A < B and B < A, we write A ~ B and say that A
and B are equivalent.
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2. Preliminaries

Morrey spaces were introduced by C.B. Morrey [29] in 1938 in connection
with some problems in elliptic partial differential equations and calculus of vari-
ations. Later, Morrey spaces found important applications to Navier-Stokes and
Schrodinger equations, elliptic problems with discontinuous coefficients, and po-
tential theory.

By a weight function, briefly weight, we mean a locally integrable function
on I'" which takes values in (0, oo) almost everywhere. For a weight w and a
measurable set F, we define w( = [pw pw(t)dv(t), and denote the Lebesgue
measure of E by |F| and the Characterlstlc functlon of E by xg.

Let w is a weight function, and L, ,»(I'), 1 < p < co be the space of measur-
able functions on I' with finite norm

1/p
1ALz, ooy = ( / If(t)\pw(t)dV(t)) |

We recall a weight function w is in the Muckenhoupt’s class A,(I'), 1 < p < oo
[30], if

[w] A Ap(T) —SUP[ ]Ap(D)

_ )i=r pl
sup ]D\/ ]D\/ dv(t ) <oo, (1)

where the supremum is taken with respect to all the balls D and * >t 1% = 1. Note
that, for all balls D, Holder’s inequality is

1

_1
[w]p (D) = = |D|” 1”“’”/;1 Hw p”Lp,(D) > 1. (2)
For p =1, w € A;(T') is defined by the condition Mw(t) < Cw(t) with [w]4, () =

Supser J‘{U(()) and for p = 00 Ao (I') = Ui <pcoodp(l) and [w]o = inf1<pcco(w]a, .
A weight function w is in the Muckenhoupt-Wheeden class A, ,(I'), 1 < p < o0
[31], if

[w]a, (1) = SUP[ la,

/q 1/p’
nd dv(
= / (127 J, weer” av) ™ <o

where the supremum is taken with respect to all the balls D and 1 5t [% = 1. Note
that, for all balls D, Holder’s inequality is

i1 _
[w]a, 4(0) = D7 lwllz,(p)llw 1HLP/(D) > 1. (3)
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While p =1, w € A1 4(T") with 1 < ¢ < oo if

[w]a, (1) —SUP[ w] A, (D)

1
7 1
= sup / t)4dv(t q (ess sup —) < 00. 4
D] Ly W
Definition 1. Let 1 < p < o0, 0 < A < 1, [r]; = min{l,r}. We denote by
Ly (') the Morrey space, and by L, \(I') the modified Morrey space, the set of
locally integrable functions f on I' with the finite norms

2 2
11, ) = sup o I Lowerns Iz, o) = tesl}lgo[rh i alymeeer:

I'yr>0
respectively.

Note that (see [11, 14]) Ly o(I") = Zp,O(F) = L,(I),

Ly (') = Ly x(I') N Lyp(T')  and Hf”ip?k(r) = maX{Hf||Lp7/\(F)7 HfHLp(F)}

and if A < 0 or A > 1, then L, (') = EPA(F) = 0O, where O is the set of all
functions equivalent to 0 on I.

We denote by WL, y(I') the weak Morrey space, and by Wip7>\(I’) the mod-
ified Morrey space, as the set of locally integrable functions f on I' with finite
norms

1/p
Ifllwe, )y =sup B sup (r‘A/ w(T)dV(T)> ,
B>0 tel',r>0 {rer(t,r): |f(7)|>B}

1/p
s o =sup B sup [ [l / w(r)dv(r) |
WLp (D) B8>0 telr>0 ! {rel(t,r): |f(r)|>B}

N. Samko [34] studied the boundedness of the maximal operator M defined
on quasimetric measure spaces, in particular on Carleson curves in Morrey spaces
Lpa(D):

Theorem A. Let I' be a Carleson curve, 1 <p<oo,0<a<1land0<A<I1.
Then M is bounded from Ly (') to Ly z(T').

V. Kokilashvili and A. Meskhi [25] studied the boundedness of the operator
7% defined on quasimetric measure spaces, in particular on Carleson curves in
Morrey spaces and proved the following:

Theorem B. Let I" be a Carleson curve, 1 <p<g<oo,0<a<1l,0<)A < %,

A % and %—% = a. Then the operator I* is bounded from the spaces Ly, x, (")

p
to Lq7)\2 (F)
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The following Adams boundedness (see [1]) of the operator Z% in Morrey
space defined on Carleson curves was proved in [10].
Theorem C. Let I" be a Carleson curve, 0 < a < 1, 0 < A < 1 — « and
1<p< 2

1)Ifl<p< %, then the condition 1 — % = 125 is sufficient and in the
case of infinite curve also necessary for the boundedness of the operator I% from
Ly (') to Ly A(T).

2) If p = 1, then the condition 1 — é = 12 18 sufficient and in the case of
infinite curve also necessary for the boundedness of the operator Z from Ly (T")

to WLq,)\(F).

The following Adams boundedness of the operator Z¢ in modified Morrey
space Zp’ A(T') defined on Carleson curves was proved in [11], see also [14].
Theorem D. Let I' be a Carleson curve, 0 < a@ < 1, 0 < A < 1 — « and
1<p< 2

1)Ifl<p< %, then the condition o < L —
the case of infinite curve also necessary for the bou
from Ep’,\(F) to zq’/\(F).

2) If p = 1, then the condition @ < 1 — % < 12 is sufficient and in the

case of infinite curve also necessary for the boundedness of T from EL,\(F) to
WLy A(I).

We will use the following statement on the boundedness of the weighted Hardy
operator

o . .
< 125 s sufficient and in

dedness of the operator IT¢

bS]
I

Hyg(t) := /toog(s)w(s)ds, 0<t< oo,

where w is a weight.
The following theorem was proved in [17], see also [16].

Theorem 1. Let vy, va and w be weights on (0,00) and vi(t) be bounded outside
a neighborhood of the origin. The inequality

ess sup va(t)Hyg(t) < Cess sup vy (t)g(t) (5)
>0 >0

holds for some C > 0 for all non-negative and non-decreasing g on (0,00) if and
only if

[eS)
d
0 ; esssupvi(T)
s<T<00

Moreover, the value C = B is the best constant for (5).
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3. Local generalized weighted Morrey spaces

We find it convenient to define the local generalized weighted Morrey spaces
in the form as follows, see [17, 18].

Definition 2. Let 1 < p < oo, @(t,r) be a positive measurable function on
I' x (0,00) and w be a non-negative measurable function on I'. Fized ty € I', we
denote by LMgﬁg}(F,w) (WLM,;{ﬁg}(F,w)) the local generalized weighted Morrey
space (the weak local generalized weighted Morrey space), the space of all functions
fe L;)OC(F,w) with finite quasinorm

171 ! L
=su :
LMQ) (0 w) r>g o(to,r) w(T(to, r))% Lo (o))

1 1

(mmwwmfg%mﬂwmﬂﬁwmmwwy

Definition 3. Let 1 < p < oo, @(t,r) be a positive measurable function on
I' x (0,00) and w be a non-negative measurable function on I'.  The gener-
alized weighted Morrey space M, ,(I',w) is defined as the set of all functions
fe Léf’c(F, w) with the finite norm

1
f w) — Sup f r)w)-
Mot = 30 iy e Wl

Also the weak generalized Morrey space WM, ,(I',w) is defined as the set of all
functions f € Léoc(f‘,w) with the finite norm

T — swp -l
WMo = en 0 (1) (e, s

It is natural, first of all, to find conditions ensuring that the spaces LMgig} (T, w)
and M, ,(I',w) are nontrivial, that is consist not only of functions equivalent to
OonT.

Lemma 1. [4] Lettg € ', ¢(t,r) be a positive measurable function on I' x (0, c0)
and w be a non-negative measurable function on U'. If

1 1
sup
r<1T<00 Sp(t()’ T) w(F(tO) T))%

=00 for somer >0, (6)

then LM (T, w) = ©.
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Remark 1. Let tg € I' and w be a non-negative measurable function on I'. We
denote by Q}D"’fu the set of all positive measurable functions ¢ on I' x (0,00) such
that for all r > 0,

1 1

HSO(thT) w(T(to, 7))7 =

Loo (1,00)

In what follows, keeping in mind Lemma 1, for the non-triviality of the space
LMD, w) we always assume that ¢ € QL°5,.

Lemma 2. [}/ Let p(t,r) be a positive measurable function on T x (0,00) and w
be a non-negative measurable function on T'.

(@) If

=00 for somer >0 and forallt e, (7)

1 1
sup
r<r<oo P(6T) (D (t, 7)) 7

then My ,(I',w) = ©.
(i) If

sup @(t,7)" ' =00  for somer >0 and for allt €T, (8)
o<r<r

then My ,(I',w) = ©.

Remark 2. We denote by )y, ., the set of all positive measurable functions ¢ on
I' x (0,00) such that for all v > 0,

1 1
o
tel’ 90(t7 7—) w(]:’(t, T))%

<00, and su H tT_lH < 0.
Loo(r,00) ’ el P(t7) Loo(0,7)

In what follows, keeping in mind Lemma 2, we always assume that ¢ € Qp .

Let G = {T'(t,r) : t € I',r > 0}. For a non-negative measurable function w,
we denote by Gl the set of all almost decreasing functions ¢ : I' x (0, 00) — (0, 00)
such that

I >
F(tm)lean:rgm o(I'(t,7)) 2 w(L(to,m0)) for all T(to,ro) € D

and

=

F(t’r)iengzrzro (Lt 7)) wP(L(t, T))% 2 ¢(T(to,m0)) wP(T(to, r0)) 7,

where r and ry denote the radius of the I'-balls I'(¢, ) and I'(¢o, r¢), respectively.
For proving our main results, we need the following estimate.
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Lemma 3. Let T'g:=T'(to,r0). If ¢ € G, then there exists C > 0 such that

C
T S r wp) S T -
oTltoro)) = Xrtinrn) laty orwm) < om0

Proof.

hSA

_1
HXF(tO,TO)HMP,w(F,w”) - 1§(up) S0(11(1577’))717“01)(1_‘(7577“)) P (wp(r(tv 7“) N F(tO’TO)))
t,r

B =

> (I (to,m0)) " w” (T (to, TO))_%wp(F(toﬂ“o)) = o(L(to,m0)) "

Now if r < rg, then ¢(I'(tg,70)) = ¢(to,r0) < Co(t,r) = Co(I'(t,r)) and

1
@(T(t, )" wP (T, 7)) 7 Ixreroll L, v @)
1

(D¢, 7))~ wP (Tt 7)) 7 (wP(L(,7) 0 F(thTO)))%
(D(t,r)~" < Cp(T(to,m0)) "

¥
¥

Therefore, ||Xr(tg,ro) 10, (0,wr) < Co(D(to,m0)) "
On the other hand, if r > rg, then

(I(t, 7)) w?(D(t,7))7 > Co(T(to, r0)) w? (T(to, 70))7
and
(T (to,70)) ™" > Cp(T(t,r) " wP (T (t, 7)) » wP(T(to, r0))
> Cp(T(t, 1)~ wP(T(t,r)) "% wP(D(t,7) N T(to, 70)) 7
Then

_1 1
”XF(to,ro) HMPW(F,wP) = F(Su)p > gD(F(t, T))_l wp(r(t7 T)) P wp(r(t7 T) N F(t(]a TO))p
t,r)e

< Cp(T(to,r0)) "
Because of this, ||X1"(t077«0)HMp7¢(1"7wp) < Co(T(tg,m0)) "', «
By elementary calculations we have the following, which shows in particular

that the spaces LM;;,{,ZS}, WLMgf,?}, M, ,(I',w) and WM, ,(I',w) are not trivial,
see, for example, [4].
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Lemma 4. [}] Let p € Gh,, 1 < p < oo, ['g = '(to,70) and X, be the character-
0
istic function of the ballT'g. Then x . € LM,it(B}(F, wP)N M, (', wP). Moreover,
0
there exists C' > 0 such that

) C
< <
o(rg) ~ ey ly £arfte? (maomy = WX, lpartie? (o = ¢(ro)

and
1 < < < c
SO(TO) = HXFO ‘|WMP7LP(F,’LUP) = HXFO ”Mp,v(l",wp) = QO(’I"[))'

The following Guliyev type local estimate for the maximal operator M is
true, see, for example, [13].

Lemma 5. [7, Lemma 4.2] Let T' be a Carleson curve, 1 < p < oo, tg € I' and
w € A,(I'). Then for p>1 and any r > 0 in I, the inequality

1

1 _1
ML, w@or) S [Wa,m) (W(T(to,7)))> Sup (w(T (o, 7)) 1 FllLyw(rito,r)
(9)
holds for all f € L;,?fv(r).
Moreover, for p =1 the inequality
MWL, o) S [Wlay @) wl(to, 7)) sup (w(T(to, 7)) 1 1w (Ctor)
(10)

holds for all f € LllofU(F)
The following theorem is valid.

Theorem 2. [7, Theorem 4.3] Let T be a Carleson curve, 1 < p < oo, tg € T,
w € Ap(I") and (¢1,p2) satisfy the condition

sup (w(I(to, 7")))_% ess i<nf ¢1(to, s) s% < C pa(to,r), (11)

r<T<00
where C' does not depend on r. Then for p > 1, the operator M is bounded from

LMgﬁg}(F,w) to LMI}{ESQ}(I’,w) and for p = 1, the operator M is bounded from

LMl{igf(r, w) to WLMl{jfgj(r, w).

From Theorem 2 we get the following
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Corollary 1. [7, Corollary 4.4] Let T be a Carleson curve, 1 < p < oo, w €
Ap(T') and 1, @2 satisfy the condition

sup(w(T'(¢, r)))_% ess>inf v1(t,s) s% < Cpa(t,r), (12)

T>T

where C does not depend on t and r. Then for p > 1, the operator M is bounded
from M, o, (I',w) to My ,,(I',w) and for p =1, the operator M is bounded from
My, (T, w) to WMy, (T, w).

4. Fractional integral operator in the spaces LM;’ZB}(F, w) and
M, (I, w)

The following Guliyev type local estimate for the potential operator Z¢ is
true, see, for example, [13, 15].

Theorem 3. Let I' be a Carleson curve, 1 < p<g<oo,tg e€l, 0 < a< z%’

% = % —a, fe L, (T ,w) and w € Ay g(T). Then for p > 1 the inequality

||Iaf||Lq,wq(F(t0,'r))
[ _1dr
S (wi(T(to, 7)) /2 1 F N1z, 0p (D(t0,m)) (WL (t0,7))) - (13)
holds for any ball T'(ty,r) and for all f € Léffu(f‘), and for p =1 the inequality

IZ% Fllw Ly e (D(t0.))

Q=

S @) [ Il @ T L a9

holds for any ball T'(ty,r) and for all f € LllofU(I‘)

Proof. For a given ball I'(tg,r), we split the function f as f = f; + f2, where
fl fXF(tO,2r)7 f2 fX C(F(to,zr)) en

Zof(t) = % f1(t) + 27 fa(t).

Let 1 < p<oo, 0<ac< %, e %—a. Since f1 € Lp» (L), by the

q
boundedness of the operator Z% from Ly ,»(I") to Lg (') (see Theorem B) it
follows that

1Z°fillz, wa ) < CllANL, wo@w) = CNFIIL, wp (T (to.20)
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Q=

< C U0 [ 1ty ot (0 Tlto, ) 5 L (15)

2r

where the constant C' is independent of f.
Note that the conditions z € I'(tg,7), y € G(F(to, 2r)) imply

3
IZ—y|<\t—y|< 5lt =l

Then for all z € I'(tg, r) we get

T8O (5) 7 for U@l

By Fubini’s theorem we have

a—1 o a72
/ oy AT @) ~ / o Tl ) / T

/ / y)|dv(y)Te™ 2d7’</ / y)|dv(y) T 2dr.
2r  J2r<|t— y\<7— 2r  JT'(to,T)

Applying Hélder’s inequality we get

/B it —y[* N f()ldv(y) S / 1Nz, o (0 (to.r) Hw_IHLp,(r(to,T)) T 2dr
(T(to,2r))

2r

< o0 q _idr
~ Hf||Lp7wp(F(t0,T))(w ((to, 7)) @ .

2r

and for all z € T'(tg,r)

1dr

71| S [ 18100y (w07 (16)
Moreover, for all p € [1,00) the inequality
o 1 [ _idr
1Z% fall ., o (0 (t0.r)) S (WL (20, 7)) /2 1Nz, o0 (D(t0,m) (WL (t0, 7)) -
(17)

is valid. Thus from (15) and (17) we get the inequality (13).
Finally, in the case p = 1 by the weak (1, ¢)-boundedness of the operator Z¢
(see Theorem B) it follows that

1Z% fillw L, e (@(tor)) < CllfllLy )
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Q=

: (18)

< C 0, [ 15y wtromy @ lt0, ) 7

where C' does not depend on ¢y and r. Then from (17) and (18) we get the
inequality (14). <

The following Spanne-Guliyev type result on the space LMZ%S}(F ,w) is valid.

Theorem 4. Let I' be a Carleson curve, 1 < p<g<oo,tgel, 0 <a< 1%’

; = % —a, w € Ap4(T), and the pair (p1,p2) satisfy the condition

T < Ceton), (19)

where C' does not depend on r.
Then for p > 1 the operator Z¢ is bounded from LMZ;{igf (T, w) to LMq{ig; (T, w)
and for p =1 the operator I is bounded from LMi{igl} (T, w) to WLM;}ZBE (T, w).

; D 1/p
/mggwmﬁwwmm>d

Proof. By Theorems 1 and 3 with va(r) = @a(to, 7)™, v1(r) = @1(te, 7)™ ? b

and w(r) = rié, we have for p > 1

_idrt

« —1 *
IZ fHLMq{ng}(r,w) S iglg pa(to, ) /T [ F NNz, op (D(t0,m)) (W (T (t0,7))) -

—1 _1 o
< sup @1 (t0,1) ™ (W (D00 7)) 7 1Ly o a0 = 1t

and for p=1

o o [~ _idr
1z fHWLM}ng}(F,w) 5?;1%)%02@0,7“) 1/ 121,000 10,7y ({0, 7)) 70—

r

—1 -1 _
S Sup e1(to, )" (w(T(to, 7)™ 1 fll Ly rtor)) = HfHLMl{fgl}(r,w)'

From Theorem 2 we get the following

Corollary 2. Let I' be a Carleson curve, 1l <p<qg<oo,0<a< %, % = Z%—oz,
w € A, 4(T), and the pair (1, p2) satisfy the condition
i p 1/p
/oo ess inf o1 (2, 5) (w?(I'(2, 5))) dr _ Coontt. ), 20)
. (wi(L(t, 7))/ T

where C' does not depend on t and r. Then for p > 1 the operator % is bounded
from M, o, (I';w) to My ,,(I';w) and for p =1 the operator Z¢ is bounded from
M o, (T, w) to WMy, (T, w).
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For proving our main results, we need the following estimate.

Lemma 6. Let I' be a Carleson curve and I'o := I'(to,ro). Then r§ S ZI% (¢)
for every t € Ty.

Proof. If t,y € Ty, then [t —y| < |t —to| + |to — y| < 27¢. Since 0 < a < 1, we
get 10~ < 2179t — y|*~@. Therefore,

P, (1) = /FXFo(y)“ —y* v (y) = / |t =y du(y) > o2
T

0

The following theorem is one of our main results.

Theorem 5. Let I' be a Carleson curve, 0 < o < 1, tg € I', w € A, 4(") and
1<p<qg<oo.

1. If1<p< % and % = % — a, then the condition (20) is sufficient for the
boundedness of the operator T from LMéﬁgf(F, w) to WLMq{igg(F, w). Moreover,
ifl<p< é, the condition (20) is sufficient for the boundedness of the operator
% from LM (T, w) to LMY (T, w).

2. If p1 € G, then the condition

r%e1(r) < Cipa(r), (21)
for allr > 0, where C > 0 does not depend on r, is necessary for the boundedness
of the operator I from LMp{ﬁgf (T, w) to WLM;:EEQ} (T, w) and from LMZ;{ESI} (T, w)
to LM (T, w).

1

3. Let1<p< é and % =, If 1 € GE, satisfies the reqularity condition

/OO P w1(s)ds < Cr%pq(r), (22)

for all v > 0, where C' > 0 does not depend on r, then the condition (21) is nec-
essary and sufficient for the boundedness of the operator % from LMI;{E,?I} (T, w)
to WLM},EQ}(F,w). Moreover, if 1 < p < %, then the condition (21) is neces-
sary and sufficient for the boundedness of the operator % from LM,;{EE (I, w) to
LM (T, w).

Proof. The first part of this theorem was proved in Theorem 2.

We shall now prove the second part. Let I'g = I'(tg,70) and ¢t € T'g. By
Lemma 6 we have r§ < CZ%x, (r). Therefore, by Lemma 4 and Lemma 6,

~—

atr
7’8‘ S (I/(FO)) P HIaXFO ”Lq(Fo) f, ‘PQ(TO)“IQXFO HMq,saz S SOQ(TO)HXFOHMPWl SJ 901(710)
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or

2(0)
1(ro)

)

«
o S

for all 79 > 0 <= rgpi1(ro) S wa(ro) for all rg > 0.

)

Since this is true for every ro > 0, we are done.
The third statement of the theorem follows from the first and the second parts
of it. «

A—1 —1
Remark 3. If we take w = 1, p1(r) =r 7 and pao(r) = r'a in Theorem 5,
then conditions (22) and (21) are equivalent to 0 < A < 1 — ap and % = %,
respectively. Therefore, we get Theorem C' from Theorem 5.
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