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Solvability of a New Fractional Differential
Equation in a Double Sequence Space bvg
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Abstract. We define a new Caputo fractional differential equation of higher-order on
bounded interval and we introduce the new double sequence space bv§ and we define a
Hausdorff MNC on bvg. Further, by using this MNC we discuss the solvability of infinite
systems of new fractional deferential equations in bvg. Also, we give one example to show
the usefulness of our result.
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1. Introduction and preliminaries

The fractional calculus appears has tremendous applications in the field of
engineering, chemistry, physics, economics and many other fields ([2, 7, 12, 19,
20, 21, 22, 23]).

The measure of noncompactness (MNC) introduced by Kuratowski [25] is a
powerful tool for studying the solvability of differential and integral equations. In
1957, Goldenstein et al. [15] defined the Hausdorff MNC x and further studied in
[16]. In recent time, the regular measures of noncompactness for certain Banach
spaces, Fréchet spaces and sequence spaces have been emerged as an active area
of research [4, 5, 6, 9, 11, 14, 17, 18, 27, 28, 30].

Recently, the solvability of n-order fractional differential equations was studied
in the double sequence space m2(AY%, ¢,p) [3]. In the present work, we define a
new double sequence space of bounded variation bvg and construct a Hausdorff
MNC on this space. Also, we study the solvability of a new Caputo fractional
differential equation in bvg. Finally, we give an example illustrating the working
rule of our result.
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Let A be a real Banach space, and () # £ C A. Then

e £ is closure of £ and Convg is closed convex hull.

e D(v,0) is a closed ball in A.

o () £ Mp C A is the family of relatively compact, () # My C A is the family
of bounded.

Definition 1 ([8]). The mappings p : My — Ry, is a measures of noncompact-
ness (MNC) in A if

(1) Mp Dkerp={W € My : (W) =0} # 0.

(2) IfWcQ, = pW) < uQ).

(3) w(W) = (W) = u(Conu).

(4) n(FW+ (1 -F)Q) < FuW)+ (1 - F)u(Q) for each 0 < F < 1.

(5) If for each n € N, Wy = Wy © Ma, Warr € Wy If lim p(Wy) = 0, =

3

D+ Wy = ﬂwn.
n=1

Definition 2 ([8]). Let (X,d) be a metric space and R € Mx. The Kuratowski
MNC of R is denoted

X(R):inf{O<5:RC Uth,th c U, diam@h) << (1=1,...,n); neN},

1=1
where diam(U,) = sup{d(v,s) : v,¢ € U,},
and the Hausdorff MNC is defined by

X(R) :inf{O<s:RC UD(yz,vz),yz eX,u,<e(r=1,...,n); neN}.
=1

Definition 3 ([26]). Let i be an arbitrary MNC on A and 0 #B C A, H: B — B
is a Meir—Keeler condensing operator if for each 0 < e, and for any bounded
UCB,306>0 so that

e<ial) <e+6 implies p(HU)) <e
Theorem 1 ([1]). Let ) # B = B C A be bounded and convex. And ji be an

arbitrary MNC on A and H : B — B be a continuous Meir-Keeler condensing
operator. Then H has at least one fized point.

Lemma 1 ([8]). Let T C C(J,A) be bounded and equicontinuous. Then (Y (.))
s continuous on J and

() = sup (T (p)), il / " Y (o)de) < / " i((e))de.

TeJ
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2. Double sequence space bvg
Basar and Altay [10] defined the new space of sequences by, as following:
bvg={1=(n) cw: ibk — 1] <00} (1< g < 00),

k=1

where w is the set of all complex sequences.
A double sequence z = (zy;) of complex or real numbers is bounded if

2]l (c0,2) = sup [2wt| < o0.
K,

Definition 4 ([13]). The double sequence { fi1} is pointwise convergent or Pring-
sheim limit function to f on S C R if, for each point 3 € S and for each
0 < e, 3 a integer N(3,¢) > 0 so that [fir(3) — f()| < e, V kI > N. We
write klligloosz(ﬁ = fQ) or fru — f on S.

We defined the double sequence space bvg as follows:

oo

buy = {7 = (jm) € w*: Z gkt — Jk—14-1]7 < 0o} (1< ¢ < o0),
k=1

Theorem 2. Double sequence bvg 1s a Banach space.
Proof. Let £ > 0 and 5%, be a Cauchy sequence in bvg, choose mg € N so that
H];cl _]il”bvg < 57
Vk,l € Nandi,j7>mg. So
Z |kt = Jh—r.0-1) — (7 — Jif1,zf1)|q <¢,
k,l=1

V 4,7 > mg and for each fixed (k,l) € N x N. So ]};l is a Cauchy sequence in C.
So 3 g1 € C, so that i, — gr, as i — 00, V (n, k) € Nx N. So, V4,5 > mg. Thus
we have -

Z |Gkt = Jh—1.0-1) — (70 — Ji_1,z_1)|q <¢,

k,l=1

V i,j > mg. This implies that 5}, — jx € bv for all 4, j > mg. <

Theorem 3 ([29]). Let C C I, (1 < g < o0) be bounded. If qy : l; — I, be the
projector defined by ¢,(7) = 1™ = (o, 71, -, 0,0,0,...) ¥V 7 € ly. Then,

(@)= Jim (sup (7 =)0, )

n— 00

If C e E)ﬁlq, then
X(C)= 1 E ).
(&) m (jéllg \Jk|)

k>n
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Theorem 4. Let R C b2 be bounded. If qu : bvg — bv2 be projector defined by

qkl(j) = (]kl,]kQ,---,]kl,]kl,]kz,-~-7]kl,,2g72§,~~~) where] = Jkl € b’l}g A k,l € N. Then,

X(R) = lim (50107 = 00) ()l )

k,l—o0

If R € fmbvg, then

Proof. Let R C bvg be bounded and ¢; a projection mapping then,
R CauR+ (1 —qu)R.
By (2) and properties of x, we get

x(R) x(guR) + x((I — a)R) = x((I — qu1)R)

dim ((Z — ge)R) = sup (1 = qxt)llbv2-
JER

INIA

So we have

X(R) < lim sup [[(I = grt)sllpuz-
JER

~ k,l—oco
Moreover, let {L', L2,...  L*} be a [X(R) + €]-net of R. Then
R C{L' L* ..., LF} + [x(R) +¢]B(bvy),

where B 20, 1) is unit ball of bv2. So
(002) d

bv2
sup [|(I = ge)llyoz < sup (1 = qre) L' [lowz + [X(R) + €]
JER 7 1<i<k a

Hence

lim sup ||({ — le)J”bug <x(R) te.
IER

k,l—o0
By combining Eq. (3) and (4), we obtain that

x(R) = lim sup [|(I — qxt)(9)llpoz,
JIER

k,l—o0

or

x(R) = lim {sup{( Z |£mn_ém—l,n—l|q)%}}.

k,l—o0
IER S skl
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3. New fractional differential equations and application

Definition 5 ([31]). The fractional integral of order  is defined

Sy L (7 fA) &
I"f(p) = e /0 (@73)1_@: 3 > 0.
Definition 6 ([31]). Let f : Ry — R, then the Caputo fractional derivative of
order & > 0 is defined by

TRl I

c S _ 1 ©
D50 = 5y, Gt

where n — 1 = [3J].

Lemma 2 ([24]). Let u € C(]0,00)) N L'([0,00)) with the Caputo fractional
derivative of order  that belongs to C([0,00)) N L([0,00)). So

1% °D%u(p) = u(p) +c1 + cap +csp” + ...+ cap" ',

where ¢; € R, i =1,2,...,n and n = [S].
Lemma 3. Let f(p) € L'(R,) be continuous. Then the boundary value problem
of FDFEs
“D%(p) = f(p), S € (n,n+1), p€[0N],
(1) = [y C5— F@Dd, 57(0) = 3(n),
7(0)+57(0) =0, 0<E<n<R, neR
2(0) = 54(0) =52 (0) =... =5 (0) =0,
has a unique solution

o (. T\S-1 3 £ (g MS-1 1 \S—1
1 -0 9> (6 —1°) fE-°! I ) e
), T D el ey Oa- [ Sy
L ["(=D>" s L [T(=D>" 20 — 7
+773_6/o I'(S) @) +e (6—773/0 I(S) Heddp + n*+n*—2n—6

o TS
Proof. By Lem 2, E.q (5) is equivalent to the integral form

2p) =TI f(p) +c1 +cap+csp’ +cap® + ...+ a9

for some ¢; e R, i =1,2,...,n+ 1.
By conditions of (5), we get

co=cs=cs=cr=cg=...=cCpy1 =0,
and R
7)f(3)d]+02@+03p2 +C4p3. (6)
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So,
/ © (p— 12
7o) = /0 %f(])dj+62+263p+30492,
oy = [TeD
I (p) = /0 NGED) F(D)dI + 2c3 + 6cap,
1" _ © (p— ])S74
7 (p) = /0 mf(ﬂ)d] + 6c¢4.
Applying, ;'(0) +5"(0) = 0 we get cg = —2c3. By 5(0) = 5(n) we get
n o T\S—1
6cy = /0 (0 F(J&‘)s) FDdI+ can + esn® + ean®.
Consequently,

By j(1) = [¢ €227 £(1)d] we have

—Jo (<)
! (1—J)S_l _ 13 (g_j)%‘—l
/O Wf(])dl—kcz—f—cg—i—m _/0 wf(j)dj. )
Substituting the value ¢4, ca = —2¢3 in (7) we get
ta-p EANUES R oo (€ (-3
/O Wf(J)dJ —c3t g 7 /0 e F(Ddi+ 6B _/0 Wf(j)dl

Then we have

=26 (-1 _[rta=nst 1 [T (p=0""
( o= [ S e — b [

6 —ns3 0 IR 7% —6 (s
Consequently,

_ 6= - L 1 (" (-1
TP 26 (/U IR A M v RatAC k=t /0 (%) f(j)dj)’
and by c2 = —2¢3

_ 7P -12 -1 ) 1 (-3
Also,

_ L [Tm=0 2 —1° N
=g ), OB ) Sy /0
ta-1°! 1 =2
-], Sy i [ @,
Substituting the value of ¢o, ¢ and ¢3 in (6), it yields
_ [P et 1) e DR DS
0 = [ ea ) Sy e [ e
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1 U 5, 1 UEP N 2n — 0’
+n3 -6 /0 ['(9) f Q) + ¢ (6 -3 /0 () f@dI+ n+n?—2n—6
G L L L T2
(/0 o foa- [ S _6/0 /)
<
Consider:

(Ay) For k,l €N, fy; € C(I x R, R), the continuous operator f : I X bvg — bvg

is defined by (f1)(p) = ((p,2(0)) = (fu(p, 1(0))), where I = [0,X] and the
family of functions {(f7)(p)}eer is equicontinuous in bv;.

(A2) Assume that

T R(2n® - 12) R 1 1 N
0 q q q q q q
<llst!" s 376 ('sr(sﬂ g+ =5 s )
6%? o RF 1, 1o, XY
o a6 lsr " "+ lp =6 Vs )

1 N 20 — n? N 1 1 N
N?’q q q q q q q q
+°| (|6_n3| (s o =6 (st "o =g "lsr ™)

(A3) For each p € I and j € bvg the following inequalities holds:
| fri (9, 9(0)) = fre—10-1(0, 20" < lar.i(9)]*[76.0(0) — Je-1.0-1(0)",

where qg(p) is real functions continuous such that (gx(p)) is uniformly equi-
bounded on I, Put

sup sup |gri(p)|* = Q.
oel k,l

Theorem 5. Let (A;) — (A3) hold, if 2'%QA < 1, then (5) for each o € I has
at least one solution 3= (yu(p)) € C(I,bv}).

Proof. Let 5= (311) be a double sequence function which fulfils the E.q (5) and
¥ k,1 € N, j. be continuous on I. Define # : C(I,bv2) — C(I,bv2) by

(H)(p)

- /OK’ %ﬁw(ly(:l))dpr p(2n° —12)

n+n?—2n—6 /
(-3 L [T
_/0 S ryy @)+ 3_6/ ) fu G (@)

p°(6 —n°) -1
773"‘772_277_6(/0 () fu353)

(S=P))
IS

I—1
)

fru(3,5(3))d1
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rrmg )y ) 9 s [
(3, d:l/ F(%)J sz]](l))dj—s—nl /On("‘j))&

7 —6

(/0 (€ F(J)

By our assumptions, we get

1(H)(0)

IA

_ <‘/ (p— J{\i fkl (3,7(1) ffk—l,l—l(ij(J)))dj

_l’_

_ 3 S—
,73%?;,21,216< [ (a3 ~ s B

_/O (1;({;;7 (fur (3 5()) = frmra-1(3, 2(3)))

73 —6 ()

2p 3 € p S
+773f7§26_;7n)_6(/0 « F(j%)) (fer(3,9() = fr-1.0-1(3,9(3)))d3

1 (1_1)8 1
_/O r(3) (fr1(3,93) = fr—1,2-1(3,5(3)))d3

L ("]
=6 /o IS

(
ot (o /On (n;f))& (Fr (3, 9D)) = Feora1(3,2(3)))d3

&

L1 /" =D @ 5) — feoria (1, 5(D)))d)
0

fr(3,0() = fr—1,-1(, J(J)))dj)

3 277277] _ (/0 (gli(ilg)s)“* (fer(3,003) = fre—1,1-1(3,5(3)))da

1 (1 _J)‘\\r—l
_/0 () (fre(3,9(D) = fr—12-1(3,2(3)))da

* : /On u ;(Jg\)j_l (fr(3,003) - fkl,ll(lj(])))d}‘q))>

10q|: (‘/ (p— J(; (fr(3,9(3) = fe—10-1(3,5(3 ))dj‘q
k=1

it

_ oo € (¢ 7\O-1
PO 5 (| [ A () — i (3o)

7 +n?—2n—-06 I'(Q)

k,l=1

> | / 1_ (Fa(3.9(D) = frmrimr (.5(D)) 1]
k,l=1
L oy "(77—3‘)%1 q
+\n3_6| kzzl’/o () (sz(J,](J))*fk—l,Z—l(l](J)))dj‘)

2/n 3 oo € (e T\S-1
PO (Y | [ i () ~ fir s (2D)

()

dj‘q

a1’
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+ i ‘/{)1%%(3 9(D) = frm1,0-1(3, 5 ))d]’q

Hnsl_ "> !/On%(fm(lym)ffk_l,l_l(z,g(n)))d:\q)

6 k=1 rE
s L g | M= a
+°| (|6—773| kgl‘/o w(fkl(l](j))_fkfl,lfl(l](:[)))d:l‘
2n — n? ¢ N () _
Ho ] g_jl(]/o Fra— @) ~ feri 3.01)
+30 | [ (@) — feris (o)) a]’
k=1 YO
Y SN _ “
+k712:1‘7]3 6/0 () (frr(3,2(3)) fk—l,l—l(lj(])))d]’ ))]
Then,
I(H @52
oo _mS—-1 3 _ 3 _ 7\S-1
= Z |1 ()17 1710 (9) — e—1,1-1( )|q210q{(/0 (pr(g) ds)"+|n3i(?7272172)76\q«/0 %dl)q

-1 n —] -1 2(a _ 3 13 -] SE
d])q_Hn 1 6‘4(/0 (n—13) dj)q)+|n3f7§26_;7n)_6‘q((/o (€ ((\\)f) d1)?

IN

N 20 — 12) o 1 1 o
q 2104 ® q o( q( q q q q)
Qlnalt 2|5y + |z =217 (152 '+ g+ g U sy

6p° p p° q LT 1 p° q 3|p 1 p° q
+|n3+772—277—6| (|%F($)| +|F($)| +ls—¢l U%F(%)‘ ) + 197 |6—773| (|%‘F(%)|
2n—n° q p° q 1 4 1 p° q
a6 Vs i e lerm™) ) |-

Also, C(1, bvg) have the norm

lollor,pez) = sup 12(9) 10z
q

So, we have

< (QA2')

”( )”c([ }w2) HJHc([ }w2)

Then
r < 2'%9QAr. (8)
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Let rg be the optimal solution of (8). Now, we consider the set
Byyz = Byuz(3,70) = {3 € CL,bvg) : lloqrmz) < 1o}

Clearly, Bbv2 = Ebvz is convex and bounded and H is bounded on B. Let 0 < € by

(A1), 3,0 >0so0 that if £ € Bz and [|7 = ll[o(1,02) < 6, then [[{y - {ang, (1.b2) <

5107 Lhus, for each p € I, We get
() () — (Hf)(@)llgvz

= 210‘1[ <’/ v 3\\3; : (frr(3,2() = fr(3,€(3))) = (fre—10-1(3,2(3) — fr—12-1(3,£(3))))
k,l=1

oo

PO S (| [ (3.0 ~ B y) G Goa @) — acns 0, )l

At =2n-6 4~ I'(9)
+Z O (3.0 = ey @) = (i@ — fimrir 3 )
6|p Z O (a3 0@) = @y @)~ (onir Gos@) — i G )
Sul (-1 . . .
Hr o MZl\ / Ty (a(3.0) = a3y = (o ims (s = firar (3.62)
3 ] / e (fua,a(:))—fklu,z(:)))—<fk71,l,1<:,a(:>>—fkfl,Ho,e(J))))dJ\“
Lol | [ O (30— @) = (o2 (3G~ feras (G
ki=1 “0
Ho'P (=" 3 | / () — ) = oo (GogD) = i ar (3 £3))
k,l=1

Zl k) () 4
+|m > / Ty U @9) = Fua@ @) = (s (3, ) = S (0,40

kll/

+Z‘n —6/ r(s2

k,l=1

sz (3,5(3)) = fu(3,€(D)) = (fr-1-1(3,2(3)) = fkfl,zfl(lé(l))))dl‘q

)

(fr(3, (D) = fra(3,6D)) = (fr—10-1(3,5()) - fkl,u(:,e(z))))d:\q))]

< Z | fer(3,93) = Fre(3,3))) = (Fomr-1(3,5(3)) = frmra-1(3,£(3)))|92'7 A
k,l=1
= (- <fe>ugu,bvg>2mm
Accordingly,

1(Hg) = (HOllc,p02) = sup () () = (O (@) llbo2) <&,
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so F'is continuous. Now, we cheek the continuously (#;) on (0, ). Let p1 € (0, p)
and € > 0, if |p — p1] < €, then
I(H)(0) = Ha)(p1)ll5,2

< 210q|: (‘/ p J(\\z fkl :[ ]( )) - fk71’171(37](j)))dj

_/0 %(mo (1) = fue 1171(1](3)))

(p — p1)(2n° — 12) (=) q
H e 2 [ (0.0 s Goa )]

l/

k,l

(@90 = fomrimr (@) 3]

(n—1)°" 9
3 sz :9(3) = fr—1,-1(3,5(3))
klzl‘/ ) )
+|% > S (03,00 — S Gus )
k,l=
Y| [0 (sz(:,m))ffk_l,H(:,J(:)))dJ\q
Sl Y | / (n— 3 (B @) = Froni (@) l')
k=1 Y0
3 2 77 J)
+g® - 3|le\ / T (a3, 0D) ~ i1 (Gos(D)
2 — 7’ (€-1°" “
+|m ’/ () sz (3,03)) — fk—1,z—1(:l,](3)))d3'
Sy [ U (fu(mz))ffk_l,l_la,]a)))d:\"
+ 3 | [ (fua,J(:))fk_l,l_ﬁ,y(:)))d:\"))].

Since |p — p1] < & we get
I(H)(0) = Ha)(p1)ll5,2

< 10q|: ’/ (p — j\(\z (fer(3,0(3) = fro—1,2-1(3,2(3)))d3
k,l=1
- (s e >) (fur(390D) = Froraca(3,5(3 >)d31q]
. wq[ > )/: 1*3)“ ) (Fur@,9D) = Frmrima (3 5(D)))
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© (p J)% 1 B p
+/m 71“(%) (fu(3,0(3) = fr—12-1(3,2(3))) }
= 10q| @1—\( [kgzl |]Icl J) — Jk—1,1— 1(3)’ ]

Since |p—go| < candn < F < n+1so|p°—p7|? < e. So (Hy) is continuous for
each p € I. Now, we prove that H is a Meir-Keeler condensing operator w.r.t.

the Hausdorff MNC x on C’( , vg) By Th 4 and Lem 1 we get

(X, (2 B )" = SUp (i (Buoy (0)". (9)

pel
Again by using (1), Lemma 1 and our assumption, we have

(X2 [(MBy2) ()"

w0a| o=
=2 [lzlw{up{mZ\/ iy e (0o(D) = Fonetin (3o (3)) 3] }}

p2n° —12) 4 () B a
m| k,lllgloo{Jseliljg{ >;L>l(‘/0 W(fmn(J7](])) fm71,n71(3»‘7(3)))dj‘ }}
1

+k5i3;{;;;§g{ S| ) (3o~ fnss B @)l }}

m>k,n>1

1 T (m—13)
+| 7 lim sup ‘ / —_
?’]3 I k,l—o0 { Jebvg mzlc;LZl 0 F(%

2 3 13 _ m\S-1
H 2O i tim {sup{ | (s = o s (D)

+I

1)

1 4+n2—2n—6" “kiooo | cp2 IR
b dapd | [0 (=2 ) st D
k,l—oc0 ]Ebvg . 0 P(S)
1 q K (77 — :)S71 _ a
+ - l klllgloo { JSEI;% { m>kn>l ’ /0 W(ﬂnn(lj(:j)) fm*l’nil(l](j)))dj‘ )

+|K’3q(|6_1n3qk,lligloo{ sup { Z /(; gi; fmn(:‘ ]( )) - fml,nl(l](j)))d]‘q}}

Jebvg

m>k,n>1
277_772 q 13 (f _3)371 .
=2 —6 kl;g;{;gg {m§>l(\ / W(fmna,a(:))ffmfl,H(:,](:)))d:\
. )\‘9 1
lim g mn\=, m—1,n—1 d
{8 [ s

)]

+ lim {sup{ Z )773176/077 (n 1:(2;7 (frmn(3,9(D) = frn—1.m-1(3,3(3)))

k,l—o0
’ 1€003 > kn>1
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< 10q _ _ .9
QA2 1113100{ sup { Z |9mn — Jm—1,n—1| }}

1€003 > kon>1

Therefore, we deduce

SUD (X [(HB 20 ()" < Q2T AT, (1 ()"

By (9), we have
(X (1,002) PBruz))" < Q210qA(XC(,,bU3) (Bpo2))"-

Hence
g
(‘XC(I’IW(%)(BMJ%)) < M-
Take 6 = ¢( — 1), we get H is a Meir-—Keeler condensing operator on

(Q210a.4) 1
By,2 C m?(bv?).

So, Th 1 grantees that { has a fixed point in By, so (5) has at least one
solution in C(I, bvg). <

Example 1. Consider the equations

CD%](Q) _ Sin(sz(KJ))COS(sz(@))’ S e (4,5), pelo,6],

o 92 Ber? s
_r2 (2_3)5_1 1" _
7(0)+7(0)=0, 0<2<4<6,
2(0) = ;4(0) = ;2 (0) =0,

Clearly the E.q (10) is particular case of (5) when fi(p, () = cos(k () sin(i ()

©2+5es?+3 ’
E=2,n=4%= % and o = 6. For, (A1) of Th 5, let 3,0 € C(I,bvg), 0<eand
pel. Take § =ev21~1. Now if ||5(p) — £(p)llpwz < 6, then we have

1(F2)(p) = (FO(0)ll5,2

< éiﬂummmmm%m»wmmwmmme—
(cos(gr—1,1-1(p)) sin(gr—1,-1(9)) = cos(le—1,1-1(p)) sin(Ce—1,1-1(p))) !
< g (3 [costani(o) sintna(o) — cosia(o)) sintuns ()|

k,l=1

+> ‘COS Jh-1,-1(9)) sin (e —1,1-1(p)) — cos(li—1,1-1(p)) sin(lr—1,1-1(p)))

k,l=1

)

q

-

(Z1M%l )sin(7e.()) — co5(r.a () sin(Ce.())

k,l=1



164 H. Amiri Kayvanloo, S. Alipour Fatideh, E. Savag, M. Mursaleen

)

+ Z ’COS Jk=1,1-1(9)) sin(gr—1,1-1(p)) — c08(Jr-1.,1-1(p)) sin(lr—1,1-1(p))

q))

q

+‘ co8(Jk,1 () sin(lr,i(p)) — cos(lr,i(p)) sin(lr,i(p))

q

+‘ cos(gr—1,1-1(9)) sin(lr—1,1-1(p)) — cos(lk—1,1-1(p)) sin(lk—1,1-1(p)))

e}

( > (|COS(Jk,l(60))|q‘ sin(J,1()) — sin(le,i())

k=1
)

sin(ge—1,1-1(p)) — sin(le—1,-1(p))

)

1
24

q

IN

q

| sin(lr,i(9))]?| cos(gr.1 () — cos(Ur,1(p))

q
+ Z cos(gk—1,1-1())|"

k,l=1

cos(gr—1,1-1(p)) — cos(lk—1,1-1(p)))

2%( i (‘]k,l(@) - Zk,l(@)‘q + ‘]k,l(p) —lri(p) )

k,l=1

+lsin(Cr-1,-1(p))[*

q

IN

+ i (’Jk—1,1—1(p) - fk—1,1—1(p)‘q + ‘]k—l,l—l(@) —lr—1,-1(p)) q))

S o 1HJ( ) = Ul <

Hence ((f1)(9))per is equicontinuous. By, using an easy computation we get

[Fea(:2(0)) = fera-1(0,2(0DI" < 55 wa(e) = mra-a(9)]”

For each natural number k l € N, we take g (p) = 2q sa=1- Thus (qri(p)) is equi-
bounded on I, and QQ = . Obuviously, the relation holds. So, all the conditions
of Th 5 are satisfied. So E.q (10) has at least one solution in C(I,bv?) for all
q=>1
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