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Solvability of a New Fractional Differential
Equation in a Double Sequence Space bv2q

H. Amiri Kayvanloo, S. Alipour Fatideh, E. Savaş, M. Mursaleen*

Abstract. We define a new Caputo fractional differential equation of higher-order on
bounded interval and we introduce the new double sequence space bv2q and we define a
Hausdorff MNC on bv2q . Further, by using this MNC we discuss the solvability of infinite
systems of new fractional deferential equations in bv2q . Also, we give one example to show
the usefulness of our result.
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1. Introduction and preliminaries

The fractional calculus appears has tremendous applications in the field of
engineering, chemistry, physics, economics and many other fields ([2, 7, 12, 19,
20, 21, 22, 23]).

The measure of noncompactness (MNC) introduced by Kuratowski [25] is a
powerful tool for studying the solvability of differential and integral equations. In
1957, Goldenstein et al. [15] defined the Hausdorff MNC χ and further studied in
[16]. In recent time, the regular measures of noncompactness for certain Banach
spaces, Fréchet spaces and sequence spaces have been emerged as an active area
of research [4, 5, 6, 9, 11, 14, 17, 18, 27, 28, 30].

Recently, the solvability of n-order fractional differential equations was studied
in the double sequence space m2(∆u

v , ϕ, p) [3]. In the present work, we define a
new double sequence space of bounded variation bv2q and construct a Hausdorff
MNC on this space. Also, we study the solvability of a new Caputo fractional
differential equation in bv2q . Finally, we give an example illustrating the working
rule of our result.
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Let Λ be a real Banach space, and ∅ ≠ L ⊂ Λ. Then
• L is closure of L and ConvL is closed convex hull.
• D(ν, σ) is a closed ball in Λ.
• ∅ ̸= NΛ ⊆ Λ is the family of relatively compact, ∅ ̸= MΛ ⊆ Λ is the family

of bounded.

Definition 1 ([8]). The mappings µ : MΛ → R+, is a measures of noncompact-
ness (MNC) in Λ if

(1) NΛ ⊇ kerµ = {W ∈ MΛ : µ(W) = 0} ≠ ∅.

(2) If W ⊂ Q, ⇒ µ(W) ≤ µ(Q).

(3) µ(W) = µ(W) = µ(ConvW).

(4) µ(𭟋W + (1−𭟋)Q) ≤ 𭟋µ(W) + (1−𭟋)µ(Q) for each 0 ≤ 𭟋 ≤ 1.

(5) If for each n ∈ N, Wn = Wn ⊆ MΛ, Wn+1 ⊂ Wn If lim
n→∞

µ(Wn) = 0, ⇒

∅ ≠ W∞ =

∞⋂
n=1

Wn.

Definition 2 ([8]). Let (X, d) be a metric space and R ∈ MX . The Kuratowski
MNC of R is denoted

χ(R) = inf
{
0 < ε : R ⊂

n⋃
ı=1

Uı,Uı ⊂ U , diam(Uı) < ε (ı = 1, . . . , n); n ∈ N
}
,

where diam(Uı) = sup{d(ν, ς) : ν, ς ∈ Uı},
and the Hausdorff MNC is defined by

χ(R) = inf
{
0 < ε : R ⊂

n⋃
ı=1

D(yı, υı), yı ∈ X, υı < ε (ı = 1, . . . , n); n ∈ N
}
.

Definition 3 ([26]). Let µ̃ be an arbitrary MNC on Λ and ∅ ≠ B ⊆ Λ, H : B → B
is a Meir–Keeler condensing operator if for each 0 < ε, and for any bounded
U ⊆ B, ∃ δ > 0 so that

ε ≤ µ̃(U) < ε+ δ implies µ̃(H(U)) < ε

Theorem 1 ([1]). Let ∅ ≠ B = B ⊆ Λ be bounded and convex. And µ̃ be an
arbitrary MNC on Λ and H : B → B be a continuous Meir–Keeler condensing
operator. Then H has at least one fixed point.

Lemma 1 ([8]). Let Υ ⊆ C(J,Λ) be bounded and equicontinuous. Then µ̃(Υ(.))
is continuous on J and

µ̃(Υ) = sup
τ∈J

µ̃(Υ(℘)), µ̃
( ∫ ℘

0

Υ(ϱ)dϱ
)
≤
∫ ℘

0

µ̃(Υ(ϱ))dϱ.
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2. Double sequence space bv2q

Basar and Altay [10] defined the new space of sequences bvq as following:

bvq =
{
ȷ = (ȷk) ∈ ω :

∞∑
k=1

|ȷk − ȷk−1|q < ∞
}

(1 ≤ q < ∞),

where ω is the set of all complex sequences.
A double sequence z = ⟨zkl⟩ of complex or real numbers is bounded if

∥z∥(∞,2) = sup
k,l

|zkl| < ∞.

Definition 4 ([13]). The double sequence {fkl} is pointwise convergent or Pring-
sheim limit function to f on S ⊂ R if, for each point ȷ ∈ S and for each
0 < ε, ∃ a integer N(ȷ, ε) > 0 so that |fjk(ȷ) − f(ȷ)| < ε, ∀ k, l > N . We
write lim

k,l→∞
fkl(ȷ) = f(ȷ) or fkl → f on S.

We defined the double sequence space bv2q as follows:

bv2q =
{
ȷ = (ȷkl) ∈ ω2 :

∞∑
k,l=1

|ȷkl − ȷk−1,l−1|q < ∞
}

(1 ≤ q < ∞),

Theorem 2. Double sequence bv2q is a Banach space.

Proof. Let ξ > 0 and ȷikl be a Cauchy sequence in bv2q , choose m0 ∈ N so that

∥ȷikl − ȷjkl∥bv2
q
< ξ,

∀ k, l ∈ N and i, j ≥ m0. So
∞∑

k,l=1

|(ȷikl − ȷik−1,l−1)− (ȷjkl − ȷjk−1,l−1)|
q < ξ,

∀ i, j ≥ m0 and for each fixed (k, l) ∈ N× N. So ȷikl is a Cauchy sequence in C.
So ∃ ȷkl ∈ C, so that ȷikl → ȷkl, as i → ∞, ∀ (n, k) ∈ N×N. So, ∀ i, j ≥ m0. Thus
we have

∞∑
k,l=1

|(ȷikl − ȷik−1,l−1)− (ȷjkl − ȷjk−1,l−1)|
q < ξ,

∀ i, j ≥ m0. This implies that ȷikl − ȷkl ∈ bv2q for all i, j ≥ m0. ◀

Theorem 3 ([29]). Let C ⊆ lq (1 ≤ q ≤ ∞) be bounded. If qn : lq → lq be the

projector defined by qn(ȷ) = ȷ[n] = (ȷ0, ȷ1, . . . , ȷn, 0, 0, . . .) ∀ ȷ ∈ lq. Then,

X (C) = lim
n→∞

(
sup
ȷ∈C

∥(I − qn)(ȷ)∥lq
)
.

If C ∈ Mlq , then

X (C) = lim
n→∞

(
sup
ȷ∈C

∑
k≥n

|ȷk|q
)
.
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Theorem 4. Let R ⊆ bv2q be bounded. If qkl : bv
2
q → bv2q be projector defined by

qkl(ȷ) = (ȷk1, ȷk2, . . . , ȷkl, ȷk1, ȷk2, . . . , ȷkl, , 2θ, 2θ, . . .) where ȷ = ȷkl ∈ bv2q ∀ k, l ∈ N. Then,

X (R) = lim
k,l→∞

(
sup
ȷ∈R

∥(I − qkl)(ȷ)∥bv2
q

)
.

If R ∈ Mbv2q
, then

X (R) = lim
k,l→∞

( ∑
m≥k,n≥l

|ℓmn − ℓm−1,n−1|q
) 1

q . (1)

Proof. Let R ⊆ bv2q be bounded and qkl a projection mapping then,

R ⊂ qklR+ (1− qkl)R. (2)

By (2) and properties of χ, we get

χ(R) ≤ χ(qklR) + χ
(
(I − qkl)R

)
= χ

(
(I − qkl)R

)
≤ dim

(
(I − qkl)R

)
= sup

ȷ∈R
∥(I − qkl)ȷ∥bv2

q
.

So we have

χ(R) ≤ lim
k,l→∞

sup
ȷ∈R

∥(I − qkl)ȷ∥bv2
q
. (3)

Moreover, let {L1, L2, . . . , Lk} be a [X (R) + ε]-net of R. Then

R ⊂ {L1, L2, . . . , Lk}+ [χ(R) + ε]B
(
bv2q
)
,

where B(
bv2q

)(2θ, 1) is unit ball of bv2q . So
sup
ȷ∈R

∥(I − qkl)ȷ∥bv2
q
≤ sup

1≤i≤k
∥(I − qkl)L

i∥bv2
q
+ [χ(R) + ε].

Hence

lim
k,l→∞

sup
ȷ∈R

∥(I − qkl)ȷ∥bv2
q
≤ χ(R) + ε. (4)

By combining Eq. (3) and (4), we obtain that

χ(R) = lim
k,l→∞

sup
ȷ∈R

∥(I − qkl)(ȷ)∥bv2
q
,

or

χ(R) = lim
k,l→∞

{
sup
ȷ∈R

{( ∑
m≥k,n≥l

|ℓmn − ℓm−1,n−1|q
) 1

q

}}
.

◀
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3. New fractional differential equations and application

Definition 5 ([31]). The fractional integral of order ℑ is defined

Iℑf(℘) =
1

Γ(ℑ)

∫ ℘

0

f(ג)
(℘− ℑ−1(ג dג ℑ > 0.

Definition 6 ([31]). Let f : R+ → R, then the Caputo fractional derivative of
order ℑ > 0 is defined by

cDℑf(℘) =
1

Γ(n−ℑ)

∫ ℘

0

f (n)(ג)
(℘− ℑ−n+1(ג

dג,

where n− 1 = [ℑ].

Lemma 2 ([24]). Let u ∈ C([0,∞)) ∩ L1([0,∞)) with the Caputo fractional
derivative of order ℑ that belongs to C([0,∞)) ∩ L1([0,∞)). So

Iℑ cDℑu(℘) = u(℘) + c1 + c2℘+ c3℘
2 + . . .+ cn℘

n−1,

where ci ∈ R, i = 1, 2, . . . , n and n = [ℑ].

Lemma 3. Let f(℘) ∈ L1(R+) be continuous. Then the boundary value problem
of FDEs 

cDℑȷ(℘) = f(℘), ℑ ∈ (n, n+ 1), ℘ ∈ [0,ℵ],
ȷ(1) =

∫ ξ

0

(ξ−ג)ℑ−1

Γ(ℑ)
f(ג)dג, ȷ′′′(0) = ȷ(η),

ȷ′(0) + ȷ′′(0) = 0, 0 < ξ < η < ℵ, η ∈ R
ȷ(0) = ȷ(4)(0) = ȷ(5)(0) = . . . = ȷ(n)(0) = 0,

(5)

has a unique solution

ȷ(℘) =

∫ ℘

0

(℘− ℑ−1(ג

Γ(ℑ) f(ג)dג+ ℘(2η3 − 12)

η3 + η2 − 2η − 6

( ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ) f(ג)dג−
∫ 1

0

(1− ℑ−1(ג

Γ(ℑ) f(ג)dג

+
1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) dג
)
+

℘2(6− η3)

η3 + η2 − 2η − 6

( ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ) f(ג)dג−
∫ 1

0

(1− ℑ−1(ג

Γ(ℑ) f(ג)dג

+
1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) f(ג)dג
)
+ ℘3( 1

6− η3

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) f(℘)d℘+
2η − η2

η3 + η2 − 2η − 6( ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ) f(ג)dג−
∫ 1

0

(1− ℑ−1(ג

Γ(ℑ) f(ג)dג+ 1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) f(ג)dג
))
.

Proof. By Lem 2, E.q (5) is equivalent to the integral form

ȷ(℘) = Iℑf(℘) + c1 + c2℘+ c3℘
2 + c4℘

3 + . . .+ cn+1℘
n,

for some ci ∈ R, i = 1, 2, . . . , n+ 1.
By conditions of (5), we get

c1 = c5 = c6 = c7 = c8 = . . . = cn+1 = 0,

and

ȷ(℘) =

∫ ℘

0

(℘− ℑ−1(ג

Γ(ℑ) f(ג)dג+ c2℘+ c3℘
2 + c4℘

3. (6)
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So,

ȷ′(℘) =

∫ ℘

0

(℘− ℑ−2(ג

Γ(ℑ− 1)
f(ג)dג+ c2 + 2c3℘+ 3c4℘

2,

ȷ′′(℘) =

∫ ℘

0

(℘− ℑ−3(ג

Γ(ℑ− 2)
f(ג)dג+ 2c3 + 6c4℘,

ȷ′′′(℘) =

∫ ℘

0

(℘− ℑ−4(ג

Γ(ℑ− 3)
f(ג)dג+ 6c4.

Applying, ȷ′(0) + ȷ′′(0) = 0 we get c2 = −2c3. By ȷ′′′(0) = ȷ(η) we get

6c4 =

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) f(ג)dג+ c2η + c3η
2 + c4η

3.

Consequently,

c4 =
1

6− η3

( ∫ η

0

(η − ℑ−1(ג

Γ(ℑ) f(ג)dג+ (η2 − 2η)c3
)
.

By ȷ(1) =
∫ ξ

0

(ξ−ג)ℑ−1

Γ(ℑ)
f(ג)dג we have∫ 1

0

(1− ℑ−1(ג

Γ(ℑ) f(ג)dג+ c2 + c3 + c4 =

∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ) f(ג)dג. (7)

Substituting the value c4, c2 = −2c3 in (7) we get∫ 1

0

(1− ℑ−1(ג

Γ(ℑ) f(ג)dג− c3 +
1

6− η3

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) f(ג)dג+ η2 − 2η

6− η3
c3 =

∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ) f(ג)dג.

Then we have

(
η3 + η2 − 2η − 6

6− η3
)c3 =

∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ) f(ג)dג−
∫ 1

0

(1− ℑ−1(ג

Γ(ℑ) f(ג)dג+ 1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) f(ג)dג.

Consequently,

c3 =
6− η3

η3 + η2 − 2η − 6

(∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ) f(ג)dג−
∫ 1

0

(1− ℑ−1(ג

Γ(ℑ) f(ג)dג+ 1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) f(ג)dג
)
,

and by c2 = −2c3

c2 =
2η3 − 12

η3 + η2 − 2η − 6

(∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ) f(ג)dג−
∫ 1

0

(1− ℑ−1(ג

Γ(ℑ) f(ג)dג+ 1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) f(ג)dג
)
.

Also,

c4 =
1

6− η3

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) f(ג)dג+ 2η − η2

η3 + η2 − 2η − 6

( ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ) f(ג)dג

−
∫ 1

0

(1− ℑ−1(ג

Γ(ℑ) f(ג)dג+ 1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) f(ג)dג
)
.

Substituting the value of c2, c3 and c3 in (6), it yields

ȷ(t) =

∫ ℘

0

(℘− ℑ−1(ג

Γ(ℑ) f(ג)dג+ ℘(2η3 − 12)

η3 + η2 − 2η − 6

( ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ) f(ג)dג−
∫ 1

0

(1− ℑ−1(ג

Γ(ℑ) f(ג)dג
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+
1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) f(ג)dג
)
+

℘2(6− η3)

η3 + η2 − 2η − 6

( ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ) f(ג)dג−
∫ 1

0

(1− ℑ−1(ג

Γ(ℑ) f(ג)dג

+
1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) f(ג)dג
)
+ t3

( 1

6− η3

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) f(ג)dג+ 2η − η2

η3 + η2 − 2η − 6( ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ) f(ג)dג−
∫ 1

0

(1− ℑ−1(ג

Γ(ℑ) f(ג)dג+ 1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) f(ג)dג
))
.

◀

Consider:

(A1) For k, l ∈ N, fkl ∈ C
(
I×R∞,R

)
, the continuous operator f : I× bv2q → bv2q

is defined by (fȷ)(℘) = ⟨(℘, ȷ(℘)) = ⟨fkl(℘, ȷ(℘))⟩, where I = [0,ℵ] and the
family of functions {(fȷ)(℘)}℘∈I is equicontinuous in bv2q .

(A2) Assume that

0 <

[
| Tℑ

ℑΓ(ℑ) |
q + | ℵ(2η3 − 12)

η3 + η2 − 2η − 6
|q
(
| ℵℑ

ℑΓ(ℑ) |
q + | 1

Γ(ℑ) |
q + | 1

η3 − 6
|q(| ℵℑ

ℑΓ(ℑ) |
q)
)

+| 6ℵ2

η3 + η2 − 2η − 6
|q
(
| ℵℑ

ℑΓ(ℑ) |
q + | 1

Γ(ℑ) |
q + | 1

η3 − 6
|q(| ℵℑ

ℑΓ(ℑ) |
q)

+|ℵ3|q
(
| 1

6− η3
|q
(
| ℵℑ

ℑΓ(ℑ) |
q+| 2η − η2

η3 + η2 − 2η − 6
|q
(
| ℵℑ

ℑΓ(ℑ) |
q+| 1

Γ(ℑ) |
q+| 1

η3 − 6
|q(| ℵℑ

ℑΓ(ℑ) |
q)
))]

= A.

(A3) For each ℘ ∈ I and ȷ ∈ bv2q the following inequalities holds:

|fkl(℘, ȷ(℘))− fk−1,l−1(℘, ȷ(℘))|q ≤ |qk,l(℘)|q|ȷk,l(℘)− ȷk−1,l−1(℘)|q,

where qkl(℘) is real functions continuous such that (qkl(℘)) is uniformly equi-
bounded on I, Put

sup
℘∈I

sup
k,l

|qkl(℘)|q = Q.

Theorem 5. Let (A1) − (A3) hold, if 210qQA < 1, then (5) for each ℘ ∈ I has
at least one solution ȷ = ⟨ȷkl(℘)⟩ ∈ C

(
I, bv2q

)
.

Proof. Let ȷ = ⟨ȷkl⟩ be a double sequence function which fulfils the E.q (5) and
∀ k, l ∈ N, ȷkl be continuous on I. Define H : C

(
I, bv2q

)
→ C

(
I, bv2q

)
by

(Hȷ)(℘)

=

∫ ℘

0

(℘− ℑ−1(ג

Γ(ℑ) fkl(ג, ȷ(ג))dג+
℘(2η3 − 12)

η3 + η2 − 2η − 6

( ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ) fkl(ג, ȷ(ג))dג

−
∫ 1

0

(1− ℑ−1(ג

Γ(ℑ) fkl(ג, ȷ(ג))dג+
1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) fkl(ג, ȷ(ג))dג
)

+
℘2(6− η3)

η3 + η2 − 2η − 6

( ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ) fkl(ג, ȷ(ג))dג−
∫ 1

0

(1− ℑ−1(ג

Γ(ℑ) fkl(ג, ȷ(ג))dג
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+
1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) fkl(ג, ȷ(ג))dג
)
+ ℘3( 1

6− η3

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) fkl(ג, ȷ(ג))dג+
2η − η2

η3 + η2 − 2η − 6( ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ) fkl(ג, ȷ(ג))dג−
∫ 1

0

(1− ℑ−1(ג

Γ(ℑ) fkl(ג, ȷ(ג))dג+
1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) fkl(ג, ȷ(ג))dג
))
.

By our assumptions, we get

∥(Hȷ)(℘)∥q
bv2

q
=

∞∑
k,l=1

(∣∣∣ ∫ ℘

0

(℘− ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג

+
℘(2η3 − 12)

η3 + η2 − 2η − 6

( ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג

−
∫ 1

0

(1− ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג

+
1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
)

+
℘2(6− η3)

η3 + η2 − 2η − 6

( ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג

−
∫ 1

0

(1− ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג

+
1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
)

+℘3( 1

6− η3

∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג

+
2η − η2

η3 + η2 − 2η − 6

( ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג

−
∫ 1

0

(1− ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג

+
1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q)))

≤ 210q
[

∞∑
k,l=1

(∣∣∣ ∫ ℘

0

(℘− ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q

+| ℘(2η3 − 12)

η3 + η2 − 2η − 6
|p

∞∑
k,l=1

(∣∣∣ ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q

+

∞∑
k,l=1

∣∣∣ ∫ 1

0

(1− ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q

+| 1

η3 − 6
|p

∞∑
k,l=1

∣∣∣ ∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q)

+| ℘2(6− η3)

η3 + η2 − 2η − 6
|q
( ∞∑
k,l=1

∣∣∣ ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q
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+

∞∑
k,l=1

∣∣∣ ∫ 1

0

(1− ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q

+| 1

η3 − 6
|q

∞∑
k,l=1

∣∣∣ ∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q)

+|℘3|q
(
| 1

6− η3
|q

∞∑
k,l=1

∣∣∣ ∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q

+| 2η − η2

η3 + η2 − 2η − 6
|q

∞∑
k,l=1

(∣∣∣ ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q

+

∞∑
k,l=1

∣∣∣ ∫ 1

0

(1− ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q

+

∞∑
k,l=1

∣∣∣ 1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q))].

Then,
∥(Hȷ)(℘)∥q

bv2
q

≤
∞∑

k,l=1

|qkl(℘)|q|ȷkl(℘)− ȷk−1,l−1(℘)|q210q
[
(

∫ ℘

0

(℘− ℑ−1(ג

Γ(ℑ) ds)q + | ℘(2η3 − 12)

η3 + η2 − 2η − 6
|q
(
(

∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ) dג)q

+(

∫ 1

0

(1− ℑ−1(ג

Γ(ℑ) dג)q + | 1

η3 − 6
|q(
∫ η

0

(η − ℑ−1(ג

Γ(ℑ) dג)q
)
+ | ℘2(6− η3)

η3 + η2 − 2η − 6
|q
(
(

∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ) dג)q

+(

∫ 1

0

(1− ℑ−1(ג

Γ(ℑ) dג)q + | 1

η3 − 6
|q(
∫ η

0

(η − ℑ−1(ג

Γ(ℑ) dג)q
)
+ |℘3|q

(
| 1

6− η3
|q
(
(

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) dג)q

+| 2η − η2

η3 + η2 − 2η − 6
|q
(
(

∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ) dג)q + (

∫ 1

0

(1− ℑ−1(ג

Γ(ℑ) dג)q + | 1

6− η3
|q
(
(

∫ η

0

(η − ℑ−1(ג

Γ(ℑ) dג)q
))))]

≤ Q∥ȷkl|qbv2
q
210q

[
| ℘ℑ

ℑΓ(ℑ) |
q + | ℘(2η3 − 12)

η3 + η2 − 2η − 6
|q
(
| ℘ℑ

ℑΓ(ℑ) |
q + | 1

Γ(ℑ) |
q + | 1

η3 − 6
|q(| ℘ℑ

ℑΓ(ℑ) |
q)
)

+| 6℘2

η3 + η2 − 2η − 6
|p
(
| ℘ℑ

ℑΓ(ℑ) |
q + | 1

Γ(ℑ) |
q + | 1

η3 − 6
|q(| ℘ℑ

ℑΓ(ℑ) |
q)+ |℘3|p

(
| 1

6− η3
|p
(
| ℘ℑ

ℑΓ(ℑ) |
q

+| 2η − η2

η3 + η2 − 2η − 6
|q
(
| ℘ℑ

ℑΓ(ℑ) |
q + | 1

Γ(ℑ) |
q + | 1

η3 − 6
|q(| ℘ℑ

ℑΓ(ℑ) |
q)
))]

.

Also, C(I, bv2q
)
have the norm

∥ȷ∥C(I,bv2
q)

= sup
℘∈I

∥ȷ(℘)∥bv2
q
.

So, we have

∥(Hȷ)∥q
C(I,bv2

q)
≤ (QA210q)∥ȷ∥q

C(I,bv2
q)
.

Then
r ≤ 210qQAr. (8)
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Let r0 be the optimal solution of (8). Now, we consider the set

Bbv2
q
= Bbv2

q
(ȷ, r0) = {ȷ ∈ C(I, bv2q) : ∥ȷ∥C(I,bv2

q)
≤ r0}.

Clearly, Bbv2q
= Bbv2q

is convex and bounded and H is bounded on B. Let 0 < ε by

(A1), ∃, δ > 0 so that if ℓ ∈ Bbv2p
and ∥ȷ− ℓ∥C(I,bv2q )

≤ δ, then ∥{ȷ− {ℓ∥q
C(I,bv2q )

≤
εq

210qA
. Thus, for each ℘ ∈ I, We get

∥(Hȷ)(℘)− (Hℓ)(℘)∥q
bv2

q

≤ 210q
[

∞∑
k,l=1

(∣∣∣ ∫ ℘

0

(℘− ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fkl(ג, ℓ(ג)))− (fk−1,l−1(ג, ȷ(ג))− fk−1,l−1(ג, ℓ(ג)))

)
dג
∣∣∣q

+| ℘(2η3 − 12)

η3 + η2 − 2η − 6
|p

∞∑
k,l=1

(∣∣∣ ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fkl(ג, y(ג)))− (fk−1,l−1(ג, ȷ(ג))− fk−1,l−1(ג, ℓ(ג)))

)
dג
∣∣∣q

+

∞∑
k,l=1

∣∣∣ ∫ 1

0

(1− ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fkl(ג, y(ג)))− (fk−1,l−1(ג, ȷ(ג))− fk−1,l−1(ג, ℓ(ג)))

)
dג
∣∣∣q

+| 1

η3 − 6
|p

∞∑
k,l=1

∣∣∣ ∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fkl(ג, y(ג)))− (fk−1,l−1(ג, ȷ(ג))− fk−1,l−1(ג, ℓ(ג)))

)
dג
∣∣∣q)

+| ℘2(6− η3)

η3 + η2 − 2η − 6
|p
( ∞∑
k,l=1

∣∣∣ ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fkl(ג, y(ג)))− (fk−1,l−1(ג, ȷ(ג))− fk−1,l−1(ג, ℓ(ג)))

)
dג
∣∣∣q

+

∞∑
k,l=1

∣∣∣ ∫ 1

0

(1− ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fkl(ג, ℓ(ג)))− (fk−1,l−1(ג, ȷ(ג))− fk−1,l−1(ג, ℓ(ג)))

)
dג
∣∣∣q

+| 1

η3 − 6
|p

∞∑
k,l=1

∣∣∣ ∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fkl(ג, ℓ(ג)))− (fk−1,l−1(ג, ȷ(ג))− fk−1,l−1(ג, ℓ(ג)))

)
dג
∣∣∣q)

+|℘3|p
(
| 1

6− η3
|p

∞∑
k,l=1

∣∣∣ ∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fkl(ג, ℓ(ג)))− (fk−1,l−1(ג, ȷ(ג))− fk−1,l−1(ג, ℓ(ג)))

)
dג
∣∣∣q

+| 2η − η2

η3 + η2 − 2η − 6
|q

∞∑
k,l=1

(∣∣∣ ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fkl(ג, ℓ(ג)))− (fk−1,l−1(ג, ȷ(ג))− fk−1,l−1(ג, ℓ(ג)))

)
dג
∣∣∣q

+

∞∑
k,l=1

∣∣∣ ∫ 1

0

(1− ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fkl(ג, ℓ(ג)))− (fk−1,l−1(ג, ȷ(ג))− fk−1,l−1(ג, ℓ(ג)))

)
dג
∣∣∣q

+

∞∑
k,l=1

∣∣∣ 1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fkl(ג, ℓ(ג)))− (fk−1,l−1(ג, ȷ(ג))− fk−1,l−1(ג, ℓ(ג)))

)
dג
∣∣∣q))]

≤
∞∑

k,l=1

|fkl(ג, ȷ(ג))− fkl(ג, ℓ(ג)))− (fk−1,l−1(ג, ȷ(ג))− fk−1,l−1(ג, ℓ(ג)))|q210qA

= ∥(fȷ)− (fℓ)∥q
C(I,bv2

q)
210qA

Accordingly,

∥(Hȷ)− (Hℓ)∥C(I,bv2
q)

= sup
℘∈I

∥(Hȷ)(℘)− (Hℓ)(℘)∥bv2
q)

≤ ε,
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so F is continuous. Now, we cheek the continuously (Hȷ) on (0, ℘). Let ℘1 ∈ (0, ℘)
and ε > 0, if |℘− ℘1| < ε, then
∥(Hȷ)(℘)− (Hȷ)(℘1)∥qbv2

q

≤ 210q
[

∞∑
k,l=1

(∣∣∣ ∫ ℘

0

(℘− ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג

−
∫ ℘1

0

(℘1 − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q

+| (℘− ℘1)(2η
3 − 12)

η3 + η2 − 2η − 6
|q

∞∑
k,l=1

(∣∣∣ ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q

+

∞∑
k,l=1

∣∣∣ ∫ 1

0

(1− ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q

+| 1

η3 − 6
|q

∞∑
k,l=1

∣∣∣ ∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q)

+| (℘
2 − ℘2

1)(6− η3)

η3 + η2 − 2η − 6
|p
( ∞∑
k,l=1

∣∣∣ ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q

+

∞∑
k,l=1

∣∣∣ ∫ 1

0

(1− ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q

+| 1

η3 − 6
|p

∞∑
k,l=1

∣∣∣ ∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q)

+|℘3 − ℘3
1|q
(
| 1

6− η3
|p

∞∑
k,l=1

∣∣∣ ∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q

+| 2η − η2

η3 + η2 − 2η − 6
|q

∞∑
k,l=1

(∣∣∣ ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q

+

∞∑
k,l=1

∣∣∣ ∫ 1

0

(1− ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q

+

∞∑
k,l=1

∣∣∣ 1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q))].

Since |℘− ℘1| ≤ ε we get
∥(Hȷ)(℘)− (Hȷ)(℘1)∥qbv2

q

≤ 210q
[

∞∑
k,l=1

∣∣∣ ∫ ℘

0

(℘− ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג

−
∫ ℘1

0

(℘1 − ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q]

≤ 210q
[

∞∑
k,l=1

∣∣∣ ∫ ℘1

0

((℘− ℑ−1(ג − (℘1 − (ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
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+

∫ ℘

℘1

(℘− ℑ−1(ג

Γ(ℑ)
(
fkl(ג, ȷ(ג))− fk−1,l−1(ג, ȷ(ג))

)
dג
∣∣∣q]

≤ 210q|℘
ℑ − ℘ℑ

1

ℑΓ(ℑ) |qQ
[ ∞∑
k,l=1

∣∣ȷkl(ג)− ȷk−1,l−1(ג)
∣∣q]

Since |℘−℘0| < ε and n < ℑ ≤ n+1 so |℘ℑ−℘ℑ
1 |q < ε. So (Hȷ) is continuous for

each ℘ ∈ I. Now, we prove that H is a Meir–Keeler condensing operator w.r.t.
the Hausdorff MNC χ on C

(
I, bv2q

)
. By Th 4 and Lem 1 we get

(X
C
(
I,bv2

q

)(Bbv2
q
))q = sup

℘∈I
(Xbv2

q
(Bbv2

q
(℘)))q. (9)

Again by using (1), Lemma 1 and our assumption, we have

(Xbv2
q
[(HBbv2

q
)(℘)])q

≤ 210q
[

lim
k,l→∞

{
sup
ȷ∈bv2

q

{ ∑
m≥k,n≥l

∣∣∣ ∫ ℘

0

(℘− ℑ−1(ג

Γ(ℑ)
(
fmn(ג, ȷ(ג))− fm−1,n−1(ג, ȷ(ג))

)
dג
∣∣∣q}}

+| ℘(2η3 − 12)

η3 + η2 − 2η − 6
|q lim

k,l→∞

{
sup
ȷ∈bv2

q

{ ∑
m≥k,n≥l

(∣∣∣ ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ)
(
fmn(ג, ȷ(ג))− fm−1,n−1(ג, ȷ(ג))

)
dג
∣∣∣q}}

+ lim
k,l→∞

{
sup
ȷ∈bv2

q

{ ∑
m≥k,n≥l

∣∣∣ ∫ 1

0

(1− ℑ−1(ג

Γ(ℑ)
(
fmn(ג, ȷ(ג))− fm−1,n−1(ג, ȷ(ג))

)
dג
∣∣∣q}}

+| 1

η3 − 6
|q lim

k,l→∞

{
sup
ȷ∈bv2

q

{ ∑
m≥k,n≥l

∣∣∣ ∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fmn(ג, ȷ(ג))− fm−1,n−1(ג, ȷ(ג))

)
dג
∣∣∣q)}}

+| ℘2(6− η3)

η3 + η2 − 2η − 6
|q
(

lim
k,l→∞

{
sup
ȷ∈bv2

q

{ ∑
m≥k,n≥l

∣∣∣ ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ)
(
fmn(ג, ȷ(ג))− fm−1,n−1(ג, ȷ(ג))

)
dג
∣∣∣q}}

+ lim
k,l→∞

{
sup
ȷ∈bv2

q

{ ∑
m≥k,n≥l

∣∣∣ ∫ 1

0

(1− ℑ−1(ג

Γ(ℑ)
(
fmn(ג, ȷ(ג))− fm−1,n−1(ג, ȷ(ג))

)
dג
∣∣∣q}}

+| 1

η3 − 6
|q lim

k,l→∞

{
sup
ȷ∈bv2

q

{ ∑
m≥k,n≥l

∣∣∣ ∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fmn(ג, ȷ(ג))− fm−1,n−1(ג, ȷ(ג))

)
dג
∣∣∣q)}}

+|℘3|q
(
| 1

6− η3
|q lim

k,l→∞

{
sup
ȷ∈bv2

q

{ ∑
m≥k,n≥l

∣∣∣ ∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fmn(ג, ȷ(ג))− fm−1,n−1(ג, ȷ(ג))

)
dג
∣∣∣q}}

+| 2η − η2

η3 + η2 − 2η − 6
|q lim

k,l→∞

{
sup
ȷ∈bv2

q

{ ∑
m≥k,n≥l

(∣∣∣ ∫ ξ

0

(ξ − ℑ−1(ג

Γ(ℑ)
(
fmn(ג, ȷ(ג))− fm−1,n−1(ג, ȷ(ג))

)
dג
∣∣∣q}}

+ lim
k,l→∞

{
sup
ȷ∈bv2

q

{ ∑
m≥k,n≥l

∣∣∣ ∫ 1

0

(1− ℑ−1(ג

Γ(ℑ)
(
fmn(ג, ȷ(ג))− fm−1,n−1(ג, ȷ(ג))

)
dג
∣∣∣q}}

+ lim
k,l→∞

{
sup
ȷ∈bv2

q

{ ∑
m≥k,n≥l

∣∣∣ 1

η3 − 6

∫ η

0

(η − ℑ−1(ג

Γ(ℑ)
(
fmn(ג, ȷ(ג))− fm−1,n−1(ג, ȷ(ג))

)
dג
∣∣∣q))}}]
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≤ QA210q lim
k,l→∞

{
sup
ȷ∈bv2

q

{ ∑
m≥k,n≥l

|ȷmn − ȷm−1,n−1|q
}}

Therefore, we deduce

sup
℘∈I

(Xbv2
q
[(HBm2(bv2

q
)(℘)])q ≤ Q210qA(X

C
(
I,bv2

q

)(Bbv2
q
))q.

By (9), we have

(X
C
(
I,bv2

q

)(HBbv2
q
))q ≤ Q210qA(X

C
(
I,bv2

q

)(Bbv2
q
))q.

Hence

(X
C
(
I,bv2

q

)(Bbv2
q
)) <

ε

(Q210qA)
1
q

.

Take δ = ε( 1

(Q210qA)
1
q

− 1), we get H is a Meir-–Keeler condensing operator on

Bbv2
q
⊂ m2(bv2q).
So, Th 1 grantees that H has a fixed point in Bbv2p

, so (5) has at least one

solution in C
(
I, bv2q

)
. ◀

Example 1. Consider the equations

cD
9
2 ȷ(℘) = sin(ȷkl(℘)) cos(ȷkl(℘))

℘2+5e℘
2+3

, ℑ ∈ (4, 5), ℘ ∈ [0, 6],

ȷ(1) =
∫ 2

0

(ג−2)
9
2
−1

Γ( 9
2
)

f(ג)dג, ȷ′′′(0) = ȷ(4),

ȷ′(0) + ȷ′′(0) = 0, 0 < 2 < 4 < 6,

ȷ(0) = ȷ(4)(0) = ȷ(5)(0) = 0,

(10)

Clearly the E.q (10) is particular case of (5) when fkl(℘, ȷ(℘)) =
cos(ȷkl(℘)) sin(ȷkl(℘))

℘2+5e℘2+3
,

ξ = 2, η = 4 ℑ = 9
2 and ℘ = 6. For, (A1) of Th 5, let ȷ, ℓ ∈ C(I, bv2q ), 0 < ε and

℘ ∈ I. Take δ = ε
p
√
2q−1. Now if ∥ȷ(℘)− ℓ(℘)∥bv2q < δ, then we have

∥(fȷ)(℘)− (fℓ)(℘)∥q
bv2

q

≤ 1

5q

∞∑
k,l=1

∣∣∣( cos(ȷk,l(℘)) sin(ȷk,l(℘))− cos(ℓk,l(℘)) sin(ℓk,l(℘))
)
−

(
cos(ȷk−1,l−1(℘)) sin(ȷk−1,l−1(℘))− cos(ℓk−1,l−1(℘)) sin(ℓk−1,l−1(℘))

)∣∣∣q
≤ 1

2q

( ∞∑
k,l=1

∣∣∣ cos(ȷk,l(℘)) sin(ȷk,l(℘))− cos(ℓk,l(℘)) sin(yk,l(℘))
∣∣∣q

+

∞∑
k,l=1

∣∣∣ cos(ȷk−1,l−1(℘)) sin(ȷk−1,l−1(℘))− cos(ℓk−1,l−1(℘)) sin(ℓk−1,l−1(℘))
)∣∣∣q)

≤ 1

2q

( ∞∑
k,l=1

(∣∣∣ cos(ȷk,l(℘)) sin(ȷk,l(℘))− cos(ȷk,l(℘)) sin(ℓk,l(℘))
∣∣∣q
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+
∣∣∣ cos(ȷk,l(℘)) sin(ℓk,l(℘))− cos(ℓk,l(℘)) sin(ℓk,l(℘))

∣∣∣q)
+

∞∑
k,l=1

(∣∣∣ cos(ȷk−1,l−1(℘)) sin(ȷk−1,l−1(℘))− cos(ȷk−1,l−1(℘)) sin(ℓk−1,l−1(℘))
∣∣∣q

+
∣∣∣ cos(ȷk−1,l−1(℘)) sin(ℓk−1,l−1(℘))− cos(ℓk−1,l−1(℘)) sin(ℓk−1,l−1(℘))

)∣∣∣q))
≤ 1

2q

( ∞∑
k,l=1

(
| cos(ȷk,l(℘))|q

∣∣∣ sin(ȷk,l(℘))− sin(ℓk,l(℘))
∣∣∣q

+| sin(ℓk,l(℘))|q
∣∣∣ cos(ȷk,l(℘))− cos(ℓk,l(℘))

∣∣∣q)
+

∞∑
k,l=1

(
| cos(ȷk−1,l−1(℘))|q

∣∣∣ sin(ȷk−1,l−1(℘))− sin(ℓk−1,l−1(℘))
∣∣∣q

+| sin(ℓk−1,l−1(℘))|q
∣∣∣ cos(ȷk−1,l−1(℘))− cos(ℓk−1,l−1(℘))

)∣∣∣q))
≤ 1

2q

( ∞∑
k,l=1

(∣∣∣ȷk,l(℘)− ℓk,l(℘)
∣∣∣q + ∣∣∣ȷk,l(℘)− ℓk,l(℘)

∣∣∣q)
+

∞∑
k,l=1

(∣∣∣ȷk−1,l−1(℘)− ℓk−1,l−1(℘)
∣∣∣q + ∣∣∣ȷk−1,l−1(℘)− ℓk−1,l−1(℘)

)∣∣∣q))
≤ 1

2q−1
∥ȷ(℘)− ℓ(℘)∥q

bv2
q
< εq.

Hence ((fȷ)(℘))℘∈I is equicontinuous. By, using an easy computation we get

|fk,l(℘, ȷ(℘))− fk−1,l−1(℘, ȷ(℘))|q ≤ 1

2q−1

∣∣ȷk,l(℘)− ȷk−1,l−1(℘)
∣∣q.

For each natural number k, l ∈ N, we take qk,l(℘) =
1

2q−1 . Thus (qk,l(℘)) is equi-
bounded on I, and Q = 1

2q−1 . Obviously, the relation holds. So, all the conditions
of Th 5 are satisfied. So E.q (10) has at least one solution in C(I, bv2q ) for all
q ≥ 1.
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