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Potential Operator on Carleson Curves in Local
Generalized Weighted Morrey Spaces

S. Celik

Abstract. In this paper we give a strong and weak type Guliyev-Spanne type bounded-
ness criterion for the potential operator Iα in the local generalized weighted Morrey space

LM
{t0}
p,φ (Γ, w) and the generalized weighted Morrey space Mp,φ(Γ, w) defined on Carleson

curves Γ. For the operator Iα we establish necessary and sufficient conditions for the

strong and LM
{t0}
p,φ (Γ, w) and the strong and weak Guliyev-Spanne type boundedness

and Mp,φ(Γ, w).
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1. Introduction

The classical Morrey spaces were originally introduced by Morrey in [29] to
study the local behavior of solutions to second order elliptic partial differential
equations. For the properties and applications of Morrey spaces, we refer the
readers to [3, 9, 19, 20, 33]. Guliyev, Mizuhara and Nakai [12, 28, 32] intro-
duced generalized Morrey spaces Mp,φ(Rn) (see also [13, 35]). Recently, Komori
and Shirai [27] considered the weighted Morrey spaces Lp,κ(w) and studied the
boundedness of some classical operators such as the Hardy-Littlewood maximal
operator, the Calderón-Zygmund operator on these spaces. Guliyev [15] gave a
concept of generalized weighted Morrey space Mp,φ(w) which could be viewed
as extension of both generalized Morrey space Mp,φ and weighted Morrey space
Lp,κ(w). In [15], Guliyev also studied the boundedness of classical operators and
their commutators in the spaces Mp,φ(w).

http://www.azjm.org 99 © 2010 AZJM All rights reserved.



100 S. Celik

Let Γ = {t ∈ C : t = t(s), 0 ≤ s ≤ l ≤ ∞} be a rectifiable Jordan curve in the
complex plane C with arc-length measure ν(t) = s, with l = νΓ = length of Γ.
We denote

Γ(t, r) := Γ ∩B(t, r), t ∈ Γ, r > 0,

where B(t, r) = {z ∈ C : |z − t| < r}. We also denote for brevity νΓ(t, r) =
|Γ(t, r)|.

A rectifiable Jordan curve Γ is called a Carleson curves if the condition

νΓ(t, r) ≤ c0r

holds for all t ∈ Γ and r > 0, where the constant c0 > 0 does not depend on t
and r.

Let f ∈ Lloc
1 (Γ, w). The maximal operator M and the potential operator Iα

on Γ are defined by

Mf(t) = sup
t>0

(νΓ(t, r))−1

∫
Γ(t,r)

|f(τ)|dν(τ),

and

Iαf(t) =

∫
Γ

f(τ)

|t− τ |1−α
dν(τ), 0 < α < 1,

respectively.

Maximal operator and potential operator in various spaces, in particular,
defined on Carleson curves, have been widely studied by many authors (see, for
example, [4, 5, 6, 8, 10, 11, 22, 23, 24, 26]).

According to [2, 3, 18, 19, 20, 21, 33], the maximal estimates are vital for
examining the regularity of solutions of elliptic, parabolic, and ultraparabolic
partial differential equations of second order, and their boundedness can be used
to describe specific function spaces.

The main purpose of this paper is to establish the boundedness of potential

operator Iα, 0 < α < 1 in local generalized weighted Morrey spaces LM
{x0}
p,φ (Γ, w)

defined on Carleson curves Γ. We shall give characterizations of the strong and

weak Guliyev-Spanne type boundedness of the operator Iα from LM
{x0}
p,φ1 (Γ, w) to

LM
{x0}
q,φ2 (Γ, w), 1 < p < q < ∞, 1/p− 1/q = α and from the space LM

{x0}
1,φ1

(Γ, w)

to the weak space WLM
{x0}
q,φ2 (Γ, w), 1 < q < ∞, 1− 1/q = α.

By A ≲ B we mean that A ≤ CB with some positive constant C independent
of appropriate quantities. If A ≲ B and B ≲ A, we write A ≈ B and say that A
and B are equivalent.
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2. Preliminaries

Morrey spaces were introduced by C.B. Morrey [29] in 1938 in connection
with some problems in elliptic partial differential equations and calculus of vari-
ations. Later, Morrey spaces found important applications to Navier-Stokes and
Schrödinger equations, elliptic problems with discontinuous coefficients, and po-
tential theory.

By a weight function, briefly weight, we mean a locally integrable function
on Γ which takes values in (0,∞) almost everywhere. For a weight w and a
measurable set E, we define w(E) =

∫
E w(t)dν(t), and denote the Lebesgue

measure of E by |E| and the characteristic function of E by χE .
Let w is a weight function, and Lp,wp(Γ), 1 ≤ p < ∞ be the space of measur-

able functions on Γ with finite norm

∥f∥Lp,wp (Γ,w) =

(∫
Γ
|f(t)|pw(t)dν(t)

)1/p

.

We recall a weight function w is in the Muckenhoupt’s class Ap(Γ), 1 < p < ∞
[30], if

[w]Ap(Γ) := sup
D

[w]Ap(D)

= sup
D

( 1

|D|

∫
D
w(t)dν(t)

)( 1

|D|

∫
D
w(t)1−p′dν(t)

)p−1
< ∞, (1)

where the supremum is taken with respect to all the balls D and 1
p +

1
p′ = 1. Note

that, for all balls D, Hölder’s inequality is

[w]
1
p

Ap(D) = |D|−1∥w∥
1
p

L1(D)∥w
− 1

p ∥Lp′ (D) ≥ 1. (2)

For p = 1, w ∈ A1(Γ) is defined by the condition Mw(t) ≤ Cw(t) with [w]A1(Γ) =

supt∈Γ
Mw(t)
w(t) , and for p = ∞ A∞(Γ) = ∪1≤p<∞Ap(Γ) and [w]∞ = inf1≤p<∞[w]Ap .

A weight function w is in the Muckenhoupt-Wheeden class Ap,q(Γ), 1 < p < ∞
[31], if

[w]Ap,q(Γ) := sup
D

[w]Ap,q(D)

= sup
D

( 1

|D|

∫
B
w(t)qdν(t)

)1/q( 1

|D|

∫
D
w(t)−p′dν(t)

)1/p′
< ∞,

where the supremum is taken with respect to all the balls D and 1
p +

1
p′ = 1. Note

that, for all balls D, Hölder’s inequality is

[w]Ap,q(D) = |D|
1
p
− 1

q
−1∥w∥Lq(D)∥w−1∥Lp′ (D) ≥ 1. (3)
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While p = 1, w ∈ A1,q(Γ) with 1 < q < ∞ if

[w]A1,q(Γ) := sup
D

[w]A1,q(D)

= sup
D

( 1

|D|

∫
D
w(t)qdν(t)

) 1
q
(
ess sup

t∈D

1

w(t)

)
< ∞. (4)

Definition 1. Let 1 ≤ p < ∞, 0 ≤ λ ≤ 1, [r]1 = min{1, r}. We denote by
Lp,λ(Γ) the Morrey space, and by L̃p,λ(Γ) the modified Morrey space, the set of
locally integrable functions f on Γ with the finite norms

∥f∥Lp,λ(Γ)
= sup

t∈Γ,r>0
r
−λ

p ∥f∥Lp(Γ(t,r)), ∥f∥
L̃p,λ(Γ)

= sup
t∈Γ,r>0

[r]
−λ

p

1 ∥f∥Lp(Γ(t,r)),

respectively.

Note that (see [11, 14]) Lp,0(Γ) = L̃p,0(Γ) = Lp(Γ),

L̃p,λ(Γ) = Lp,λ(Γ) ∩ Lp(Γ) and ∥f∥
L̃p,λ(Γ)

= max{∥f∥Lp,λ(Γ), ∥f∥Lp(Γ)}

and if λ < 0 or λ > 1, then Lp,λ(Γ) = L̃p,λ(Γ) = Θ, where Θ is the set of all
functions equivalent to 0 on Γ.

We denote by WLp,λ(Γ) the weak Morrey space, and by WL̃p,λ(Γ) the mod-
ified Morrey space, as the set of locally integrable functions f on Γ with finite
norms

∥f∥WLp,λ(Γ)
= sup

β>0
β sup

t∈Γ,r>0

(
r−λ

∫
{τ∈Γ(t,r): |f(τ)|>β}

w(τ)dν(τ)

)1/p

,

∥f∥
WL̃p,λ(Γ)

= sup
β>0

β sup
t∈Γ,r>0

(
[r]−λ

1

∫
{τ∈Γ(t,r): |f(τ)|>β}

w(τ)dν(τ)

)1/p

.

N. Samko [34] studied the boundedness of the maximal operator M defined
on quasimetric measure spaces, in particular on Carleson curves in Morrey spaces
Lp,λ(Γ):
Theorem A. Let Γ be a Carleson curve, 1 < p < ∞, 0 < α < 1 and 0 ≤ λ < 1.
Then M is bounded from Lp,λ(Γ) to Lp,λ(Γ).

V. Kokilashvili and A. Meskhi [25] studied the boundedness of the operator
Iα defined on quasimetric measure spaces, in particular on Carleson curves in
Morrey spaces and proved the following:
Theorem B. Let Γ be a Carleson curve, 1 < p < q < ∞, 0 < α < 1, 0 < λ1 <

p
q ,

λ1
p = λ2

q and 1
p−

1
q = α. Then the operator Iα is bounded from the spaces Lp,λ1(Γ)

to Lq,λ2(Γ).
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The following Adams boundedness (see [1]) of the operator Iα in Morrey
space defined on Carleson curves was proved in [10].

Theorem C. Let Γ be a Carleson curve, 0 < α < 1, 0 ≤ λ < 1 − α and
1 ≤ p < 1−λ

α .

1) If 1 < p < 1−λ
α , then the condition 1

p − 1
q = α

1−λ is sufficient and in the
case of infinite curve also necessary for the boundedness of the operator Iα from
Lp,λ(Γ) to Lq,λ(Γ).

2) If p = 1, then the condition 1 − 1
q = α

1−λ is sufficient and in the case of
infinite curve also necessary for the boundedness of the operator Iα from L1,λ(Γ)
to WLq,λ(Γ).

The following Adams boundedness of the operator Iα in modified Morrey
space L̃p,λ(Γ) defined on Carleson curves was proved in [11], see also [14].

Theorem D. Let Γ be a Carleson curve, 0 < α < 1, 0 ≤ λ < 1 − α and
1 ≤ p < 1−λ

α .

1) If 1 < p < 1−λ
α , then the condition α ≤ 1

p − 1
q ≤ α

1−λ is sufficient and in
the case of infinite curve also necessary for the boundedness of the operator Iα

from L̃p,λ(Γ) to L̃q,λ(Γ).

2) If p = 1, then the condition α ≤ 1 − 1
q ≤ α

1−λ is sufficient and in the

case of infinite curve also necessary for the boundedness of Iα from L̃1,λ(Γ) to

WL̃q,λ(Γ).

We will use the following statement on the boundedness of the weighted Hardy
operator

Hwg(t) :=

∫ ∞

t
g(s)w(s)ds, 0 < t < ∞,

where w is a weight.

The following theorem was proved in [17], see also [16].

Theorem 1. Let v1, v2 and w be weights on (0,∞) and v1(t) be bounded outside
a neighborhood of the origin. The inequality

ess sup
t>0

v2(t)Hwg(t) ≤ C ess sup
t>0

v1(t)g(t) (5)

holds for some C > 0 for all non-negative and non-decreasing g on (0,∞) if and
only if

B := sup
t>0

v2(t)

∫ ∞

t

w(s)ds

ess sup
s<τ<∞

v1(τ)
< ∞.

Moreover, the value C = B is the best constant for (5).
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3. Local generalized weighted Morrey spaces

We find it convenient to define the local generalized weighted Morrey spaces
in the form as follows, see [17, 18].

Definition 2. Let 1 ≤ p < ∞, φ(t, r) be a positive measurable function on
Γ× (0,∞) and w be a non-negative measurable function on Γ. Fixed t0 ∈ Γ, we

denote by LM
{t0}
p,φ (Γ, w) (WLM

{t0}
p,φ (Γ, w)) the local generalized weighted Morrey

space (the weak local generalized weighted Morrey space), the space of all functions
f ∈ Lloc

p (Γ, w) with finite quasinorm

∥f∥
LM

{t0}
p,φ (Γ,w)

= sup
r>0

1

φ(t0, r)

1

w(Γ(t0, r))
1
p

∥f∥Lp(Γ(t0,r),w),

(
∥f∥

WLM
{t0}
p,φ (Γ,w)

= sup
r>0

1

φ(t0, r)

1

w(Γ(t0, r))
1
p

∥f∥WLp(Γ(t0,r),w)

)
.

Definition 3. Let 1 ≤ p < ∞, φ(t, r) be a positive measurable function on
Γ × (0,∞) and w be a non-negative measurable function on Γ. The gener-
alized weighted Morrey space Mp,φ(Γ, w) is defined as the set of all functions
f ∈ Lloc

p (Γ, w) with the finite norm

∥f∥Mp,φ(w) = sup
t∈Γ,r>0

1

φ(t, r)

1

w(Γ(t, r))
1
p

∥f∥Lp(Γ(t,r),w).

Also the weak generalized Morrey space WMp,φ(Γ, w) is defined as the set of all
functions f ∈ Lloc

p (Γ, w) with the finite norm

∥f∥WMp,φ(w) = sup
t∈Γ,r>0

1

φ(t, r)

1

w(Γ(t, r))
1
p

∥f∥WLp(Γ(t,r),w).

It is natural, first of all, to find conditions ensuring that the spaces LM
{t0}
p,φ (Γ, w)

and Mp,φ(Γ, w) are nontrivial, that is consist not only of functions equivalent to
0 on Γ.

Lemma 1. [4] Let t0 ∈ Γ, φ(t, r) be a positive measurable function on Γ× (0,∞)
and w be a non-negative measurable function on Γ. If

sup
r<τ<∞

1

φ(t0, r)

1

w(Γ(t0, r))
1
p

= ∞ for some r > 0, (6)

then LM
{t0}
p,φ (Γ, w) = Θ.
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Remark 1. Let t0 ∈ Γ and w be a non-negative measurable function on Γ. We
denote by Ωloc

p,w the set of all positive measurable functions φ on Γ× (0,∞) such
that for all r > 0, ∥∥∥ 1

φ(t0, τ)

1

w(Γ(t0, τ))
1
p

∥∥∥
L∞(r,∞)

< ∞.

In what follows, keeping in mind Lemma 1, for the non-triviality of the space

LM
{t0}
p,φ (Γ, w) we always assume that φ ∈ Ωloc

p,w.

Lemma 2. [4] Let φ(t, r) be a positive measurable function on Γ× (0,∞) and w
be a non-negative measurable function on Γ.

(i) If

sup
r<τ<∞

1

φ(t, τ)

1

w(Γ(t, r))
1
p

= ∞ for some r > 0 and for all t ∈ Γ, (7)

then Mp,φ(Γ, w) = Θ.
(ii) If

sup
0<τ<r

φ(t, τ)−1 = ∞ for some r > 0 and for all t ∈ Γ, (8)

then Mp,φ(Γ, w) = Θ.

Remark 2. We denote by Ωp,w the set of all positive measurable functions φ on
Γ× (0,∞) such that for all r > 0,

sup
t∈Γ

∥∥∥ 1

φ(t, τ)

1

w(Γ(t, r))
1
p

∥∥∥
L∞(r,∞)

< ∞, and sup
t∈Γ

∥∥∥φ(t, τ)−1
∥∥∥
L∞(0,r)

< ∞.

In what follows, keeping in mind Lemma 2, we always assume that φ ∈ Ωp,w.

Let G = {Γ(t, r) : t ∈ Γ, r > 0}. For a non-negative measurable function w,
we denote by Gp

w the set of all almost decreasing functions φ : Γ×(0,∞) → (0,∞)
such that

inf
Γ(t,r)∈D:r≤r0

φ(Γ(t, r)) ≳ φ(Γ(t0, r0)) for all Γ(t0, r0) ∈ D

and

inf
Γ(t,r)∈D:r≥r0

φ(Γ(t, r))wp(Γ(t, r))
1
p ≳ φ(Γ(t0, r0))w

p(Γ(t0, r0))
1
p ,

where r and r0 denote the radius of the Γ-balls Γ(t, r) and Γ(t0, r0), respectively.
For proving our main results, we need the following estimate.
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Lemma 3. Let Γ0 := Γ(t0, r0). If φ ∈ Gp
w, then there exists C > 0 such that

1

φ(Γ(t0, r0))
≤ ∥χΓ(t0,r0)∥Mp,φ(Γ,wp) ≤

C

φ(Γ(t0, r0))
.

Proof.

∥χΓ(t0,r0)∥Mp,φ(Γ,wp) = sup
Γ(t,r)

φ(Γ(t, r))−1wp(Γ(t, r))
− 1

p (wp(Γ(t, r) ∩ Γ(t0, r0)))
1
p

≥ φ(Γ(t0, r0))
−1wp(Γ(t0, r0))

− 1
pwp(Γ(t0, r0))

1
p = φ(Γ(t0, r0))

−1.

Now if r ≤ r0, then φ(Γ(t0, r0)) = φ(t0, r0) ≤ Cφ(t, r) = Cφ(Γ(t, r)) and

φ(Γ(t, r))−1wp(Γ(t, r))
− 1

p ∥χΓ(t,r)0∥Lp,wp (Γ(t,r))

= φ(Γ(t, r))−1wp(Γ(t, r))
− 1

p (wp(Γ(t, r) ∩ Γ(t0, r0)))
1
p

≤ φ(Γ(t, r))−1 ≤ Cφ(Γ(t0, r0))
−1.

Therefore, ∥χΓ(t0,r0)∥Mp,φ(Γ,wp) ≤ Cφ(Γ(t0, r0))
−1.

On the other hand, if r ≥ r0, then

φ(Γ(t, r))wp(Γ(t, r))
1
p ≥ Cφ(Γ(t0, r0))w

p(Γ(t0, r0))
1
p

and

φ(Γ(t0, r0))
−1 ≥ C φ(Γ(t, r))−1wp(Γ(t, r))

− 1
p wp(Γ(t0, r0))

1
p

≥ C φ(Γ(t, r))−1wp(Γ(t, r))
− 1

p wp(Γ(t, r) ∩ Γ(t0, r0))
1
p .

Then

∥χΓ(t0,r0)∥Mp,φ(Γ,wp) = sup
Γ(t,r)∈D

φ(Γ(t, r))−1wp(Γ(t, r))
− 1

p wp(Γ(t, r) ∩ Γ(t0, r0))
1
p

≤ Cφ(Γ(t0, r0))
−1.

Because of this, ∥χΓ(t0,r0)∥Mp,φ(Γ,wp) ≤ Cφ(Γ(t0, r0))
−1. ◀

By elementary calculations we have the following, which shows in particular

that the spaces LM
{t0}
p,φ , WLM

{t0}
p,φ , Mp,φ(Γ, w) and WMp,φ(Γ, w) are not trivial,

see, for example, [4].
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Lemma 4. [4] Let φ ∈ Gp
w, 1 ≤ p < ∞, Γ0 = Γ(t0, r0) and χ

Γ0
be the character-

istic function of the ball Γ0. Then χ
Γ0

∈ LM
{t0}
p,φ (Γ, wp)∩Mp,φ(Γ, w

p). Moreover,

there exists C > 0 such that

1

φ(r0)
≤ ∥χ

Γ0
∥
WLM

{t0}
p,φ (Γ,wp)

≤ ∥χ
Γ0
∥
LM

{t0}
p,φ (Γ,wp)

≤ C

φ(r0)

and
1

φ(r0)
≤ ∥χ

Γ0
∥WMp,φ(Γ,wp) ≤ ∥χ

Γ0
∥Mp,φ(Γ,wp) ≤

C

φ(r0)
.

The following Guliyev type local estimate for the maximal operator M is
true, see, for example, [13].

Lemma 5. [7, Lemma 4.2] Let Γ be a Carleson curve, 1 ≤ p < ∞, t0 ∈ Γ and
w ∈ Ap(Γ). Then for p > 1 and any r > 0 in Γ, the inequality

∥Mf∥Lp,w(Γ(t0,r)) ≲ [w]Ap(Γ) (w(Γ(t0, r)))
1
p sup

τ>2r
(w(Γ(t0, r)))

− 1
p ∥f∥Lp,w(Γ(t0,τ))

(9)
holds for all f ∈ Lloc

p,w(Γ).

Moreover, for p = 1 the inequality

∥Mf∥WL1,w(Γ(t0,r)) ≲ [w]A1(Γ)w(Γ(t0, r)) sup
τ>2r

(w(Γ(t0, r)))
−1∥f∥L1,w(Γ(t0,τ))

(10)

holds for all f ∈ Lloc
1,w(Γ).

The following theorem is valid.

Theorem 2. [7, Theorem 4.3] Let Γ be a Carleson curve, 1 ≤ p < ∞, t0 ∈ Γ,
w ∈ Ap(Γ) and (φ1, φ2) satisfy the condition

sup
r<τ<∞

(w(Γ(t0, r)))
− 1

p ess inf
τ<s<∞

φ1(t0, s) s
1
p ≤ C φ2(t0, r), (11)

where C does not depend on r. Then for p > 1, the operator M is bounded from

LM
{t0}
p,φ1 (Γ, w) to LM

{t0}
p,φ2 (Γ, w) and for p = 1, the operator M is bounded from

LM
{t0}
1,φ1

(Γ, w) to WLM
{t0}
1,φ2

(Γ, w).

From Theorem 2 we get the following
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Corollary 1. [7, Corollary 4.4] Let Γ be a Carleson curve, 1 ≤ p < ∞, w ∈
Ap(Γ) and φ1, φ2 satisfy the condition

sup
τ>r

(w(Γ(t, r)))
− 1

p ess inf
s>τ

φ1(t, s) s
1
p ≤ C φ2(t, r), (12)

where C does not depend on t and r. Then for p > 1, the operator M is bounded
from Mp,φ1(Γ, w) to Mp,φ2(Γ, w) and for p = 1, the operator M is bounded from
M1,φ1(Γ, w) to WM1,φ2(Γ, w).

4. Fractional integral operator in the spaces LM
{t0}
p,φ (Γ, w) and

Mp,φ(Γ, w)

The following Guliyev type local estimate for the potential operator Iα is
true, see, for example, [13, 15].

Theorem 3. Let Γ be a Carleson curve, 1 ≤ p < q < ∞, t0 ∈ Γ, 0 < α < 1
p ,

1
q = 1

p − α, f ∈ Lloc
p,wp(Γ, w) and ω ∈ Ap,q(Γ). Then for p > 1 the inequality

∥Iαf∥Lq,wq (Γ(t0,r))

≲ (wq(Γ(t0, r)))
1
q

∫ ∞

2r
∥f∥Lp,wp (Γ(t0,τ)) (w

q(Γ(t0, τ)))
− 1

q
dτ

τ
(13)

holds for any ball Γ(t0, r) and for all f ∈ Lloc
p,w(Γ), and for p = 1 the inequality

∥Iαf∥WLq,wq (Γ(t0,r))

≲ (wq(Γ(t0, r)))
1
q

∫ ∞

2r
∥f∥L1(Γ(t0,τ)) (w

q(Γ(t0, τ)))
− 1

q
dτ

τ
(14)

holds for any ball Γ(t0, r) and for all f ∈ Lloc
1,w(Γ).

Proof. For a given ball Γ(t0, r), we split the function f as f = f1 + f2, where
f1 = fχ

Γ(t0,2r)
, f2 = fχ

∁
(Γ(t0,2r))

. Then

Iαf(t) = Iαf1(t) + Iαf2(t).

Let 1 < p < ∞, 0 < α < 1
p ,

1
q = 1

p − α. Since f1 ∈ Lp,wp(Γ), by the
boundedness of the operator Iα from Lp,wp(Γ) to Lq,wq(Γ) (see Theorem B) it
follows that

∥Iαf1∥Lq,wq (Γ,w) ≤ C∥f1∥Lp,wp (Γ,w) = C∥f∥Lp,wp (Γ(t0,2r))
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≤ C(wq(Γ(t0, r)))
1
q

∫ ∞

2r
∥f∥Lp,wp (Γ(t0,τ)) (w

q(Γ(t0, τ)))
− 1

q
dτ

τ
, (15)

where the constant C is independent of f .

Note that the conditions z ∈ Γ(t0, r), y ∈ ∁
(Γ(t0, 2r)) imply

1

2
|z − y| ≤ |t− y| ≤ 3

2
|t− z|.

Then for all z ∈ Γ(t0, r) we get∣∣∣Iαf2(z)
∣∣∣ ≤ (3

2

)1−α
∫

∁(Γ(t0,2r))
|t− y|α−1|f(y)|dν(y).

By Fubini’s theorem we have∫
∁(Γ(t0,2r))

|t− y|α−1|f(y)|dν(y) ≈
∫

∁(Γ(t0,2r))
|f(y)|dν(y)

∫ ∞

|t−y|
τα−2dτ

≈
∫ ∞

2r

∫
2r≤|t−y|<τ

|f(y)|dν(y)τα−2dτ ≲
∫ ∞

2r

∫
Γ(t0,τ)

|f(y)|dν(y)τα−2dτ.

Applying Hölder’s inequality we get∫
∁(Γ(t0,2r))

|t− y|α−1|f(y)|dν(y) ≲
∫ ∞

2r
∥f∥Lp,wp (Γ(t0,τ)) ∥w

−1∥Lp′ (Γ(t0,τ))
τα−2dτ

≲
∫ ∞

2r
∥f∥Lp,wp (Γ(t0,τ))(w

q(Γ(t0, τ)))
− 1

q
dτ

τ

and for all z ∈ Γ(t0, r)∣∣∣Iαf2(z)
∣∣∣ ≲ ∫ ∞

2r
∥f∥Lp,wp (Γ(t0,τ)) (w

q(Γ(t0, τ)))
− 1

q
dτ

τ
. (16)

Moreover, for all p ∈ [1,∞) the inequality

∥Iαf2∥Lq,wq (Γ(t0,r)) ≲ (wq(Γ(t0, r)))
1
q

∫ ∞

2r
∥f∥Lp,wp (Γ(t0,τ)) (w

q(Γ(t0, τ)))
− 1

q
dτ

τ
(17)

is valid. Thus from (15) and (17) we get the inequality (13).

Finally, in the case p = 1 by the weak (1, q)-boundedness of the operator Iα

(see Theorem B) it follows that

∥Iαf1∥WLq,wq (Γ(t0,r)) ≤ C∥f1∥L1,w(Γ)
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≤ C(wq(Γ(t0, r)))
1
q

∫ ∞

2r
∥f∥L1,w(Γ(t0,τ)) (w

q(Γ(t0, τ)))
− 1

q
dτ

τ
, (18)

where C does not depend on t0 and r. Then from (17) and (18) we get the
inequality (14). ◀

The following Spanne-Guliyev type result on the space LM
{t0}
p,φ (Γ, w) is valid.

Theorem 4. Let Γ be a Carleson curve, 1 ≤ p < q < ∞, t0 ∈ Γ, 0 < α < 1
p ,

1
q = 1

p − α, w ∈ Ap,q(Γ), and the pair (φ1, φ2) satisfy the condition

∫ ∞

r

ess inf
τ<s<∞

φ1(t0, s) (w
p(Γ(t0, s)))

1/p

(wq(Γ(t0, τ)))1/q
dτ

τ
≤ C φ2(t0, r), (19)

where C does not depend on r.

Then for p > 1 the operator Iα is bounded from LM
{t0}
p,φ1 (Γ, w) to LM

{t0}
q,φ2 (Γ, w)

and for p = 1 the operator Iα is bounded from LM
{t0}
1,φ1

(Γ, w) to WLM
{t0}
q,φ2 (Γ, w).

Proof. By Theorems 1 and 3 with v2(r) = φ2(t0, r)
−1, v1(r) = φ1(t0, r)

−1 r
− 1

p

and w(r) = r
− 1

q , we have for p > 1

∥Iαf∥
LM

{t0}
q,φ2

(Γ,w)
≲ sup

r>0
φ2(t0, r)

−1

∫ ∞

r
∥f∥Lp,wp (Γ(t0,τ)) (w

q(Γ(t0, τ)))
− 1

q
dτ

τ

≲ sup
r>0

φ1(t0, r)
−1 (wp(Γ(t0, τ)))

− 1
p ∥f∥Lp,wp (Γ(t0,r)) = ∥f∥

LM
{t0}
p,φ1

(Γ,w)

and for p = 1

∥Iαf∥
WLM

{t0}
q,φ2

(Γ,w)
≲ sup

r>0
φ2(t0, r)

−1

∫ ∞

r
∥f∥L1,w(Γ(t0,τ)) (w

q(Γ(t0, τ)))
− 1

q
dτ

τ

≲ sup
r>0

φ1(t0, r)
−1 (w(Γ(t0, τ)))

−1 ∥f∥L1(Γ(t0,r)) = ∥f∥
LM

{t0}
1,φ1

(Γ,w)
.

◀

From Theorem 2 we get the following

Corollary 2. Let Γ be a Carleson curve, 1 ≤ p < q < ∞, 0 < α < 1
p ,

1
q = 1

p −α,
w ∈ Ap,q(Γ), and the pair (φ1, φ2) satisfy the condition∫ ∞

r

ess inf
τ<s<∞

φ1(t, s) (w
p(Γ(t, s)))1/p

(wq(Γ(t, τ)))1/q
dτ

τ
≤ C φ2(t, r), (20)

where C does not depend on t and r. Then for p > 1 the operator Iα is bounded
from Mp,φ1(Γ, w) to Mq,φ2(Γ, w) and for p = 1 the operator Iα is bounded from
M1,φ1(Γ, w) to WMq,φ2(Γ, w).
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For proving our main results, we need the following estimate.

Lemma 6. Let Γ be a Carleson curve and Γ0 := Γ(t0, r0). Then rα0 ≲ IαχΓ0
(t)

for every t ∈ Γ0.

Proof. If t, y ∈ Γ0, then |t− y| ≤ |t− t0|+ |t0 − y| < 2r0. Since 0 < α < 1, we
get rα−1

0 ≤ 21−α|t− y|α−Q. Therefore,

IαχΓ0
(t) =

∫
Γ
χΓ0

(y)|t− y|α−1dν(y) =

∫
Γ0

|t− y|α−1dν(y) ≥ c02
1−αrα0 .

◀

The following theorem is one of our main results.

Theorem 5. Let Γ be a Carleson curve, 0 < α < 1, t0 ∈ Γ, w ∈ Ap,q(Γ) and
1 ≤ p < q < ∞.

1. If 1 ≤ p < 1
α and 1

q = 1
p − α, then the condition (20) is sufficient for the

boundedness of the operator Iα from LM
{t0}
p,φ1 (Γ, w) to WLM

{t0}
q,φ2 (Γ, w). Moreover,

if 1 < p < 1
α , the condition (20) is sufficient for the boundedness of the operator

Iα from LM
{t0}
p,φ1 (Γ, w) to LM

{t0}
q,φ2 (Γ, w).

2. If φ1 ∈ Gp
w, then the condition

rαφ1(r) ≤ Cφ2(r), (21)

for all r > 0, where C > 0 does not depend on r, is necessary for the boundedness

of the operator Iα from LM
{t0}
p,φ1 (Γ, w) to WLM

{t0}
q,φ2 (Γ, w) and from LM

{t0}
p,φ1 (Γ, w)

to LM
{t0}
q,φ2 (Γ, w).

3. Let 1 ≤ p < 1
α and 1

q = 1
p −α. If φ1 ∈ Gp

w satisfies the regularity condition∫ ∞

r
sα−1 φ1(s)ds ≤ Crαφ1(r), (22)

for all r > 0, where C > 0 does not depend on r, then the condition (21) is nec-

essary and sufficient for the boundedness of the operator Iα from LM
{t0}
p,φ1 (Γ, w)

to WLM
{t0}
q,φ2 (Γ, w). Moreover, if 1 < p < Q

α , then the condition (21) is neces-

sary and sufficient for the boundedness of the operator Iα from LM
{t0}
p,φ1 (Γ, w) to

LM
{t0}
q,φ2 (Γ, w).

Proof. The first part of this theorem was proved in Theorem 2.
We shall now prove the second part. Let Γ0 = Γ(t0, r0) and t ∈ Γ0. By

Lemma 6 we have rα0 ≤ CIαχΓ0
(r). Therefore, by Lemma 4 and Lemma 6,

rα0 ≲ (ν(Γ0))
− 1

p ∥IαχΓ0
∥Lq(Γ0) ≲ φ2(r0)∥IαχΓ0

∥Mq,φ2
≲ φ2(r0)∥χΓ0

∥Mp,φ1
≲

φ2(r0)

φ1(r0)
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or

rα0 ≲
φ2(r0)

φ1(r0)
for all r0 > 0 ⇐⇒ rα0φ1(r0) ≲ φ2(r0) for all r0 > 0.

Since this is true for every r0 > 0, we are done.
The third statement of the theorem follows from the first and the second parts

of it. ◀

Remark 3. If we take w ≡ 1, φ1(r) = r
λ−1
p and φ2(r) = r

µ−1
q in Theorem 5,

then conditions (22) and (21) are equivalent to 0 < λ < 1 − αp and λ
p = µ

q ,
respectively. Therefore, we get Theorem C from Theorem 5.
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and Toeplitz operators, Birkhäuser Verlag, Basel–Boston–Berlin, 397 pp.
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