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Existence of Strong Solutions for Systems of
Second Order Quasilinear Elliptic Equations

R.A. Amanov*, S.R. Amanli, A.R. Safarova

Abstract. This paper is devoted to boundary value problems for second-order quasilin-
ear elliptic equations and systems with a quasilinear elliptic principal operator in Sobolev
spaces. An interpolation method is described for obtaining a priori estimates of strong so-
lutions of quasilinear elliptic equations and systems with unbounded singularities on the
right-hand side, provided that there is a first a priori estimate in the space of summable
functions.The first part of the paper presents the main idea of the method through the
example of a second-order quasilinear elliptic equation. In the second part, we establish
an a priori estimate for second-order quasilinear elliptic systems. We also identify condi-
tions under which the maximum principle holds for equations and systems of the above
type and prove an existence theorem for solutions. The proposed approach extends the
method for elliptic equations developed by S.I. Pohozhaev [1, 2].

Key Words and Phrases: interpolation method, upper and lower solution, quasilinear
equation, Sobolev spaces.

1. Introduction. Problem statement and the main result

Let R+ =
{
t0 ∈ R

∣∣∣ t0 ≥ 0
}
. We adopt the following notation throughout

the paper. Let x = (x1, . . . , xN ) be a point in space RN and let Ω ⊂ RN be a
bounded domain with boundary ∂Ω of class C2.

Unless otherwise stated, all functions are assumed to be real-valued. We shall
use the following function spaces (see [3, 9, 10, 11, 13, 15, 16]): the space of
summable functions Lp (Ω) , p ≥ 1 , with the norm

∥u∥p;Ω =

∫
Ω

|u (x) |pdx

1/p

;
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anisotropic Sobolev space W 2
p (Ω) endowed with the norm

∥u∥W 2
p (Ω) = ∥u∥p;Ω +

N∑
i=1

∥∥∥∂2u
∂x2i

∥∥∥
p;Ω

;

Sobolev spaceW
2−1/p
p (∂Ω) endowed with the norm ∥u∥

W
2−1/p
p (∂Ω)

, which contains

the traces of functions belonging to W 2
p (Ω).

By Diu we denote a vector of all partial derivatives Dαu of the function
u (x), α = (α1, . . . , αN ), |α| = i, which has N components for i = 1 and
N2 for i = 2. For u⃗ (x) ≡ (u1 (x) , . . . , un (x)), by Diu⃗ we mean a vector(
Diu1, . . . , D

iun
)
. We will write u⃗ (x) ∈ L⃗p (Ω) if uj ∈ Lp (Ω) for all j = 1, n and

∥u⃗∥p;Ω ≡
n∑

j=1
∥uj∥Lp(Ω). We will also adhere to similar agreements in the cases of

spaces C⃗ (Ω), W⃗
2−1/p
p (∂Ω), and W⃗ 2

p (Ω).
Let us consider the following boundary value problem for an equation

N∑
i,j=1

aij (x, u,Du)
∂2u

∂xi∂xj
= f (x, u,Du) , x ∈ Ω,

u
∣∣∣
∂Ω

= φ (x) , x ∈ ∂Ω,

(1)

where u = u (x) and Du =
(

∂u
∂x1

, ..., ∂u
∂xN

)
.

We assume the following conditions:
A.1) Let the function f (x, u,Du) be determined in Ω × R × RN with the

values in R and be a Caratheodorian function, i.e., measurable with respect to
x for all (u,Du) ∈ R × RN and continuous with respect to (u,Du) ∈ R × RN

almost for all x ∈ Ω.
A.2) Let

|f (x, u, ξ) | ≤ b (x, u) + b1 (x, u) · |ξ|µ,

almost for all x ∈ Ω and for all u ∈ R, ξ ∈ RN with such non-negative Caratheodo-
rian functions b (x, u) , b1 (x, u) that for any r ≥ 0 the function

br (x) = sup
{
b (x, u)

∣∣∣ |u| ≤ r
}

belong to Lp (Ω) with p > N , while the function

b1,r (x) = sup
{
b1 (x, u)

∣∣∣ |u| ≤ r
}

belong to Lq (Ω) with q > p and µ > 1 .
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A.3) Let µ = 2− N
q .

A.4) Let L (u) be a second-order quasilinear elliptic operator of the form

Lu =

N∑
i,j=1

aij (x, u,Du)
∂2u

∂xi∂xj
,

the coefficients aij (x, ξ0, ξ1), i, j = 1, N are a real and continuous functions on
Ω×R×RN .

Consider the operator Lvu :

Lvu =

N∑
i,j=1

aij (x, v (x) , Dv (x))
∂2u

∂xi∂xj
,

for any function v ∈ C1
(
Ω
)
to be a linear elliptic operator with such real-valued

coefficients that the linear problem (with respect to u (x) ) ){
Lvu = g (x) , x ∈ Ω,

u
∣∣∣
∂Ω

= φ (x) , x ∈ ∂Ω,
(2)

for any function v ∈ C1
(
Ω
)
to be coercive in the space W 2

p (Ω), i.e. the a priori
estimation.

∥u∥W 2
p (Ω) ≤ C

(
∥g∥p;Ω + ∥φ∥

W
2−1/p
p (∂Ω)

+ ∥u∥p;Ω
)
, (3)

with a positive constant C independent of g ∈ Lp (Ω), of φ ∈ W
2−1/p
p (∂Ω) and

of the solution u ∈W 2
p (Ω) of the linear problem (2) being fulfilled.

Herewith, the constant C can depend on the continuity module of the coeffi-
cients aij (x), i, j = 1, N and the continuity module of functions v (x) , Dv.

Note that sufficient conditions on the operator coefficient L, ensuring the
coercivity of the boundary value problem (2), which is linear with respect to
u (x), were established in the paper by S. Agmon, A. Douglis, and L. Nirenberg
[3].

This problem is studied in the class of real-valued functions belonging to the
Sobolev space W 2

p (Ω), where p > N . It is assumed that every strong solution
u ∈ W 2

p (Ω) of the problem (1) satisfies the a priori estimate ∥u∥∞ ≤ M with
some M > 0, where ∥u∥∞ = esssup

x∈Ω
|u (x) |.

For the quasilinear elliptic problem (1) we consider the admissible growth of
the subordinate nonlinear operator f (x, u,Du) with respect to the derivatives
of the solution. More precisely, we seek conditions under which the a priori
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estimates ∥u∥∞ and ∥Du∥∞ together with the given data of problem (1), imply
an a priori estimate for ∥u∥W 2

p (Ω).
For second-order elliptic equations, this issue has been considered in papers

[5, 8, 12, 13], among others.
It is known that, for the second-order equation

∆u = f (x, u,Du) , x ∈ Ω,

subject to a boundary condition for which the maximum principle holds, and
considered in the space W 2

p (Ω) with p > N , an a priori estimate for ∥u∥∞
implies an a priori estimate for ∥u∥W 2

p (Ω) in terms of ∥u∥∞ and the given data

of the problem, provided that the continuous function f (x, u, ξ) with (x, u, ξ) ∈
Ω×R×RN satisfies the S.N. Bernstein condition [8]:

|f (x, u, ξ) | ≤ b (x, u)
(
1 + |ξ|2

)
,

where b (x, u) is a continuous function.
However, as shown in [1], if the nonlinear function f (x, u,Du) belongs to

Lp (Ω), with p > N , for every u (x) ∈W 2
p (Ω), then the Bernstein condition is no

longer adequate. In this case, the Carathéodory function f (x, u, ξ) should satisfy
the condition

|f (x, u, ξ) | ≤ b (x, u) (1 + |ξ|µ) ,

µ = 2− N
p . Here, b (x, u) is a Carathéodory function such that, for every r > 0,

the function
br (x) = sup

{
b (x, u)

∣∣∣u ∈ R, |u| ≤ r
}
,

belongs to Lp (Ω), where p > N .
In this paper, we establish analogous inequalities for the admissible power-

growth exponent of the nonlinear function f (x, u, ξ) in the case of the quasilinear
problem (1).

A new sharp growth condition on the nonlinear function f (x, u, ξ) with re-
spect to ξ ∈ RN is established, under which an a priori estimate for ∥u∥∞ for
solutions of problem (1) yields an a priori estimate for ∥Du∥∞.

The optimality of the corresponding growth exponent is demonstrated by a
specific example.

The solvability theory for problems of the form (1) is developed under the
assumption that upper and lower solutions exist. For this purpose, the maximum
principle established by A.D. Alexandrov [4] is used together with the theorem
providing an a priori estimate for ∥u∥W 2

p (Ω).

The embedding theorem for anisotropic Sobolev spaces W 2
p (Ω) (see [9, 16])

plays an essential role in the study of problem (1).
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By the Gagliardo–Nirenberg interpolation inequality [6, 14], we have

∥Du∥S;Ω ≤ c1∥u∥1/µW 2
p (Ω)

· ∥u∥1−1/µ
∞ + c2 · ∥u∥∞, (4)

where c1 and c2 are positive constants independent of the function u (x) ∈W 2
p (Ω)

and
1

S
=

1

N
+

1

µ

(
1

p
− 2

N

)
, (5)

with 1
2 ≤ 1

µ < 1 ( or 1 < µ ≤ 2).

Lemma 1. Assume that conditions A.1)–A.3) are satisfied. Then the opera-
tor F (u) (x) ≡ f (x, u (x) , Du (x)) is completely continuous as a mapping from
W 2

p (Ω) to Lp (Ω) with p > N .

Proof. Let us estimate ∥F (u) ∥p;Ω using conditions A.1) - A.3) and Hòlder’s
inequality. Condition A.2) implies that

∥F (u) ∥p;Ω ≤ ∥br∥p;Ω + ∥b1,r∥q;Ω · ∥Du∥µS;Ω, (6)

with r = const · ∥u∥∞ and S = µpq
q−p .

To estimate ∥Du∥S;Ω, we apply inequality (4), taking S = µpq
q−p and q ̸= ∞.

Then

∥F (u) ∥p;Ω ≤ ∥br∥p;Ω + ∥b1,r∥q;Ω ·
[
c1 · ∥u∥1/µW 2

p (Ω)
· ∥u∥1−1/µ

∞ + c2 · ∥u∥∞
]µ

≤

≤ ∥br∥p;Ω + ∥b1,r∥q;Ω · 2µ−1 · ∥u∥µ−1
∞ · cµ1 · ∥u∥W 2

p (Ω) + ∥b1,r∥q;Ω · 2µ−1 · cµ2 · ∥u∥µ∞ ≤

≤ ∥br∥p;Ω +Φ1 (∥u∥∞) · ∥u∥W 2
p (Ω) +Φ2 (∥u∥∞) , (7)

where Φ1, Φ2 : R+ → R+ are increasing functions determined by the given data.

Under the assumptions of this lemma, the embedding operator F1 : W 2
p (Ω) →

LS (Ω) is completely continuous. By estimate (7), the operator F : LS (Ω) →
Lp (Ω) is bounded, and, by the standard properties of superposition operators, it
is continuous. Therefore, the operator F : W 2

p (Ω) → Lp (Ω) is completely con-
tinuous as the composition of a completely continuous operator and a continuous
operator. ◀

Let u ∈ W 2
p (Ω) be a solution of problem (1), and assume that conditions

A.1)–A.4) are satisfied. Then problem (1) can be regarded as a linear problem
with the fixed right-hand side F (u) ≡ f (x, u (x) , Du (x)) ∈ Lp (Ω) with p > N .
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Theorem 1. Assume that conditions A.1)–A.4) are satisfied for some p > N ,
with S = µpq

q−p . Then there exists a function Φ : R2
+ → R+, bounded on each

compact such that every solution u ∈ W 2
p (Ω) with p > N of the problem (1)

satisfying

∥u∥W 2
p (Ω) ≤ Φ

(
M, ∥φ∥

W
2−1/p
p (∂Ω)

)
,

also satisfies ∥u∥∞ ≤M, where R2
+ = R+ ×R+.

Proof. We have

Lu = f (x, u,Du) =
f (x, u,Du)

1 + |Du|µ
· (1 + |Du|µ) ,

with µ = 2− N
q . Hence

Lu− c (x)u =
f (x, u,Du)

1 + |Du|µ
· (1 + |Du|µ)− c (x)u (x) ,

where c (x) = br (x) ≥ 0. Then for the function u (x) we have the following{
Lu− c (x)u (x) = f1 (x) · |Du|µ + f0 (x) , x ∈ Ω,

u
∣∣∣
∂Ω

= φ (x) , x ∈ ∂Ω.
(8)

Here f1 (x) =
f(x,u,Du)
1+|Du|µ , f0 (x) = f1 (x)− c (x)u (x).

Our goal is to obtain an estimate for ∥u∥W 2
p (Ω) in terms of the quantities

bounding ∥u∥∞,, ∥f0∥p;Ω, ∥f1∥q;Ω and ∥φ∥
W

2−1/p
p (∂Ω)

. For this purpose, in the

space W 2
p (Ω), with p > N , we consider the following boundary value problem:{

Lv − c (x) v = f1 (x) |Dv|µ + λ · f0 (x) , x ∈ Ω,

v
∣∣∣
∂Ω

= λ · φ (x) , x ∈ ∂Ω,
(9)

with the parameter λ ∈ [0, 1] and the functions c (x) , f0 (x) and f1 (x) determined
above. The following lemma on the uniqueness of the solution is valid for the
problem (9).

Lemma 2. For any fixed λ, problem (9) has at most one solution from W 2
p (Ω)

with p > N .

Proof. Let us assume the opposite. Then for the difference W = v (x)−Z (x)
of two possible solutions v (x) and Z (x) we have the following: LW − c (x)W (x) = f1 (x)

N∑
i=1

hi (x)DiW (x) , x ∈ Ω,

W (x)
∣∣∣
∂Ω

= 0, x ∈ ∂Ω,
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Here hi (x) =
1∫
0

Hi (x, τ) dτ , where

Hi (x, τ) = µ

[
N∑
k=1

(τ ·DkW +DkZ)
2

]µ
2
−1

· (τ ·DiW +DiZ) (x) ,

for
N∑
k=1

(τ ·DkW +DkZ)
2 (x) ̸= 0 andHi (x, τ) = 0 for

N∑
k=1

(τ ·DkW +DkZ)
2 (x) =

0.
Since c (x) ≥ 0, c (x) ∈ Lp (x), f1 (x) ∈ Lq (Ω), hi ∈ Lp (Ω) (i = 1, . . . , N)

and p > N . It follows from the results of A. D. Alexandrov’s paper thatW (x) ≡ 0
(see [4]). ◀

Let v1 and v2 be solutions of problem (9) corresponding to the parameter
values λ1 and λ2, respectively, where λ2 > λ1. Then, for the difference ṽ = v2−v1
we have the following Lṽ − c (x) ṽ = f1 (x)

N∑
i=1

h̃i (x)Diṽ + (λ2 − λ1) f0 (x) , x ∈ Ω,

ṽ
∣∣∣
∂Ω

= (λ2 − λ1)φ (x) , x ∈ ∂Ω.

Here h̃i (x) =
1∫
0

H̃i (x, τ) dτ , where

H̃i (x, τ) = µ

[
N∑
k=1

(τ ·Dkṽ +Dkv1)
2

]µ
2
−1

· (τ ·Diṽ +Div1) (x) ,

for
N∑
k=1

(τ ·Dkṽ +Dkv1)
2 (x) ̸= 0 and H̃i (x, τ) = 0 for

N∑
k=1

(τ ·Dkṽ +Dkv1)
2 (x) =

0.
Assume K = (λ2 − λ1) (1 + ∥u∥∞) , λ2 > λ1.

Lemma 3. ∥v2 − v1∥∞ ≤ (λ2 − λ1) (1 + ∥u∥∞).

Proof. For the function (ṽ −K) we have
L (ṽ −K)− c (x) (ṽ (x)−K) = f1 (x)

N∑
i=1

h̃i (x)Di (ṽ −K)+

+ (λ2 − λ1) f0 (x) + c (x)K, x ∈ Ω,

(ṽ −K)
∣∣∣
∂Ω

= (λ2 − λ1)φ (x)−K, x ∈ ∂Ω.
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In addition

c (x)K + (λ2 − λ1) f0 (x) = (λ2 − λ1) [c (x) (1 + ∥u∥∞) + f0 (x)] =

= (λ2 − λ1) · [c (x) (1 + ∥u∥∞) + f1 (x)− c (x)u (x)] =

= (λ2 − λ1) · [(∥u∥∞ − u (x)) c (x) + (c (x) + f1 (x))] ≥ 0, x ∈ Ω,

(ṽ −K)
∣∣∣
∂Ω

= (λ2 − λ1)φ (x)−K = (λ2 − λ1) [φ (x)− (1 + ∥u∥∞)] ≤

≤ (λ2 − λ1) [φ (x)− ∥u∥∞] ≤ 0, x ∈ ∂Ω.

It then follows from the results of A.D. Alexandrov [4] that ṽ (x) ≤ K in Ω.

The inequality ṽ (x) ≥ −K, x ∈ Ω is proved in the same manner. ◀

We continue the proof of Theorem 1. For this purpose, we consider the
parametric family of problems (9). Note that, by Lemma 2, the solution of
problem (9) corresponding to λ = 1 coincides with the solution of problem (8),
and hence with the solution of problem (1).

Let v1 and v2 be solutions of problem (9) corresponding to the parameter
values λ1 and λ2, respectively, where λ2 > λ1. Then, by Lemma 3, we have

∥v2 − v1∥∞ ≤ (λ2 − λ1) (1 + ∥u∥∞) . (10)

On the other hand, this function is the solution to the problem{
Lṽ − c (x) ṽ = f1 (x) (|Dv2|µ − |Dv1|µ) + (λ2 − λ1) f0 (x) , x ∈ Ω,

ṽ
∣∣∣
∂Ω

= (λ2 − λ1)φ (x) , x ∈ ∂Ω.

Obviously

∥Lṽ − c (x) ṽ∥p;Ω ≤ 2µ−1 · ∥f1∥q;Ω · ∥Dṽ∥µS;Ω+

+2µ · ∥f1∥q;Ω · ∥Dv1∥µS;Ω + (λ2 − λ1) ∥f0∥p;Ω, (11)

∥ṽ∥
W

2−1/p
p (∂Ω)

≤ (λ2 − λ1) ∥φ∥W 2−1/p
p (∂Ω)

, (12)

for 0 ≤ λ1 < λ2 ≤ 1.

The inequality (4) for the function ṽ (x) of W 2
p (Ω) with p > N produces

∥Dṽ∥S;Ω ≤ c1 · ∥ṽ∥1/µW 2
p (Ω)

· ∥ṽ∥1−1/µ
∞ + c2∥ṽ∥∞, (13)

with positive constants c1 and c2 independent of the function ṽ (x) from W 2
p (Ω).
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On the other hand, by the classical linear theory of elliptic boundary value
problems, the following estimate holds:

∥ṽ∥W 2
p (Ω) ≤ c3

(
∥Lṽ − c (x) ṽ∥p;Ω + ∥ṽ∥

W
2−1/p
p (∂Ω)

)
.

Here c3 = c3 (Ω, N, p, q, ∥c∥p;Ω). Then, using inequalities (10)-(13), we get

∥ṽ∥W 2
p (Ω) ≤ c3

[
2µ−1 · ∥f1∥q;Ω · ∥Dṽ∥µS;Ω + 2µ · ∥f1∥q;Ω · ∥Dv1∥µS;Ω+

+(λ2 − λ1) · ∥f0∥p;Ω + (λ2 − λ1) · ∥φ∥W 2−1/p
p (∂Ω)

]
≤

≤ c32
µ−1 · ∥f1∥q;Ω ·

[
c1 · ∥ṽ∥1/µW 2

p (Ω)
· ∥ṽ∥1−1/µ

∞ + c2∥ṽ∥∞
]µ

+

+c3 ·2µ ·∥f1∥q;Ω ·∥Dv1∥µS;Ω+c3 ·(λ2 − λ1) ·∥f0∥p;Ω+c3 (λ2 − λ1) ·∥φ∥W 2−1/p
p (∂Ω)

≤

≤ c3 · 22µ−2 · cµ1 · ∥f1∥q;Ω · ∥ṽ∥µ−1
∞ · ∥ṽ∥W 2

p (Ω)+

+c3 · 22µ−2 · cµ2 · ∥f1∥q;Ω · ∥ṽ∥µ∞ + c3 · 2µ · ∥f1∥q;Ω · ∥Dv1∥µS;Ω+

+c3 · (λ2 − λ1)
(
∥f0∥p;Ω + ∥φ∥

W
2−1/p
p (∂Ω)

)
≤

≤ c3 · 22µ−2 · cµ1 · ∥f1∥q;Ω · (λ2 − λ1)
µ−1 · (1 + ∥u∥∞)µ−1 · ∥ṽ∥W 2

p (Ω)+

+c3 · 22µ−2 · cµ2 · ∥f1∥q;Ω · (λ2 − λ1)
µ · (1 + ∥u∥∞)µ + c3 · 2µ · ∥f1∥q;Ω · ∥Dv1∥µS;Ω+

+c3 · (λ2 − λ1)
(
∥f0∥p;Ω + ∥φ∥

W
2−1/p
p (∂Ω)

)
.

We require that the following inequalities hold:

c3 · 22µ−2 · cµ1 · ∥f1∥q;Ω · (λ2 − λ1)
µ−1 · (1 + ∥u∥∞)µ−1 ≤ 1

2
.

Then we have
∥ṽ∥W 2

p (Ω) ≤ Φ1 +Φ2 · ∥Dv1∥µS;Ω, (14)

for
0 < λ2 − λ1 ≤ h, (15)

where

h = c
−1!(µ−1)
3 · 2−(2µ−1)/(µ−1) · c−µ/(µ−1)

1 · ∥f1∥−µ/(µ−1)
q;Ω · (1 +M)−1 ,

and Φ1, Φ2 : R+ → R+ are increasing functions determined by the known data.
Here λ1 and λ2 are any numbers in the interval [0, 1] satisfying the inequality (15),
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and v1, v2 are the solutions corresponding to them from W 2
p (Ω) of the problem

(9).

Setting λ(k−1) = λ1, λ
(k) = λ2 and v(k−1) = v1, v

(k) = v2, we obtain from
inequality (14) that

∥v(k)∥W 2
p (Ω) ≤ Φ1 + ∥v(k−1)∥W 2

p (Ω) +Φ2 · ∥Dv(k−1)∥µS;Ω,

for 0 < λ(k) − λ(k−1) ≤ h, λ(k−1), λ(k) ∈ [0, 1]. Since h is independent of the
particular values of λ(k−1) and λ(k), and since the embedding W 2

p (Ω) → C1 (Ω)
with p > N implies

∥Dv(k−1)∥S;QT
≤ const · ∥v(k−1)∥W 2

p (Ω),

the assertion of the theorem follows after a finite number of iterations. The first
iteration, corresponding to (k = 1), starts with λ(0) = 0 and v(0) = 0. ◀

As follows from Theorem 1, the key point of this method is the condition under
which the embedding theorem holds. Since we seek the maximal admissible value
of µ for which the conditions of the embedding theorem are satisfied, we obtain
the following implicit equation for determining µ:

1

S
=

1

N
+

1

µ

(
1

p
− 2

N

)
, S =

µpq

q − p
,

q − p

µpq
=

1

N
+

1

µp
− 2

µN
.

The solution of this equation is calculated explicitly in the form:

µ = 2− N

q
. (16)

To obtain a genuinely nonlinear problem, we assume that µ > 1.

2. Optimality of the Exponent µ = 2− N
q

In this section, we present an example of a boundary value problem of the
form (1) for which all the assumptions of Theorem 1, except condition A.3), are
satisfied. For this counterexample, we establish the corresponding inequality and
show that the conclusion of Theorem 1 does not hold. Thus, without additional
assumptions, the exponent µ = 2− N

p in condition A.3) cannot be improved. To
demonstrate this, we consider the following counterexample (see [1]).
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Let N = 1, Ω = [0, 1] ⊂ R, and{
u′ (x) · u′′ (x) = b (x) |u′|µ, x ∈ Ω,
u (0) = 0, u (1) = (1 + ε)ν − εν .

(17)

Here 0 < ν < 1, 0 < ε < 1, µ > 2 − 1
p and b (x) = ν2−µ · (ν − 1) ·

(x+ ε)2ν−3−µ(ν−1), p > 1.
For the given parameters, this problem has a unique solution.

u (x) = (x+ ε)ν − εν .

For the norm ∥b∥q;Ω, we have

∥b∥q;Ω = ν2−µ · (1− ν) ·

 1∫
0

(x+ ε)q[2ν−3−µ(ν−1)] dx

1/q

=

= ν2−µ · (1− ν) ·

∣∣∣∣∣∣(x+ ε)k

k

∣∣∣∣∣
1

0

∣∣∣∣∣∣
1/q

= ν2−µ · (1− ν) ·

∣∣∣∣∣(1 + ε)k − εk

k

∣∣∣∣∣
1/q

,

where k = [µ (1− ν) + 2ν − 3] · q + 1.
Hence, for k > 0 :

µ >
3− 1

q − 2ν

1− ν
=

2− 1
q

1− ν
+

1− 2ν

1− ν
(18)

and for the indicated values of the parameters, the inequality

∥b∥q;Ω ≤ ν2−µ · 2k/q · k−1/q,

is fulfilled for all ε from the interval (0, 1).

For the function φ̃ (x) = [(1 + ε)ν − εν ] · x (such that φ̃
∣∣∣
∂Ω

= u
∣∣∣
∂Ω

) we have

∥φ̃∥W 2
p (Ω) = ∥φ̃∥p;Ω + ∥φ̃′∥p;Ω + ∥φ̃′′∥p;Ω =

=

 1∫
0

[(1 + ε)ν − εν ]p · xpdx

1/p

+ [(1 + ε)ν − εν ] ·

 1∫
0

dx

1/p

=

= [(1 + ε)ν − εν ] ·

 xp+1

p+ 1

∣∣∣∣∣
1

0

1/p

+ [(1 + ε)ν − εν ] =
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= [(1 + ε)ν − εν ] · (p+ 1)1/p + [(1 + ε)ν − εν ] =

= [(1 + ε)ν − εν ] ·

(
1

(p+ 1)1/p
+ 1

)
≤ 21+ν < 4,

for the given values of parameters.

By virtue of the inequality (18) for any p > 1 and µ > 2− 1
q there exists a ν∗,

0 < ν∗ < 1 such that the inequality (18) is fulfilled.

Then, for the parameters of given values p > 1, µ > 2 − 1
q , and the corre-

sponding inequalities ν∗:

∥u∥∞ ≤ 2, ∥b∥q;Ω ≤ ν2−µ · 2k/q · k−1/q,

∥φ∥
W

2−1/p
p (∂Ω)

≤ c0∥φ̃∥W 2
p (Ω) ≤ 4c0

(19)

are fulfilled uniformly with respect to ε from (0, 1). Here, the constant c0 is
independent of the function φ̃.

On the other hand, for the norm ∥Du∥∞, we have

∥Du∥∞ = sup
Ω

|Du| = sup
Ω

|ν (x+ ε)ν−1 | = ν∗ε
−(1−ν∗) → +∞ as ε→ 0 (ε > 0) ,

and consequently, ∥u∥W 2
p (Ω) → +∞ as ε→ 0 (ε > 0).

In the same way, the statement of Theorem 1 for any µ > 2− 1
q is not valid.

3. Solvability of the problem (1)

Let us consider the boundary value problem (1) under conditions A.1)–A.4)
and the following Lipschitz condition.

A.5) Assume that

|f (x, u, ξ)− f (x, u, η) | ≤ b2 (x, u, ξ, η) · |ξ − η|,

for almost every x ∈ Ω and for all (u, ξ, η) ∈ R×RN ×RN , where b2 (x, u, ξ, η) is
measurable with respect to x for all (u, ξ, η) ∈ R×RN ×RN , is continuous with
respect to (u, ξ, η) almost for all x ∈ Ω and for any fixed r > 0

b2,r (·) ≡ sup
{
b2 (x, u, ξ, η)

∣∣∣|u| ≤ r, |ξ| ≤ r, |η| ≤ r
}
,

and b2,r ∈ Lq (Ω) with q > N .

We recall the following standard definition.
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Definition 1. The function u+ (x) from W 2
p (Ω) with p > N is called an upper

solution of the problem (1) if{
−Lu+ + f (x, u+, Du+) ≥ 0, x ∈ Ω,

u+
∣∣∣
∂Ω

≥ φ (x) , x ∈ ∂Ω.

Definition 2. The function u− (x) from W 2
p (Ω) with p > N is called the down

solution of the problem (1) if{
−Lu− + f (x, u−, Du−) ≤ 0, x ∈ Ω,

u−
∣∣∣
∂Ω

≤ φ (x) , x ∈ ∂Ω.

Theorem 2. Assume that conditions A.1)–A.5) are satisfied for some p > N ,

and that the boundary function φ (x) belongs to W
2−1/p
p (Ω). Suppose that prob-

lem (1) admits an upper solution u+ (x) and a lower solution u− (x) such that
u+ (x) ≥ u− (x) in Ω. Then problem (1) has a solution u (x) from W 2

p (Ω) satis-
fying

u− (x) ≤ u (x) ≤ u+ (x) , x ∈ Ω.

The proof of this theorem is based on the following lemmas.

Lemma 4. Let the real-values function F0 (x, u, ξ) defined on Ω×R×RN , satisfy
the Carathéodory condition A.1), with f = F0, and

sup
(u,ξ)∈R×RN

|F0 (x, u, ξ) | ∈ Lp (Ω) , p > N. (20)

Then the boundary value problem{
Lu = F0 (x, u,Du) , x ∈ Ω,

u
∣∣∣
∂Ω

= φ (x) , x ∈ ∂Ω,

where φ (x) ∈W
2−1/p
p (∂Ω) has the solution u ∈W 2

p (Ω).

Proof. Let us consider the following boundary value problem{
Lvu = F0 (x, v,Dv) , x ∈ Ω,

u
∣∣∣
∂Ω

= φ (x) , x ∈ ∂Ω,

for the arbitrary function v (x) ∈ C1
(
Ω
)
. Then, by the classical Lp-theory of

linear elliptic boundary value problems, for every function v (x) of C1
(
Ω
)
this



Existence of Strong Solutions for Systems 223

problem admits a solution u (x) of W 2
p (Ω), u = T (v) which, by (20), satisfies

the following inequality:
∥u∥W 2

p (Ω) ≤ C, (21)

where the constant C is independent of v (x). The operator T : C1
(
Ω
)
→

W 2
p (Ω) is continuous and as a result of the compact embeddingW 2

p (Ω) → C1
(
Ω
)

(p > N) is a completely continuous operator from C1
(
Ω
)
to C1

(
Ω
)
. Due to

estimate (21) there exists a sphere in the space C1
(
Ω
)
that the operator takes

to itself. Then, by the Schauder‘s known theorem, the operator T in the C1
(
Ω
)

space has a fixed point u (x) that by the definition of the operator T belongs to
the space W 2

p (Ω). ◀

We now determine for the function u (x) from W 2
p (Ω) with p > N the cut off

operator σ by the relation

σu (x) =


u+ (x) for u (x) > u+ (x) ,
u (x) for u− (x) ≤ u (x) ≤ u+ (x) ,
u− (x) for u (x) < u− (x) ,

and consider the following boundary value problem{
Lu = f (x, σu,Du) , x ∈ Ω,

u
∣∣∣
∂Ω

= φ (x) , x ∈ ∂Ω.
(22)

Lemma 5. Let the function f (x, σu,Du) satisfy conditions A.1) -A.5) with p >

N and φ ∈ W
2−1/p
p (Ω). Let u (x) from W 2

p (Ω) be the solution of the problem
(22). Then

u− (x) ≤ u (x) ≤ u+ (x) , x ∈ Ω. (23)

Proof. For the function W (x) = u (x)− u+ (x) we have

LW ≥ f (x, σu,Du)− f
(
x, u+, Du+

)
, x ∈ Ω, (24)

W
∣∣∣
∂Ω

≤ 0, x ∈ Ω. (25)

We now assume the inverse statement of the lemma. Then set G =
{
x ∈ Ω

∣∣∣
ω (x) > 0} is not empty, and

LW ≥ f
(
x, u+, Du

)
− f

(
x, u+, Du+

)
≥ −b̃2,r (x) |DW|, x ∈ Ω,

where b̃2,r (x) = sup {b2 (x, u+, Du,Du+)} and b̃2,r ∈ Lq (Ω) with q > p > N .
Then it follows from A.D. Alexandrov‘s paper [4] that W (x) achieves a strong
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positive maximum on the boundary ∂Ω. This contradicts the boundary condition
(25). Thus, it is proved that u (x) ≤ u+ (x) in the domain Ω.

Inequality u− (x) ≤ u (x) is proved in the domain Ω in the same way. ◀

Proof of Theorem 2. Now, letM = max
Ω

{
max
Ω
u+ (x) ,−min

Ω
u− (x)

}
. Then

∥u∥∞ ≤M and by virtue of Theorem 1

∥u∥W 2
p (Ω) ≤ Φ

(
M, ∥φ∥

W
2−1/p
p (∂Ω)

)
.

By virtue of the Sobolev embedding theorem [16], we have

∥u∥C1(Ω) ≤ c2 · ∥u∥W 2
p (Ω) (p > N) , (26)

where the positive constant c2 is independent of the function u (x) ∈ W 2
p (Ω).

Then we obtain the following.

max
Ω

|Du (x) | ≤M1, M1 = c2 · Φ
(
M, ∥φ∥

W
2−1/p
p (∂Ω)

)
.

We now define the function

F1 (x, u, ξ) =

{
f (x, u, ξ) for |ξ| ≤M2,

f
(
x, u,M2

ξ
|ξ|

)
for |ξ| > M2,

where
M2 = max

Ω

{
M1,max|Du+ (x) |,max|Du− (x) |

}
.

This function satisfies conditions A.1)–A.3), together with the following cor-
responding inequality:

|F1 (x, u, ξ) | ≤
{
b (x, u) + b1 (x, u) |ξ|µ for |ξ| ≤M2,
b (x, u) + b1 (x, u)M

µ
2 for |ξ| > M2.

The function F1 (x, u, ξ) also satisfies the condition A.5) with the appropriate
function b2,r (x).

Let us consider the following boundary value problem{
Lu = F1 (x, σu,Du) , x ∈ Ω,

u
∣∣∣
∂Ω

= φ (x) , x ∈ ∂Ω.
(27)

The function

F 1 (x, u, ξ) =


F1 (x, u

+ (x) , ξ) for u > u+ (x) ,
F1 (x, u (x) , ξ) for u− (x) ≤ u (x) ≤ u+ (x) ,
F (x, u− (x) , ξ) for u < u− (x) ,
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satisfies the conditions of Lemma 4 and

F 1 (x, u (x) , Du (x)) = F1 (x, σu (x) , Du (x)) .

Consequently, to the problem (27) we can apply Lemma 4 by virtue of which
there exists a solution u (x) of this problem from the space W 2

p (Ω) with p > N .

The function u+ (x) is the upper solution and u− (x) is the lower solution of
the problem. {

Lu = F1 (x, u,Du) , x ∈ Ω,

u
∣∣∣
∂Ω

= φ (x) , x ∈ ∂Ω.
(28)

By the Lemma 4, we have

u− (x) ≤ u (x) ≤ u+ (x) , x ∈ Ω,

and, consequently, σu (x) = u (x) so that the obtained solution u (x) of problem
(27) is also the solution of problem (28).

We now apply the theorem to the solution u (x) of problem (28) and obtain
the following.

∥u∥W 2
p (Ω) ≤ Φ

(
M, ∥φ∥

W
2−1/p
p (∂Ω)

)
.

Then from the inequality (26) it follows that

max
Ω

|Du (x) | ≤M1, M1 = c2 · Φ
(
M, ∥φ∥

W
2−1/p
p (∂Ω)

)
.

Since for |ξ| ≤M1 ≤M2 the function F1 = f , we finally find that the solution
u (x) of problem (28) is also the solution of problem (1). ◀

4. The maximum principle and condition A.5)

Let g (x, ξ) be a function satisfying the Carathéodory condition; i.e. g (x, ξ)
is measurable with respect to x for every ξ ∈ RN and continuous with respect
to ξ for almost every x ∈ Ω. Assume, moreover, that for every fixed r > 0, the
function sup

|ξ|≤r
|g (x, ξ) | belongs to the space Lp (Ω) with p > N .

For an arbitrary fixed function v (x) ∈ W 2
p (Ω) we consider the following

inequality for the function W (x) from W 2
p (Ω):{

LW ≥ g (x,Dv +DW)− g (x,Dv) , x ∈ Ω,

W (x)
∣∣∣
∂Ω

≤ 0, x ∈ ∂Ω.
(29)
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If the function g (x,Dv +DW) satisfies only the above conditions, then (29)
does not yield the inequality

W (x) ≤ 0, x ∈ Ω, (30)

in the general case.
Furthermore, suppose that the Lipschitz condition A.5) is replaced by the

following Hölder condition:
A. 6) |f (x, u, ξ) − f (x, u, η) | ≤ b2 (x, u, ξ, η) · |η − ξ|λ, 0 < λ < 1, where b2

is the same function as in condition A.5). Then, for any exponent λ, 0 < λ < 1,
inequality (29) does not, in general, imply inequality (30) for the function (g).

This fact is demonstrated by the following counterexample (see [1]).
For any λ, 0 < λ < 1 and any p > N there exists a functionW (x) = 1−|x|α+1

with α >
(
1− N

p

)/
(1− λ) from the space W 2

p (Ω) with p > N satisfying the

following conditions:

∆W = g0 (x) |DW|λ, x ∈ Ω =
{
x ∈ RN

∣∣∣ |x| < 1
}
,

W
∣∣∣
∂Ω

= 0, x ∈ ∂Ω =
{
x ∈ NN

∣∣∣ |x| = 1
}
,

with g0 (x) = − (1 + α)1−λ (α+N − 1) · |x|α(1−λ)−1, g0 ∈ Lq (Ω) for
α > (1−N/p) / (1− λ).

Here conditions (29) are met for v (x) ≡ 0 and g (x, ξ) = g0 (x) · |ξ|λ, but
inequality (30) is not valid Ω =

{
x ∈ RN

∣∣∣ |x| < 1
}
.

5. Some applications

Choosing the function from various sets of trial functions as upper and lower
solutions, we can obtain various theorems on the existence of solutions to bound-
ary value problems of the form (1).

1) We take the function as a ”trial” set,

u (x) = λ,

where λ is a real number.

Theorem 3. Assume that conditions A.1)–A.5) are satisfied for some p > N ,

and that the boundary function φ (x) belongs to the space W
2−1/p
p (∂Ω). Suppose

that the functions f (x, u,Du) and φ (x) are such that there exist two numbers
λ+ and λ−, with λ+ ≥ λ−, such that{

f (x, λ−, 0) ≤ 0 ≤ f (x, λ+, 0) , x ∈ Ω,
λ− ≤ φ (x) ≤ λ+, x ∈ ∂Ω.
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Then there exists a solution u (x) of the boundary value problem (1) from the
space W 2

p (Ω) and

λ− ≤ u (x) ≤ λ+, x ∈ Ω.

To prove this theorem, it suffices to apply Theorem 2 u+ = λ+ and u− = λ−.
2) We have the function as a ”trial” set,

u (x) = λ
|x|2

2
,

where λ is a real number.

Theorem 4. Assume that conditions A.1)–A.5) are satisfied for some p > N ,

and that the boundary function φ (x) belong to the space W
2−1/p
p (∂Ω). Suppose

that the functions f (x, u,Du) and φ (x) are such that there exist two numbers
λ+ and λ−, with λ+ ≥ λ−, such that

f
(
x, λ+ |x|2

2 , λ+x
)
≥

N∑
i,j=1

aij

(
x, λ+ |x|2

2 , λ+x
)
λ+, x ∈ Ω,

f
(
x, λ− |x|2

2 , λ−x
)
≤

N∑
i,j=1

aij

(
x, λ− |x|2

2 , λ−x
)
λ−, x ∈ Ω,

λ− |x|2
2 ≤ φ (x) ≤ λ+ |x|2

2 , x ∈ ∂Ω.

Then there exists a solution u (x) to the boundary value problem (1) from the
space W 2

p (Ω), and

λ−
|x|2

2
≤ u (x) ≤ λ+

|x|2

2
, x ∈ Ω.

To prove this theorem, it suffices to apply Theorem 2 with u+ = λ+ |x|2
2 and

u− = λ− |x|2
2 .

An analogous solvability theorem for the boundary value problem (1) can be
obtained by choosing trial functions of the form

u (x) =
λ

2
|x− x0|2,

where λ−, λ+ ∈ R are chosen appropriately and x0, x ∈ RN .
As a ”trial” functions set we take the function of the form

u (x) = u0 (x) + λψ1 (x) ,

where u0 (x) is the solution of the problem{
Lu0 = 0, x ∈ Ω,

uo

∣∣∣
∂Ω

= φ (x) , x ∈ ∂Ω.
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λ is a real number and ψ1 (x) is a first eigenfunction of the following boundary
value problem: {

Lψ1 + λ1ψ1 = 0, x ∈ Ω,

ψ1

∣∣∣
∂Ω

= 0, x ∈ ∂Ω,

with ψ1 > 0 in Ω.

Theorem 5. Assume that conditions A.1)–A.5) are satisfied for some p > N ,

and that the boundary function φ (x) belong to the space W
2−1/p
p (∂Ω). Suppose

that the functions f (x, u,Du) and φ (x) are such that there exist two real numbers
λ+ and λ−, with λ+ ≥ λ−, such that

f
(
x, u0 (x) + λ+ψ1 (x) , Du0 (x) + λ+Dψ1 (x)

)
+ λ1λ

+ψ (x) ≥ 0, x ∈ Ω,

f
(
x, u0 (x) + λ−ψ1 (x) , Du0 (x) + λ−Dψ1 (x)

)
+ λ1λ

−ψ (x) ≤ 0, x ∈ Ω.

Then there exists a solution u (x) to the boundary value problem (1) from the
space W 2

p (Ω), and

u0 (x) + λ−ψ1 (x) ≤ u ≤ u0 (x) + λ+ψ1 (x) , x ∈ Ω.

To prove this theorem, it suffices to apply Theorem 2 with u+ = u0 + λ+ψ1

and u− = u0 + λ−ψ1.
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