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Some Properties of a Class of Vector Potentials
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Abstract. The paper demonstrates the boundedness and compactness of operators gen-
erated by vector potentials with continuous tangential density in generalized Hölder
spaces.
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1. Introduction

It is known (see [2, pp. 153–154]) that electric and magnetic boundary value
problems for the vector Helmholtz equation, as well as certain boundary value
problems for Maxwell’s system of equations, can be reduced to a system of integral
equations involving vector potentials.

(Af) (x) = 2

∫
Ω
[n (x) , rotx {Φk (x, y) f (y)}] dΩy, x = (x1, x2, x3) ∈ Ω, (1)

and
(A∗f) (x) = [n (x) , (A [n, f ]) (x)] =

= 2

[
n (x) ,

∫
Ω
[n (x) , rotx {Φk (x, y) [n (y) , f (y)]}] dΩy

]
, x ∈ Ω, (2)

with continuous tangential density f , i.e., the vector function f(x) =
(f1(x), f2(x), f3(x)) belongs to the space

C3
⊥ (Ω) =

{
f ∈ C3 (Ω) | (f (x) , n (x)) = 0, x ∈ Ω

}
,

∗Corresponding author.
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where Ω ⊂ R3 is the Lyapunov surface, n (x) = (n1 (x) , n2 (x) , n3 (x)) the out-
ward unit normal at the point x ∈ Ω, [a, b] denotes the vector (cross) product
of vectors a and b, (a, b) denotes the scalar (dot) product of vectors a and b,
C3 (Ω) = C (Ω) × C (Ω) × C (Ω), C (Ω) the space of all continuous functions on
the surface Ω with the norm ∥ρ∥∞ = max

x∈Ω
|ρ (x) |,

Φk (x, y) =
exp (ik |x− y|)

4π |x− y|
, x, y ∈ R3, x ̸= y,

the fundamental solution of the Helmholtz equation ∆u+k2u = 0, ∆ the Laplace
operator, and k the wave number, where Imk ≥ 0. It should be noted (see [2, p.
74]) that the operators A and A∗ are adjoint operators with respect to the dual
system ⟨C3 (Ω) , C3 (Ω)⟩, defined by the relation

⟨f, g⟩ =
∫
Ω
(f (y) , g (y)) dΩ,

i.e., ⟨Af, g⟩ = ⟨f,A∗g⟩, f, g ∈ C3
⊥ (Ω).

The counterexample constructed by A.M. Lyapunov (see [4, pp. 89–90]) shows
that, in general, the derivative does not exist for single-layer and double-layer
potentials with continuous density. Therefore, the operators A and A∗ are not
defined in the space C3 (Ω). However, in [10], certain properties of the derivative
of the logarithmic double-layer potential were studied; in [7], some properties
of the derivative of the acoustic single-layer potential were investigated; in [6],
properties of the normal derivative of the acoustic double-layer potential were
examined; and in [11], certain properties of a class of vector potentials with weak
singularity were analyzed. It should be noted that, using the results of work [6,
7, 10], in works [1, 8, 9] approximate methods for solving some classes of singular
integral equations were investigated. In the present paper, the boundedness and
compactness of the operators A and A∗ with continuous tangential density are
proved in generalized Hölder spaces.

2. An estimate of the type of A. Zygmund’s estimate for the
operators generated by the vector potentials (1) and (2)

Let us introduce the modulus of continuity of the vector function f ∈ C3 (Ω):

ω (f, δ) = δ sup
τ≥δ

ω̄ (f, τ)

τ
, δ > 0,
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where

ω̄ (f, δ) = max
|x−y|≤δ,
x,y∈Ω

√√√√ 3∑
m=1

(fm (x)− fm (y))2, δ > 0.

Theorem 1. Let Ω ⊂ R3 be a Lyapunov surface with exponent 0 < α ≤ 1 and
f ∈ C3

⊥ (Ω). Then the integral (1) converges as an improper integral, and for any
points x′, x′′ ∈ Ω, the following estimate holds:∣∣(Af) (x′)− (Af)

(
x′′

)∣∣ ≤
≤M �

(
∥f∥3 h

α |lnh|+
∫ h

0

ω (f, t)

t1−α
dt+ hα

∫ diamΩ

h

ω (f, t)

t
dt

)
,

where h = |x′ − x′′ | and ∥f∥3 = max {∥f1∥∞ , ∥f2∥∞ , ∥f3∥∞}.

Proof. Taking into account the condition f ∈ C3
⊥ (Ω), it is not difficult to

compute that
[n (x) , rotx {Φk (x, y) f (y)}] =

= (n (x)− n (y) , f (y)) gradxΦk (x, y)− f (y)
∂Φk (x, y)

∂n (x)
,

where

∂Φk (x, y)

∂xm
=

(ik |x− y| − 1) (xm − ym) exp (ik |x− y|)
4π |x− y|3

,m = 1, 2, 3,

and
∂Φk (x, y)

∂n (x)
=

(ik |x− y| − 1) (x− y, n (x)) exp (ik |x− y|)
4π |x− y|3

.

By the definition of a Lyapunov surface with exponent 0 < α ≤ 1,

|n (x)− n (y)| ≤M |x− y|α , x, y ∈ Ω. (3)

Moreover, it is known that (see [12, p. 403])

|cos γ (x− y, n (x))| ≤M |x− y|α , x, y ∈ Ω,

and therefore,

|(x− y, n (x))| = |x− y| |cos γ (x− y, n (x))| ≤M |x− y|1+α , x, y ∈ Ω, (4)

†Here and throughout, M will denote positive constants, which may vary from one inequality to
another.
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where γ (a , b) denotes the angle between the vectors a and b. Then it is clear
that for any points x, y ∈ Ω, x ̸= y,∣∣∣∣(n (x)− n (y) , f (y))

∂Φk (x, y)

∂x1
− f1 (y)

∂Φk (x, y)

∂n (x)

∣∣∣∣ ≤
≤M ∥f∥3

1

|x− y|2−α
, m = 1, 2, 3.

Therefore, integral (1) is a weakly singular integral, i.e., it exists as an improper
integral. As can be seen,

(Af) (x) = e1 (A1f) (x) + e2 (A2f) (x) + e3 (A3f) (x) ,

where e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1),

(A1f) (x) = 2

∫
Ω

(
(n (x)− n (y) , f (y))

∂Φk (x, y)

∂x1
− f1 (y)

∂Φk (x, y)

∂n (x)

)
dΩy,

(A2f) (x) = 2

∫
Ω

(
(n (x)− n (y) , f (y))

∂Φk (x, y)

∂x2
− f2 (y)

∂Φk (x, y)

∂n (x)

)
dΩy,

and

(A3f) (x) = 2

∫
Ω

(
(n (x)− n (y) , f (y))

∂Φk (x, y)

∂x3
− f3 (y)

∂Φk (x, y)

∂n (x)

)
dΩy.

Let us denote by d > 0 the radius of the standard sphere for Ω (see [12, p.
400]), and let Ωε (x) = {y ∈ Ω : |x− y| < ε}, where x ∈ Ω and ε > 0. It is known
that for each x ∈ Ω, the set Ωd (x) is uniquely projected onto the set Πd(x), which
lies in the tangent plane Γ(x) to Ω at the point x. On the patch Ωd(x), we choose
a local rectangular coordinate system (u, v, w) with the origin at the point x,
where the w-axis is directed along the normal n (x), and the u and v axes lie
in the tangent plane Γ (x). Then, in this coordinate system, the neighborhood
Ωd(x) can be described by the equation w = ψ (u, v) , (u, v) ∈ Πd(x), where

ψ ∈ H1,α (Πd (x)) and ψ (0, 0) = 0, ∂ψ(0, 0)∂ u = 0, ∂ψ(0, 0)∂ v = 0. Here, H1,α (Πd (x))
denotes the linear space of all continuously differentiable functions on Πd (x), for
which gradψ satisfies the Hölder condition with exponent 0 < α ≤ 1, i.e.,

|gradψ (u1, v1)− grad ψ (u2, v2) | ≤

≤Mψ

(√
(u1 − u2)

2 + (v1 − v2)
2

)α
, (u1, v1) , (u2, v2) ∈ Πd(x),

where Mψ is a positive constant depending on ψ, but not on (u1, v1) and (u2, v2).
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Let us take any points x′, x′′ ∈ Ω such that the quantity h is less than d
2 . It

is not difficult to show that the following representation holds:

(A1f)
(
x′
)
− (A1f)

(
x′′

)
=

8∑
m=1

Rm
(
x′, x′′

)
,

where

R1

(
x′, x′′

)
= 2

∫
Ω\Ωd(x′)

((
n
(
x′
)
− n (y) , f (y)

) ∂Φk (x′, y)
∂x1

− f1 (y)
∂Φk (x

′, y)

∂n (x′)

)
dΩy−

−2

∫
Ω\Ωd(x′)

((
n
(
x′′

)
− n (y) , f (y)

) ∂Φk (x′′, y)
∂x1

− f1 (y)
∂Φk (x

′′, y)

∂n (x′′)

)
dΩy,

R2

(
x′, x′′

)
= 2

∫
Ωh/2(x

′)

((
n
(
x′
)
− n (y) , f (y)

)
×

×∂Φk (x
′, y)

∂x1
− f1 (y)

∂Φk (x
′, y)

∂n (x′)

)
dΩy,

R3

(
x′, x′′

)
= −2

∫
Ωh/2(x

′′)

((
n
(
x′′

)
− n (y) , f (y)

)
×

×∂Φk (x
′′, y)

∂x1
− f1 (y)

∂Φk (x
′′, y)

∂n (x′′)

)
dΩy,

R4

(
x′, x′′

)
= −2

∫
Ωh/2(x

′)

((
n
(
x′′

)
− n (y) , f (y)

)
×

×∂Φk (x
′′, y)

∂x1
− f1 (y)

∂Φk (x
′′, y)

∂n (x′′)

)
dΩy,

R5

(
x′, x′′

)
= 2

∫
Ωh/2(x

′′)

((
n
(
x′
)
− n (y) , f (y)

)
×

×∂Φk (x
′, y)

∂x1
− f1 (y)

∂Φk (x
′, y)

∂n (x′)

)
dΩy,

R6

(
x′, x′′

)
= 2

∫
Ωd(x′)\(Ωh/2(x

′)
⋃

Ωh/2(x
′′))

(
n
(
x′
)
− n

(
x′′

)
, f (y)

) ∂Φk (x′, y)
∂x1

dΩy,
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R7

(
x′, x′′

)
= 2

∫
Ωd(x′)\(Ωh/2(x

′)
⋃

Ωh/2(x
′′))

(
∂Φk (x

′′, y)

∂n (x′′)
− ∂Φk (x

′, y)

∂n (x′)

)
f1 (y) dΩy

and

R8

(
x′, x′′

)
= 2

∫
Ωd(x′)\(Ωh/2(x

′)
⋃

Ωh/2(x
′′))

(
n
(
x′′

)
− n (y) , f (y)

)
×

×
(
∂Φk (x

′, y)

∂x1
− ∂Φk (x

′′, y)

∂x1

)
dΩy.

Since the function

W (x) = 2

∫
Ω\Ωd(x)

(
(n (x)− n (y) , f (y))

∂Φk (x, y)

∂x1
− f1 (y)

∂Φk (x, y)

∂n (x)

)
dΩy

is continuously differentiable on the surface Ω, then∣∣R1

(
x′, x′′

)∣∣ ≤M ∥f∥3 h.

Let us estimate the expression R2 (x
′, x′′). It is obvious that

R2

(
x′, x′′

)
= 2

∫
Ωh/2(x

′)

((
n
(
x′
)
− n (y) , f

(
x′
))

×

×∂Φk (x
′, y)

∂x1
− f1

(
x′
) ∂Φk (x′, y)

∂n (x′)

)
dΩy+

+2

∫
Ωh/2(x

′)

((
n
(
x′
)
− n (y) , f (y)− f

(
x′
))

×

×∂Φk (x
′, y)

∂x1
−
(
f1 (y)− f1

(
x′
)) ∂Φk (x′, y)

∂n (x′)

)
dΩy.

Then, taking into account inequalities (3) and (4), and using the formula for
reducing a surface integral to a double integral (see [3, p. 276]), we obtain:∣∣R2

(
x′, x′′

)∣∣ ≤M

∫
Ωh/2(x

′)

∥f∥3 + ω (f, |x′ − y|)
|x′ − y|2−α

dΩy =

=M

∫
Πh/2(x

′)

∥f∥3 + ω
(
f,
√
u2 + v2

)
(√

u2 + v2
)2−α ×
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×

√
1 +

(
∂ψ (u, v)

∂u

)2

+

(
∂ψ (u, v)

∂v

)2

dudv ≤

≤M

∫ 2π

0

∫ h/2

0

∥f∥3 + ω (f, t)

t2−α
tdtdτ ≤M

(
∥f∥3 h

α +

∫ h

0

ω (f, t)

t1−α
dt

)
.

In a similar manner, it can be shown that

∣∣R3

(
x′, x′′

)∣∣ ≤M

(
∥f∥3 h

α +

∫ h

0

ω (f, t)

t1−α
dt

)
.

Since

R4

(
x′, x′′

)
= 2

∫
Ωh/2(x

′)

((
n (y)− n

(
x′′

)
, f

(
x′′

))
×

×∂Φk (x
′′, y)

∂x1
+ f1

(
x′′

)
× ∂Φk (x

′′, y)

∂n (x′′)

)
dΩy+

+2

∫
Ωh/2(x

′)

((
n (y)− n

(
x′′

)
, f (y)− f

(
x′′

)) ∂Φk (x′′, y)
∂x1

+

+
(
f1 (y)− f1

(
x′′

)) ∂Φk (x′′, y)
∂n (x′′)

)
dΩy,

then, taking into account inequalities (3), (4), and

h/2 ≤
∣∣y − x′′

∣∣ ≤ 3h/2, y ∈ Ωh/2
(
x′
)
,

we have: ∣∣R4

(
x′, x′′

)∣∣ ≤M

∫
Ωh/2(x

′)

∥f∥3 + ω (f, |y − x′′|)
|y − x′′|2−α

dΩy ≤

≤Mhα−2 (∥f∥3 + ω (f, 3h/2))mesΩh/2
(
x′
)
≤Mhα (∥f∥3 + ω (f, h)) .

As a result, taking into account the inequality∫ h

0

ω (f, t)

t1−α
dt =

∫ h

0

ω (f, t)

t
tαdt ≥ ω (f, h)

h

∫ h

0
tαdt =

=
ω (f, h)

h

h1+α

1 + α
=

1

1 + α
ω (f, h)hα,

we obtain ∣∣R4

(
x′, x′′

)∣∣ ≤M

(
∥f∥3 h

α +

∫ h

0

ω (f, t)

t1−α
dt

)
.
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It can also be proven that

∣∣R5

(
x′, x′′

)∣∣ ≤M

(
∥f∥3 h

α +

∫ h

0

ω (f, t)

t1−α
dt

)
.

Let us estimate the expression R6 (x
′, x′′). Since

R6

(
x′, x′′

)
= 2

(
n
(
x′
)
− n

(
x′′

)
, f

(
x′
)) ∫
Ωd(x′)\(Ωh/2(x

′)
⋃

Ωh/2(x
′′))

∂Φk (x
′, y)

∂x1
dΩy+

+2

∫
Ωd(x′)\(Ωh/2(x

′)
⋃

Ωh/2(x
′′))

(
n
(
x′
)
− n

(
x′′

)
, f (y)− f

(
x′
)) ∂Φk (x′, y)

∂x1
dΩy,

then ∣∣R6

(
x′, x′′

)∣∣ ≤
≤Mhα

∥f∥3
∫

Ωd(x′)\Ωh/2(x
′)

dΩy

|x′ − y|2
+

∫
Ωd(x′)\Ωh/2(x

′)

ω (f, |x′ − y|) dΩy
|x′ − y|2

 ≤

≤Mhα
(
∥f∥3

∫ d

h

dt

t
+

∫ d

h

ω (f, t) dt

t

)
≤

≤M

(
∥f∥3 h

α |lnh|+ hα
∫ d

h

ω (f, t) dt

t

)
.

Now let us estimate the expression R7 (x
′, x′′). It is clear that

∂Φk (x
′, y)

∂n (x′)
− ∂Φk (x

′′, y)

∂n (x′′)
=

=
(ik |x′ − y| − ik |x′′ − y|) (x′ − y, n (x′)) exp (ik |x′ − y|)

4π |x′ − y|3
+

+
(ik |x′′ − y| − 1) ((x′ − y, n (x′))− (x′′ − y, n (x′′))) exp (ik |x′ − y|)

4π |x′ − y|3
+

+
(ik |x′′ − y| − 1) (x′′ − y, n (x′′)) (exp (ik |x′ − y|)− exp (ik |x′′ − y|))

4π |x′ − y|3
+

+

(
1

4π |x′ − y|3
− 1

4π |x′′ − y|3

)
×

×
(
ik

∣∣x′′ − y
∣∣− 1

) (
x′′ − y, n

(
x′′

))
exp

(
ik

∣∣x′′ − y
∣∣) .
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Taking into account the inequalities∣∣x′′ − y
∣∣ ≥ 1

2

∣∣x′ − x′′
∣∣ , y ∈ Ωd

(
x′
)
\
(
Ωh/2

(
x′
)
∪ Ωh/2

(
x′′

))
,

and ∣∣x′ − y
∣∣ ≥ 1

2

∣∣x′ − x′′
∣∣ , y ∈ Ωd

(
x′
)
\
(
Ωh/2

(
x′
)
∪ Ωh/2

(
x′′

))
,

we obtain the validity of the following inequalities:∣∣x′ − y
∣∣ ≤ ∣∣x′ − x′′

∣∣+ ∣∣x′′ − y
∣∣ ≤ 3

∣∣x′′ − y
∣∣ , y ∈ Ωd

(
x′
)
\
(
Ωh/2

(
x′
)
∪ Ωh/2

(
x′′

))
,

and ∣∣x′′ − y
∣∣ ≤ 3

∣∣x′ − y
∣∣ , y ∈ Ωd

(
x′
)
\
(
Ωh/2

(
x′
)
∪ Ωh/2

(
x′′

))
.

Moreover, from inequalities (3) and (4), we obtain that∣∣(x′ − y, n
(
x′
))

−
(
x′′ − y, n

(
x′′

))∣∣ ≤
≤

∣∣(x′ − y, n
(
x′
)
− n

(
x′′

))∣∣+ ∣∣(x′ − x′′, n
(
x′′

))∣∣ ≤Mhα
(∣∣x′ − y

∣∣+ h
)
.

Then ∣∣∣∣∂Φk (x′, y)∂n (x′)
− ∂Φk (x

′′, y)

∂n (x′′)

∣∣∣∣ ≤M

(
h

|x′ − y|3−α
+

hα

|x′ − y|2

)
. (5)

Therefore, representing the expression R7 (x
′, x′′) in the form

R7

(
x′, x′′

)
= 2f1

(
x′
) ∫

Ωd(x′)\(Ωh/2(x
′)
⋃

Ωh/2(x
′′))

(
∂Φk (x

′′, y)

∂n (x′′)
− ∂Φk (x

′, y)

∂n (x′)

)
dΩy+

+2

∫
Ωd(x′)\(Ωh/2(x

′)
⋃

Ωh/2(x
′′))

(
∂Φk (x

′′, y)

∂n (x′′)
− ∂Φk (x

′, y)

∂n (x′)

)(
f1 (y)− f1

(
x′
))
dΩy,

we obtain:∣∣R7

(
x′, x′′

)∣∣ ≤M ∥f∥3
∫

Ωd(x′)\Ωh/2(x
′)

(
h

|x′ − y|3−α
+

hα

|x′ − y|2

)
dΩy+

+M

∫
Ωd(x′)\Ωh/2(x

′)

(
h

|x′ − y|3−α
+

hα

|x′ − y|2

)
ω
(
f,
∣∣x′ − y

∣∣) dΩy ≤
≤M

(
∥f∥3

∫ d

h

(
h

t2−α
+
hα

t

)
dt+

∫ d

h

(
h

t2−α
+
hα

t

)
ω (f, t) dt

)
≤
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≤M

(
∥f∥3 h

α |lnh|+ h

∫ d

h

ω (f, t)

t2−α
dt

)
.

Proceeding in exactly the same way as in the proof of inequality (5), it can
be shown that ∣∣∣∣∂Φk (x′, y)∂x1

− ∂Φk (x
′′, y)

∂x1

∣∣∣∣ ≤M
h

|x′ − y|3
.

Then, taking into account inequality (3), we obtain that∣∣R8

(
x′, x′′

)∣∣ ≤M ∥f∥3 h
∫

Ωd(x′)\(Ωh/2(x
′)
⋃

Ωh/2(x
′′))

dΩy

|x′ − y|3−α
≤M ∥f∥3 h

α.

As a result, summing the obtained estimates for the expressions Rm (x′, x′′),
m = 1, 8, and taking into account the

h

∫ d

h

ω (f, t)

t2−α
dt = h

∫ d

h

1

t1−α
ω (f, t)

t
dt ≤

≤ h
1

h1−α

∫ d

h

ω (f, t)

t
dt = hα

∫ d

h

ω (f, t)

t
dt,

we find: ∣∣(A1f)
(
x′
)
− (A1f)

(
x′′

)∣∣ ≤
≤M

(
∥f∥3 h

α |lnh|+
∫ h

0

ω (f, t)

t1−α
dt+ hα

∫ d

h

ω (f, t)

t
dt

)
.

It is not difficult to show that similar estimates also hold for the expressions
(A2f) (x) and (A3f) (x). This completes the proof of the theorem. ◀

Theorem 2. Let Ω ⊂ R3 be a Lyapunov surface with exponent 0 < α ≤ 1 and
f ∈ C3

⊥ (Ω). Then Af ∈ C3
⊥ (Ω) and

ω (Af, h) ≤Mf

(
hα |lnh|+

∫ h

0

ω (f, t)

t1−α
dt+ hα

∫ diamΩ

h

ω (f, t)

t
dt

)
,

where h ∈ (0, diamΩ] and Mf is a positive constant depending only on Ω, k and
f.

Proof. The continuity of the function (Af) (x) on Ω follows directly from
Theorem 1. Moreover, it is known that for any function g ∈ C3 (Ω), the following
relation holds:

(n (x) , [n (x) , g (x)]) = 0, x ∈ Ω.
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Then

(n (x) , (Af) (x)) = 2

∫
Ω
(n (x) , [n (x) , rotx {Φk (x, y) f (y)}]) dΩy = 0,

i.e., Af ∈ C3
⊥ (Ω). Let

Z0 (h) = hα |lnh|+
∫ h

0

ω (f, t)

t1−α
dt+ hα

∫ diamΩ

h

ω (f, t)

t
dt.

Applying L’Hôpital’s rule, we obtain:

lim
h→0

hα
∫ diamΩ

h

ω (f, t)

t
dt = lim

h→0

∫ diamΩ
h

ω(f,t)
t dt

h−α
=

= lim
h→0

−ω(f,h)
h

−αh−α−1
= − 1

α
lim
h→0

hαω (f, h) = 0,

and therefore lim
h→0

Z0 (h) = 0. Since the derivative of the function Z0 (h) is non-

negative, i.e., the function Z0 (h) is non-decreasing, then from Theorem 1 we
obtain that

ω̄ (Af, h) = max
|x′−x′′|≤h,
x′,x′′∈Ω

∣∣(Af) (x′)− (Af)
(
x′′

)∣∣ ≤
≤Mf max

|x′−x′′|≤h,
x′,x′′∈Ω

Z0

( ∣∣x′ − x′′
∣∣) =MfZ0 (h) , h ∈ (0, d/2] .

Further, taking into account that the derivative of the function Z0 (h) /h is non-
positive, i.e., the function Z0 (h) /h is non-increasing, we have:

ω (Af, h) = h sup
τ≥h

ω̄ (Af, τ)

τ
≤ h sup

τ≥h

MfZ0 (τ)

τ
=

= h
MfZ0 (h)

h
=MfZ0 (h) , h ∈ (0, d/2] .

It is obvious that this estimate also holds for all h ∈ (0, diamΩ]. The theorem is
proved. ◀

Theorem 3. Let Ω ⊂ R3 be a Lyapunov surface with exponent 0 < α ≤ 1 and
f ∈ C3

⊥ (Ω). Then A∗f ∈ C3
⊥ (Ω) and

ω (A∗f, h) ≤Mf

(
hα |lnh|+

∫ h

0

ω (f, t)

t1−α
dt+ hα

∫ diamΩ

h

ω (f, t)

t
dt

)
,

where h ∈ (0, diamΩ] and Mf is a positive constant depending only on Ω, k and
f.
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Proof. Let us take any points x′, x′′ ∈ Ω such that the quantity h = |x′ − x′′|
would be less than d/2. It is known that for any vector function g ∈ C3 (Ω) the
following relation holds:[

n
(
x′
)
, g

(
x′
)]

−
[
n
(
x′′

)
, g

(
x′′

)]
=

=
[
n
(
x′
)
− n

(
x′′

)
, g

(
x′
)]

+
[
n
(
x′′

)
, g

(
x′
)
− g

(
x′′

)]
.

Then, taking into account inequality (3), we obtain that

ω ([n, f ] , h) ≤M (∥f∥3 h
α + ω (f, h)) .

Moreover, taking into account Theorem 1, we obtain:∣∣(A∗f)
(
x′
)
− (A∗f)

(
x′′

)∣∣ = ∣∣[n (x′) , (A [n, f ])
(
x′
)]

−
[
n
(
x′′

)
, (A [n, f ])

(
x′′

)]∣∣ =
=

∣∣[n (x′)− n
(
x′′

)
, (A [n, f ])

(
x′
)]

+
[
n
(
x′′

)
, (A [n, f ])

(
x′
)
− (A [n, f ])

(
x′′

)]∣∣ ≤
≤M

(
hα

∣∣(A [n, f ])
(
x′
)∣∣+ ∣∣(A [n, f ])

(
x′
)
− (A [n, f ])

(
x′′

)∣∣) ≤
≤M (hα ∥A∥ ∥f∥3 + ∥[n, f ]∥3 h

α |lnh|+

+

∫ h

0

ω ([n, f ] , t)

t1−α
dt+ hα

∫ diamΩ

h

ω ([n, f ] , t)

t
dt

)
≤

≤M

(
∥f∥3 h

α |lnh|+
∫ h

0

ω (f, t)

t1−α
dt+ hα

∫ diamΩ

h

ω (f, t)

t
dt

)
.

As a result, proceeding in exactly the same way as in the proof of Theorem 2, we
establish the validity of the theorem. ◀

3. Some properties of the operators generated by the vector
potentials (1) and (2)

Let us introduce the following class of functions defined on (0, diamΩ]:

J (Ω) =

{
φ : φ ↑, lim

h→0
φ (h) = 0, φ (h) /h ↓

}
and consider the function

Z (h, φ) = hα |lnh|+
∫ h

0

φ (t)

t1−α
dt+ hα

∫ diamΩ

h

φ (t)

t
dt,

where the symbol ↑ denotes non-decreasing functions, and the symbol ↓ denotes
non-increasing functions. Where no confusion may arise, we will sometimes write
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Z (h) and Z (φ) instead of the full notation Z (h, φ). In the proof of Theorem 2,
it was shown that Z ∈ J (Ω).

Let φ ∈ J (Ω). Denote by H3 (φ) the linear space of all vector functions
f ∈ C3 (Ω), satisfying the condition

|f (x)− f (y)| ≤Mfφ (|x− y|) , x, y ∈ Ω,

where Mf is a positive constant depending on f , but not on the points x and
y. It is known (see [5, p. 60]) that the space H3 (φ) is a Banach space with the
norm

∥f∥H(φ) = ∥f∥3 + sup
x,y∈Ω,
x ̸=y

|f (x)− f (y)|
φ (|x− y|)

. (6)

It is evident that the space

H3
⊥ (φ) =

{
f ∈ H3 (φ) | (f (x) , n (x)) = 0, x ∈ Ω

}
,

is also a Banach space with the norm (6).
The following theorem follows from Theorems 2 and 3:

Theorem 4. Let φ ∈ J (Ω). Then the operators A and A∗ act boundedly from
the space H3

⊥ (φ) to the space H3
⊥ (Z (φ)).

Let φ1, φ2 ∈ J (Ω). It is known (see [5, p. 70]) that if φ1 (h) = o (φ2 (h)),
h → 0, then the space H3 (φ1) is compactly embedded in the space H3 (φ2).
Then the following holds:

Theorem 5. Let φ ∈ J (Ω) and Z (h, φ) = o (φ (h)), h→ 0. Then the operators
A : H3

⊥ (φ) → H3
⊥ (φ) and A∗ : H3

⊥ (φ) → H3
⊥ (φ) are compact.

Let us denote by H3
β (Ω) the Hölder space with exponent 0 < β ≤ 1, i.e., the

space H3
β (Ω) is the space H3 (φ) for φ (h) = hβ. Moreover, let us assume that

H3
⊥,β (Ω) =

{
f ∈ H3

β (Ω) | (f (x) , n (x)) = 0, x ∈ Ω
}
.

It is obvious that if f ∈ H3
⊥,β (Ω), then Z0 (h) = hα |lnh|.

From Theorems 4 and 5, we obtain:

Corollary 1. The operators A and A∗ act boundedly from the space H3
⊥,β (Ω) to

the space H3
⊥,α (Ω). Moreover, if 0 < β < α, then the operators A and A∗ are

compact in the space H3
⊥,β (Ω).

It should be noted that, in particular, if α = 1, then from Corollary 1 we
obtain the result from [2, p. 74] concerning the compactness of the operators A
and A∗ in the space H3

⊥,β (Ω).



Some Properties of a Class of Vector Potentials 193

Acknowledgments

This work was supported by the Azerbaijan State Oil and Industry University
under internal grant No ED-07/2025.

References

[1] Bakhshaliyeva, M.N., Khalilov, E.H. (2021) Justification of the collocation
method for an integral equation of the exterior Dirichlet problem for the
Laplace equation, Comput. Math. Math. Phys., 61(6), 923–937.

[2] Colton, D.L., Kress, R. (1987) Integral Equation Methods in Scattering The-
ory, Mir, Moscow (in Russian).

[3] Fikhtengolts, G.M. (1969) Course of Differential and Integral Calculus, Vol.
3, Nauka, Moscow (in Russian).

[4] Gunter, N.M. (1953) Potential Theory and its Applications to Basic Prob-
lems of Mathematical Physics, Gostekhizdat, Moscow (in Russian).

[5] Guseinov, A.I., Mukhtarov, Kh.Sh. (1980) Introduction to the Theory of
Nonlinear Singular Integral Equations, Nauka, Moscow (in Russian).

[6] Khalilov, E.H. (2014) Some properties of the operators generated by a deriva-
tive of the acoustic double layer potential, Sib. Math. J., 55(3), 564–573.

[7] Khalilov, E.H. (2018) Properties of the operator generated by the derivative
of the acoustic single layer potential, J. Math. Sci., 231(2), 168–180.

[8] Khalilov, E.H. (2020) Justification of the collocation method for a class of
surface integral equations, Math. Notes, 107(4), 663–678.

[9] Khalilov, E.H. (2025) Constructive method for solving one class of curvilinear
integral equations of the first kind, Eurasian Math. J., 16(1), 32–48.

[10] Khalilov, E.H., Bakhshaliyeva, M.N. (2019) On the derivative of the double-
layer logarithmic potential, Tomsk State Univ. J. Math. Mech., 62, 38–54.

[11] Safarova, V.O. (2025) Some properties of one class of vector potentials with
weak singularities, Baku Math. J., 4(1), 37–47.

[12] Vladimirov, V.S. (1981) Equations of Mathematical Physics, Nauka, Moscow
(in Russian).



194 E.H. Khalilov, V.O. Safarova

Elnur H. Khalilov
Azerbaijan State Oil and Industry University, AZ1010, Baku, Azerbaijan
E-mail: elnurkhalil@mail.ru

Vafa O. Safarova
Azerbaijan State Oil and Industry University, AZ1010, Baku, Azerbaijan
E-mail: vefa-seferova-91@bk.ru

Received 19 July 2025
Accepted 20 May 2026


