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On the Best Approximation of Bivariate Functions
by Sums of Coordinate Functions on r-Convex Sets

R.A. Aliev*, V.A. Guliyev

Abstract. Let S C R? be a compact set and f : S — R be a continuous function. We
consider the problem of finding the best approximation error of f(x,y) by functions of
the form ¢ (z) 4+ (y), where ¢, 1 € C(R). In other words, the problem asks for the value
of

E(f,S) = %wiélé(m I1f(z,y) — (@) = YY)l

In special cases, when § is an axis-aligned rectangle or a stairlike polygon, and for
functions f with AyA, f(u,v) > 0 for any rectangle [u;u + x] X [v;v +y] C [0,1]?, it is
proven that the error can be calculated as a supremum of alternating functionals defined
on the maximal polygons on S. In this paper, we prove this result for a wider class of
sets.

Key Words and Phrases: best approximation error, r-convex domains, maximal poly-
gons.
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1. Introduction

Let S € R? be a compact set and f : S — R be a continuous function.
Consider the problem of approximating f by the sum of one-variable coordinate
functions. It is a classic problem to evaluate how close the sum of two coordinate
functions can get to the original function. In other words, the problem asks for
the value

E(f.8) = jnf [1f(.) = elz) = o) lors) (1

where the infimum runs over all pairs of functions ¢, 9 € C(R).
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The problem (1) was first studied by S. P. Diliberto and E. G. Straus [9] in
the case of S = [0,1]? (the problem was proposed by RAND Corporation for
the most efficient distribution of data in the small memory of the computers
of the day). The same problem was investigated by Yu. P. Ofman [16] for
bounded bivariant functions, and for more general sets by D. E. Marshall and A.
G. O’Farrell in [15]. In [9], Diliberto and Straus gave a “leveling algorithm” to find
the approximation error (1) in case S = [0, 1]2. The addressed problem, together
with the methods developed from its analysis, finds important applications in
approximation by subalgebras and, in particular, in RBF approximation, ridge
function approximation, and neural network models. Recent papers (see [1, 4, 5,
6, 7, 11]) improve the theory in connection with these directions. Moreover, based
on the “levelling” algorithm, the ADI (alternating-direction-implicit) iteration
method for numerical solution of differential equations is developed (see [18, 19,
20]).

The first precise formula to calculate the exact value (1) was given by T.J.
Rivlin and R.J. Sibner [17]. They established under the condition f,, > 0 that

1
E(£,[0,1]%) = 3 (f(1,1) = f(1,0) = £(0,1) + £(0,0)). (2)
Later, L. Flatto gave a different proof of this formula in his work [10], where
a generalization to the approximation of an n variable function by n — 1 vari-
able functions was suggested under similar conditions. In [8], (2) is proven for
functions f satisfying the condition

ArAyf(u,v) = flutz,v+y) = flutz,0) = flu,y+0v)+ flu,0) 20,

for any rectangle [u; u+z] x [v; v+y] C [0, 1]?. Recently, the paper [2] using results
of [13] proved a formula to calculate the approximation error of the continuous
three-variable functions satisfying similar conditions by sums of three coordinate
functions in the set [0, 1]3.

In [15], D. E. Marshall and A. G. O’Farrell proved a duality formula(see
Theorem 4) that expresses the error as a supremum of alternating functionals
(see (8)) defined on lightning bolts (introduced by Arnold [3]) on S. (2) is a
straightforward corollary of this result. Later, V. Ismailov [12], using the results
of [15], proved a more general theorem. We call a polygon P a stairlike polygon
if P= P, P,...Ps, is a simple polygon with vertices

P = (z1,y1), s Poic1 = (i, ¥i), Poi = (i1, Yi), ooy Pon = (Tng1,9m),  (3)

for some real numbers, 11 =21 < 22 < ... <z, and Y1 > Y2 > ... > yu. The
number of vertices of P is denoted by |P|.
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Definition 1. [12, Definition 2] An azis-aligned simple polygon P C S is called
a mazimal polygon on the set S if there are no axis-aligned polygon QQ # P
with P C Q C S and |P| > |Q).

Theorem 1. [12] For any stairlike polygon P and function f satisfying AzAyf >
0, the error E(f, P) can be calculated as the maximum of alternating functionals
defined on the mazimal polygons on P.

Since the only maximal polygon on an axis-aligned rectangle is the rectangle
itself, this result is a natural generalization of the formula (2). However, this
result does not cover all figures for which a similar theorem could be stated.

In this paper, we relax the conditions on § such that the formula obtained in
[12] still applies.

2. Main Result

Definition 2. A set S C R? is called r-convex (or convex with respect to coor-
dinate azes) if for any two points A, B € S such that the line AB is parallel to
one of the coordinate azxes, the line segment AB lies on S.

It is trivial that any convex set in R? is an r-convex set. On the other hand,
the stairlike polygons defined as (3) are r-convex too.

Definition 3. Suppose S is a compact set. Let yg denote the smallest value of
the projection of S onto the OY-axis. If S is an r-convex set and the equation

Pr, S = {z|(x,yo) € S},

holds, then we call S a lower-extremal r-convex set, where Pry, is the projection
operator onto the Ox axes. We call the line segment {(x,v0)|(z,y0) € S} the
sharp edge of S. Similarly, we can define upper-, right-, and left-extremal r-
convex sets and their sharp edges. Together, we call them outer-extremal r-convex
sets.

We denote by M(S) the set of functions f such that
AxAyf(u,v) = f(u+x,v+y) —f(u—i—x,v) - f(u,v+y) +f(u7v) Z O’

for any rectangle [u;u + x] X [v;v +y] C S.
The following theorem is a direct generalization of the results in [17] and [12].
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Theorem 2. For any outer-extremal r-convex finitely bolt-connected compact set
S C R? and any function f € M(S) the approzimation error can be calculated by
the formula

E(f,S) = be[s;gaz 7 (f, 0)]. (4)

The terms “finitely bolt-connected”, r(f,b), and [S];*** encountered in The-
orem 2 will be defined in Section 3.

3. Duality relations

The following well-known duality formula is a corollary of the Hahn-Banach
Theorem and is widely used in problems of approximation by a linear subspace.

Theorem 3. Let E be a Banach space and G be a linear subspace of E. Then
forany f € E
1(S)]

inf ||f —g|| = sup ——, 5
sng 1 —all= = g ®)
where G| denotes the set of all linear functionals that are orthogonal to all ele-
ments of G.

In our case, E becomes the set C(S) and G = {¢(z) + ¢¥(y), ¢, v € C(R)}.
Various improvements on this formula were made by narrowing G to its dense
subsets. These relations rely on considering elements of G| as associated mea-
sures, and showing that the subset of measures with a finite support is dense on
it. On the other hand, extremal elements among measures with a finite support
are the ones supported on lightning bolts. Moreover, any measure supported
on a lightning bolt is a convex combination of alternating measures on minimal
lightning bolts. Below, we present the definitions and results in more detail.

Definition 4. We call a finite or infinite ordered set b = (b1, ba,bs,...) of R?
with b; # bj for 1 <i < j < n a lightning bolt if

Prx(kafl) = PI‘x(ka), Pry(bgk) = Pry(b2k+1) Vk = 17 2, 3, (6)

or
Pry(b%_l) == Pry(b%), Prx(bgk) = Prx(b2k+1) Vk = 1, 2, 3, (7)

where Pr, and Pry, are projection operators onto the axes Ox and Oy, respec-
tively. A finite lightning bolt b = (by,ba,bs,...,by) is called closed if b =
(b1,b2,b3,...,byn,b1) is a lightning bolt.
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Let us denote the set of all finite lightning bolts on the set S by [S] and the
set of all closed lightning bolts on the set S by [S]®. When b is finite, the number
of points in b is called the length of b and is denoted by |b|. It is clear that for
any closed lightning bolt b, the length |b| is even.

For any finite lightning bolt b = (b1, ba, ..., b,) we define the alternating func-

tional ‘
S (1) ()

n

r(f,b) =

(8)

It is easy to prove that, for any lightning bolt b, r(f,b) € G, and |r| = 1.
Note that the same set of points B € R? could form multiple lightning bolts b.
However, the value of |r(f,b)| stays the same for all these lightning bolts. We
denote this value by r(f, B). Moreover, we define the functional

r*(f, P) == [Plr(f, P),

for each polygon P, where |P| denotes the number of sides of P.

The simplest examples of closed lightning bolts are simple polygons for which
any edge is parallel to one of the coordinate axes. We call such a polygon an axis-
aligned simple polygon. Throughout the paper, we will use simple polygons in two
different meanings. Whenever they are treated as lightning bolts, we understand
a lightning bolt made up from the vertices of the polygon while keeping the
original order (with an arbitrary start). However, when they are treated as
sets (especially when we are talking about inclusion, union, and intersection of
polygons), we use them in the usual sense, that is, the set of plane points bounded
by the closed piecewise smooth curve that the edges of the polygon constitute.
Let [S], and [S]*** denote the set of all axis-aligned simple polygons and the set
of all maximal polygons on &, respectively.

The following theorem is due to Marshall and O’Farrell.

Theorem 4. [15, Corollary 4] Let S C R? be a compact set. For any f € C(D)
we have

E(f,D) = f&g] [r(f,b)]. (9)

Definition 5. A set S C R? is called finitely bolt-connected if there exists a
positive integer N depending only on S such that, for any two points of S, there
exists a lightning bolt connecting them with a length not larger than N.

The following corollary is a more ready-to-use form of (9) for finitely bolt-
connected sets.
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Corollary 1. [14, Chapter 2, Corollary 4.27] Let S C R? be a finitely bolt-
connected compact set. For any function f € C(S) we have

E(f,S) = b:gﬂ r(f,b)]. (10)

A closed lightning bolt is called minimal if it has no proper subset that con-
stitutes a closed lightning bolt. It is easy to see that a closed lightning bolt is
minimal if and only if no three points of it lie on the same line parallel to a coor-
dinate axis. Let us denote the set of all minimal lightning bolts on S by [S]™".
The following results show that it is enough to consider minimal lightning bolts
to find the approximation error.

Proposition 1. [14, Chapter 2, Proposition 4.22] If a closed lightning bolt b
is not minimal, then for any function f € C(S) there exists a minimal lightning
bolt b' such that

1. All points of b' are among the points of b,
2. r(f,bY) > r(f,b).

The following result is now a corollary of Corollary 1 and Proposition 1.

Corollary 2. Under the conditions of Corollary 1, we have

B(.8) = s 1r(7.0). (1)

Remark 1. The corollary 2 is actually the best result that can be obtained in
this direction. Indeed, for any closed minimal lightning bolt b = (by, b, ..., bay,),
there exist a finitely bolt-connected compact set Sy € R? and a function f € C(Sp)
such that, b is the unique lightning bolt in [Sy| that the supremum (1) is attained.
Indeed, let

Sy=|J bibis1,

1<i<2n

where bay11 = by and b;b;+1 denote the edge connecting b; and b;y1. Obviously,
Sy is compact and finitely bolt-connected. Let f : S, — R be defined such that
f(b;) = (1) for any 1 < i < 2n and f is linear on any edge bib;r1, 1 <i < 2n.
Clearly, r(f,b) = 1 and moreover, for any other closed bolt b' = (b}, b, ... b3 ) €
[Sp] we have
Ut

om

r(f,b")] =

<

‘E?ﬁ(—l)"f(b%)

2m
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The last inequality follows from the fact that | f(z,y)| < 1, (z,y) € Sp with equality
happening only at vertices of b and the fact that b* has at least one point that is

not common with b. The motivation of this example comes from [14, Chapter 2,
Theorem 2.6].

4. Proof of The Theorem 2

The formulas in the previous chapter are valid for all continuous functions in
a given compact set S. In this section, we will use the geometric constraints to
improve them and prove our theorem. To describe the set of lightning bolts for
which the supremum can be attained in this special case, we give the following
notation and lemmas.

Let b = (b1,be,....b,) € [S], and b; = (4,v;),bi+1 = (a:i+1,yi+1) be its two
consecutive vertices. We call the edge b;b;11 a positive edge if either ¢ is odd and
Ti +Yi > Xip1 + Yir1 or ¢ is even and x; + y; < Tiy1 + Yir1. We would call it a
negative edge otherwise. In this definition, we consider by = b,,+1 when necessary.

On the other hand, for any i, either z; = x;41 or y; = y;+1 holds. Assume
x; = z;4+1 and denote

& = min {z, {(2,v:), (z,y:41)} C S},
v; = max {:L’, {(:L‘, yi), (% yz‘—i-l)} - 5}7
b = (&), Vir = (&iryinn),
b = (is i), Uiy = (Vi Yig1)-

We define a left move of an edge b;b;11||Oy of b with respect to the edge as replac-
ing the bolt with b(i) = (by, ..., bi_1, bé, béﬂ, ...,by) and a right move as replacing
the bolt with b"(i) = (b1, ...,b;—1,b;,b] 1, ..., by). Similarly, a left(upward) and a
right(downward) move can be defined for the case y; = y;+1.

Proposition 2. For any function f € M(S) and any bolt b € [S]
1. a left move of a positive edge of b not decreases r(f,b),
2. a right move of a positive edge of b not increases r(f,b),
3. a left move of a negative edge of b not increases r(f,b),
4. a right move of a negative edge of b not decreases r(f,b).

Proof. Since the proofs of other parts are analogous to the proof of part (1)
we will only prove (1). Thus, without loss of generality, assume that ¢ is odd
and b;b;11 is a positive edge. Moreover, assume that the bolt b is defined via
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(6). Then = = x;41 and therefore y; > y;41. Hence, from & < z;, yi+1 < y; and
f e M(S) it follows that

r(f,0) = r(f,0) = F(& yir1) = F(&vi) — F(@i,yig1) + f@i,y:) > 0.
<

We say b is vertically expandable if there exists an index i, such that b'(i) #
b and b"(i) # b. Similarly, a horizontally expandable bolt can be defined via
upward and downward moves. We call a lightning bolt non-expandable if it is
not vertically expandable nor horizontally expandable. The following is a
direct corollary of the previous proposition.

Corollary 3. The following assertions hold for any function f € M(S)

1. For any b= (b1, ba,...,by) € [S] and any 1 < i < n, either

(£, 07(@)] = ()]

or

[r(f,0)] < Ir(f,8'(0))].

2. For any expandable bolt b, there exists a non-expandable bolt b*, such that
b* is minimal, |b*| < |b| and,

Ir(f,0)] < Ir(f,0%)].
Moreover, if b is closed, then b* can be chosen to be closed.

It is clear that at least one of any two consecutive vertices of any non-
expandable lightning bolt from [S] belongs to the boundary of S. The above
corollary implies a further improvement of the formulas (9), (10), (11). However,
these results are still weaker than the results in [17] and [12]. Indeed, for some
sets, non-extensibility does not mean that they are maximal in the polygonal
sense.

Lemma 1. Let P be an azis-aligned polygon in R? and f € M(P) be any function.
Let Ry, Ro, ..., Rs be some axis-aligned rectangles such that any two of them have
no common interior points and P =J;_; R;. Then

n

r*(f,P) = _r*(f, Ry).

i=1
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Proof. 1t is easy to see that if R is a rectangle and T is an axis-aligned polygon
such that R and T have at least an infinite number of common points but have
no common interior points (in other words, if their intersection can be shown as
a union of a finite number of line segments of their boundaries), then 77U R is an
axis-aligned polygon and

r*(f,TUR) =7r*(f,T)+r"(f, R).

The proof ends straightforwardly from here. <«

Lemma 2. Let P and @ be two axis-aligned polygons such that Q C P and
|Q| > |P|. We have
r(f,P)>r(f,Q)

for any f € M(P).

Proof. By drawing a line parallel to each coordinate axis passing through
each vertex of P and each vertex of ), we obtain a division of () into rectangles.
Moreover, this division separates P and Q\P. That is P = Rf URaU---U Ry,
and Q = PUR,,,+1U---U R for some m, s and some non-overlapping rectangles
R;,1 <i<s. Thus, by Lemma 1, we have:

r(fP) =1 (£,Q) =D r*(fiRi) = Y _r*(f,Ri) = Y r*(f,Ri) >0,
i=1 i=1 i=m+1
where the last equality follows from the fact that f € M(P). Now, since |P| > |Q)|
et QI - (P
=0 L (s, P
<4

Lemma 3. Let S be an r-convexr set and P be axis-aligned simple polygon in
S, then there exists a mazimal polygon Q in S (that is Q € [S|)***), such that
PcCQ and |P|>|Q|.

Proof. Call an edge of the polygon P free if it is expandable in both directions.
Note that if an edge of P is free, then either a left or a right move of that edge
will still result in a simple polygon but with fewer free edges (edges that can be
moved in both directions). Thus after applying a finite number moves we get a
simple polygon that each edge is not free any more. If the result @’ is not the
desired polygon @), then, since @’ has no more edges than P, we have that Q' is
not maximal, and there should exist another polygon Q" such that Q' Cc Q" C S
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and |Q"] < |Q’|. But since each edge of @’ is not free, at least one of any two
consecutive vertices of Q' belongs to the boundary of S. If any Q; of the vertices
of Q" on boundary of S is not a vertex of Q”, then it should belong to the interior
of Q”. In this case, if at least one of the neighbours of @; belong to the interior
of Q" or an edge of it, then the corresponding edge becomes free. Thus, both
Q;—1 and Q;+1 belongs to the set of vertices of Q”.

Thus, Q" shares at least one of any two consecutive vertices of (' with it
and since |Q’| > |Q”] the remaining vertices can have a finite number of possible
places, and we can find the maximal construction among them uniquely. <«

Proof. [Proof of the Theorem 2 | Without loss of generality, assume that S
is lower-extremal. Let v° = (b1, ba, ...,b,) € [S]. By Corollary 1 our theorem is
equivalent to prove that

(09 < sup |r(f,0)].
be[S]mas

Assume the contrary, and moreover, suppose b° is a bolt with smallest length
not satisfying the inequality. The last assumption also implies minimality of
0. Let v = min{Pr,(b;)} and & = max{Pr;(b;)| Pry(b;) = v}. Without loss of
generality, let by = (£,7) and also the bolt b° satisfies the equations (6). Thus,
by is placed on above of b; and b,, is placed on left of it. It is clear that, bibo
and b,b; are both negative edges and b,,_1b, is a positive edges. We claim that
r(f,b°) > 0 and there is no other negative edges parallel to the z-axis. Indeed,
if r(f,b°) > 0 and there were two distinct negative edges parallel to z-axis we
can apply a right move to both of them and move them to the sharp edge of S.
Since 7(f,b°) > 0, these moves will not decrease |r(f,b)| by Proposition 2. On
the other hand, the resulting bolt becomes non-minimal and by Corollary 2 there
exists a minimal bolt b* satisfying |b°| > |b*| and

(£, o) = |r(f,0°)] > sup [r(f,b)]-
be[S]pae

The last inequalities contradict our assumption on »° having smallest possible
length. Moreover, if r(f,b°) < 0, we consider two cases:

1. If Pry(bs) > Pry(bu_1) let b* = (btby, by, ..., by_z), where
bT - (Pr$<bl)7pry(bn—1>)a
9. If Pry (by) < Pry(bn_1) let b* = (bs, ..., bu_2, bu_1, b, where

by, = (Pra(by), Pry(b2)).
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In both cases
(%) > [r(f,b°)]

and |b*| < |b°|. Hence, we get a contradiction in the same way.
Now, since all edges bogbogt+1,1 < k < |n — 2| are horizontal by equation (6)
and all of them are positive edges we have Pry(bax) > Pry(bog+1) = Pra(bogi2).
The last relation implies that the bolt »° € [S],. Indeed, the edge biby,
cannot intersect any other edge as it has the smallest coordinate y among all the
edges in b°. On the other hand, for any two edges b;bi41 and b;b;j1 for some
1<i<i41<j<n we have

Prm(bz) Z Prx(blqu) Z Prm(bj) Z Prx(bj+1),

and thus, they cannot intersect.
Hence, by Lemma 3 and Lemma 2 there exists a polygon |P| € [S|B**
that

such

r(f,P) = [r(f,b7)] = |r(f,0%)].

Here, b” denotes a closed lightning bolt with the same vertices as P. Therefore,

sup  |r(f,0)| = |r(£,b7)] = r(f,0°).
be[S]maz

We get a contradiction to our assumption, and the theorem is proven. «

We present three examples below, that show why our theorem does not gen-
eralize to all figures and explains the motivation for r-convex and outer-extremal
sets.

Example 1. Let S = U‘?:l R;, where
Ry = [1>2] X [174]7R2 = [174] X [172]7R3 = [374] X [174]

Also, let f: S — R be defined as

z oy
f(z,y) =/ / g(z,y)dxdy,
0 0
where g is defined as

1 if 1<z<4andl<y<3,
glz,y) =S -1 if 2<z<3and3<y<A4,

0 otherwise.
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We have |r(f,b)| = 3 for the closed bolt b with vertices by = (1,3),bs = (4,3),b3 =
(4,1),b4 = (1,1). On the other hand, the only mazimal polygons in S are of the
form

No
U &
i=N1

for some 1 < N1 < Ny < 3. The respective value of v for these polygons is as
follows

r(f,R1) = %,r(f,Rg) - %’T(f’ Rs) =
r(f,R1UR2) =7r(f,R2UR3) =

r(f,R1URy UR3) =

| TTW|I NN =

Thus, indeed, the relation (4) does not hold for this case. In addition, we can
show that E(f,S) = % Now, suppose we change the definition of a mazximal
polygon by requiring only the vertices of a polygon belonging to S instead of the
area it covers. Consequently, the only maximal polygon becomes [1,4] x [1,4].
Since r(f, [1,4] x [1,4]) = %, the counter-example still works.

)
4

w

_|_ —

1 2 3 4 Z
Figure 1: Example 1

A similar counterexample can be found for any set which is not r-convex. The

next example provides motivation for considering outer-extremal sets.

Example 2. Let S = Ry U Ry U R3, where Ry = [1,3] x [2,4], R2 = [1,4] x [2, 3]
and R3 = [2,3] x [1,4] and f: S — R be defined as in the previous example, with

—_

,if (wy) € [1,3] x [2,4],
9(z,y) =92, if (z,y) € S\[1,3] x [2,4],
0, otherwise.
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Let b be the bolt with vertices by = (4,2),ba = (4,3),b3 = (2,3),bs = (2,1),b5 =
(3,1),bs = (3,4),b7 = (1,4),bs = (1,2). |r(f,b)| = 2 and again the mazimum
1s obtained on the self-intersecting bolt b but not in any mazximal polygons of S.

Indeed, we have

r(f, Ba) =r(f,Re) = r(f, R3)
= T(f, R U RQ) = T'(f, Ry U Rg) =1,

8
’I"(f, RiURy U Rg) = TO

N W R @

+ —

1 2 3 4 7
Figure 2: Example 2

In the previous example we have f € M(R?). Hence, the main reason the
set does not satisfy the desired result is its geometry, which does not allow us
to perform some necessary expansions, and thus, the supremum is obtained on
self-intersecting bolts.

i

w

1 2 3 4 7
Figure 3: Example 3

Example 3. Let S = Ry U Ry, where Ry = [2,3] x [1,4] and Ry = [1,4] x [2,3].
Then, for any b € [S] and any f € M(S) we have

’T(fa b)| < max('r(f, Rl)v T(f? R2)> T(f, S))
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Since only mazimal polygons in S are S, Ry and Ra, the relation (4) holds in this
case too. However, the figure is not outer-extremal. Therefore, we conclude that
being outer-maximal is not necessary, unlike being r-convex.

[1]
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