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On the Existence of Solutions for a Fractional
Differential Boundary Value Problem via Darbo-
Type Fixed Point
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Abstract. In this work, we study the existence of solutions for a class of fractional
boundary value problems involving the Caputo fractional derivative. Our approach
is based on transforming the considered boundary value problems into an equivalent
fixed-point equation by applying fixed-point results related to generalized Proinov-type
contraction mappings defined through the measure of noncompactness. The obtained
results substantially extend classical contraction principles and offer powerful tools for
the analysis of nonlinear problems. An illustrative example is presented to demonstrate
the significance and the applicability of the obtained results.
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1. Introduction

The aim of this article is to study the existence of solution to the boundary
value problem (BVPs for short) for a nonlinear fractional differential equation:

“Dyx(t) = o(t,x(1), tel=[0,T], (1)
DI X (T) = (), (2)
ax(0) — bx(T) = (), (3)

where a,b € R,(a < 0,b > 0), 1 < r < 2, °Dy,, is the Caputo derivative,
p: IXxR—=R,®:C(I) - Rand ¥:C(I) — R are given continuous function.
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Fixed-point theory plays a central role in nonlinear analysis, with the Ba-
nach contraction principle and its numerous extensions providing powerful tools
for establishing the existence and uniqueness of solutions. Recent developments
have introduced several classes of generalized contractive mappings, including
Proinov contractions, a-admissible mappings, and fixed-point principles formu-
lated in terms of measures of noncompactness. At the same time, fractional
differential equations involving the Caputo derivative have attracted consider-
able attention because of their broad range of applications, thereby motivating
the study of the existence, uniqueness, and stability of solutions under various
boundary conditions; see, for example, [1, 2, 4, 5, 8, 12, 13, 14, 15].

In [11], the boundary value problem (1)—(3) was investigated by reformulating
it as a fixed-point problem. Since the associated operator P, defined by Py = ¥,
is difficult to show to be condensing, the authors decomposed it into the sum of
two operators, Px = F1x + Fyx. They proved that Fj is completely continuous,
whereas F5 is a-Lipschitz, under relatively restrictive assumptions, including a
Lipschitz condition. In the present paper, we establish the existence of solutions
to the same problem under substantially weaker assumptions.

The remainder of this paper is organized as follows. In Section 2, we present
several definitions and auxiliary lemmas that will be used to establish the exis-
tence of solutions to BVPs (1) — (3). In Section 3, we prove the main existence
theorem. Finally, in Section 4, we present a representative example illustrating
the applicability of the obtained result.

2. Preliminaries

For the sake of clarity, we begin by recalling some fundamental concepts from
fractional calculus which will be used in establishing the main results of this work
(see [1] and [7]).

Let E = C(I) denote the Banach space consisting of all continuous functions
defined on I endowed with the sup-norm | x|, = supes |x (¢)]-

Definition 1 ([10]). The Riemann-Liouville fractional integral of order pn > 0
of a function ¢ : (0,+00) = R is given by

1. o (1) = F(lm / (t - )" o (s) ds,
0

where T' (1) denotes the Gamma function, provided that the integral on the right-
hand side exists for every t € (0, +00).
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Definition 2 ([10]). The fractional derivative of order p > 0 in the Riemann—Liouville
sense of a function ¢ : (0,4+00) — R can be expressed as

t
1 d
DOJF(‘D() d/ ,u n+1d$
0

where n = [u] + 1, provided that the right-hand side is well defined pointwise
n (0,+00). The notation [u] indicates the integer part associated with the real
number .

For ;1 < 0, we adopt the convention Dif, ¢ (t) = I, '@ (t). If 0 <¢ < p, we

get Dy IO+90( ) *I&g@( )-

The following lemma describes the action of the Riemann—Liouville fractional
integral and derivative operators on power functions. In particular, these opera-
tors transform the power function ¢¢ into another power function

TH +2 = M#’ﬁ%

T(o+p+1)
Also
Dl = T (et l) jop
(0—p+1)
It is important to note that Dg+t9 = 0, whenever p = u—1t, where 1 =1,2,3,...,n

and n denotes the smallest integer satisfying n > p. In this case
dntg—u+n dntn—i

= = 0.
dtm dtm

We now introduce the following auxiliary lemmas.

Lemma 1 ([10]). Let ¢ € L' (0,4+00) and suppose that o and (3 are positive

real constants. Then I&Iéicp(t) = gf’gga( ), DISp (t) = ¢ (t) belongs to
i=n .

Dy (t) € L' (0,+00), then IS, Dg o (1) = @ (t) + > cit®™", where ¢; are real
i=1

constants in R.

Definition 3 ([3]). We make use of the classical concept of a measure of noncom-
pactness on a Banach space E For the precise definition and its main properties,
the reader is referred to [3]. The Kuratowski measure of noncompactness A in [9]
can be described as follows:

A(B) =inf{r >0,B=UB; diam(B;) < T}.
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Definition 4 ([6]). Consider the mapping n: E x E — [0, +00). If the condition
n(x,y) = 1 leads to n(Px,Py) = 1 for all x,y € E, then the operator P : E — E
18 n-admissible.

In what follows, we present two fixed point results related to measures of
noncompactness ® which will be applied in the sequel. where P : ' — F is
continuous and k € [0, 1).

Theorem 1 ([8]). If
O(PB) < k®(B),

then P possesses a fixed point.

Theorem 2 ([6]). Let FF € Q(E) and n : E x E — [0,400). Suppose that
P F — F is continuous and n-admissible and satisfying the condition

n(x, Px)w (diam (PBy))
< © (max {diam (By) ,diam (PBy) , diam (PBs) , 3diam (PBy UPB2)}) ,(4)

for each B1,Bas C F'. Then P then possesses a distinct fized point.

The detailed assumptions and proofs can be found in [6, 8].

3. Existence result

Let E = C(I;R) denote the space of continuous functions on I, Define

F={xeE:|xl<p}.

To investigate the solvability of the boundary value problem (1)—(3), we use the
following result:

Theorem 3. Suppose that the following assumptions are satisfied:

e (Hy) there exists a function d : [0; +00[ — [0; +oo[ which is semicontinuious
and strictly non decreasing such that d(0) = 0;d(t) < t,¥t > 0, and there
are exists C1,Co, Cg = 0 with 4TCy + 20y + T "Cs < T'(r)T™" such that
for all x,y € R and t € [0; T

lo(t,x) —(t,y)| < ﬁ%?ﬂm—mx
20,771

(L, x) — D(t,y)] < ﬁd(lx—yl)a
1—r

W) -ty < BT gy - ).

I(r)
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o (Hy)
My = suplp(t, x(t))| < +oo,
tel
My = sup|®(t, x(t))] < +oo,
tel
Mz = sup|¥(t,x(t))| < +oo.
tel

e (Hs) Assume that There exists a constant p > 0 satisfying

r—1

I(r)

(AT My + 2Ms + TV " M) < p

e (Hy) For any x,y € F and t € I, suppose that:

n(x(t),yt) =1 — n(Px(t), Py(t)) > 1,

where P : F' — F is defined by

Px(t) = I"o(t, x(t)) — al"o(T, x(T)) — BI'o(T, x(T)) + BL(x) — %\I’(X).

Here:
b . bT
o= <1LB=T T3 —r)(t— b_a),
and .
Peltox(t) = gy [ (0= s x(a)as
0

D(x), V(x) are defined in (2),(3).

For the proof of how the problem can be transformed into a fixed-point prob-
lem, the reader is referred to reference [11].

If there is an xo € F such that P satisfies v(xo(t), Pxo(t)) = 1, then a solution
to problem(1)-(3) is in F'.

Proof. First, we verify that the operator P is well-defined.

[I"p(t, x(t)) — al"o(T, F(lr/ (t — )" p(s, x(s))] ds+
0
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T
1 . 27"
_HWﬁZ@_Q (o ()] ds < M, )
and
T
wﬂwuan<Tf{/w< x(s))|ds < 277 M, (6)
0
and
8000 — S| <277 + M. (7)

By using (5), (6), (7) we get

27"

rT(r)

27" v M.
< M, + My + =2
L(r)

I'(r) I(r)
Tr—l
= (AT My +2My + T "Ms3) < p. (8)
I(r)
Consequently, the operator P is well defined.

Next we prove that the operator P is continuous. To this hand, suppose that
X,y € F and use € > 0 such that |[x —y| < e. We get

IPx(t)| < M, + 2T "M, + 2T My + My

17t x(1)) — ol ot y(t)] = FEL/ 7 (s x(s)) — (s, 9(s))] ds
0
< g et x(0) — el u0)
T C
= Ty dx—ul. (9)
and
1 T
!FMZXUW—aFMﬂy@N:=Iwﬁfﬁlﬂylwwwwh—M&M$N®
- 0
<

Ty e x®) = ety
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T Ch

= F(r)d(lx—yl)v (10)
T
BT AT) - PolToyT)] = 5 [ ol x(s) = ol uls))] ds
0
< 217 [lp(t, x (1) — e(t, y(0))]
27" C
< F(T)ld(\x—yl), (11)
and
1B(®(t, x(1) — Bt y(1)] < 277" [|@(t, x (1) — (¢, y(1))]| (12)
< 2Tr71C2d
S T (Ix =),
and

%(‘I’(t,x(t))—‘l’(t,y(t))) < [ x(@) = vt y(@)l]

1—r
< Syl =), (13)
P = Py(O)] < Tl =)
2T 1C 21" C
< gyl =) + g dx — v
r—1
< i(r) (ATCy + 2C5 + C3) d(|x — y|) (14)

< dx—yl) <Ix—yl<e

Now, show that P fulfils (5), suppose that By, By € F, and take x,y € B;. We
get:

Px(t) —Py)] < d(lx —yl).

Consequently
d~! |Px = Pyl < |x —y| < diam(By) <

1
max {dz’am(Bl), diam(PBy), diam(PBa), §dz’am(”PBl U "PBg)} .
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Then
w (diam(PBy)) = d (diam(PBy)) <

C) (max {diam(Bl), diam(PBy), diam (P Bs), %diam(PBl u PBQ)}) .

Here we take w(t) = d~'(t) and O(t) = t.
Furthermore, define the function n : F' x F' — [0, +00] by

_J 1o ax(@),y@) 2 1,
n(x,v) —{ 0 else.

Therefore
n(x; Px)w (diam(PB1)) <

C) (max {diam(Bl), diam(PBy), diam (P Bs), %diam(PBl U PB2)}> .

Hence, the operator P satisfies condition (5).

Assume that n(x,y) > 1 for all x,y € F. Then it follows that v(x,y) > 1.
Using assumption (Hy), we obtain v(Pyx, Py) = 1, which leads to n(Px, Py) > 1.
Hence, the mapping P : F' — F' is n-admissible for all x,y € F.

Moreover, since there exists xo € F' such that a(xo, Pxo) = 1, it follows from
(2), P that P admits a fixed point in F'. <

4. Example

In order to illustrate the obtained result, we consider the following fractional
boundary value problem:

“Dax(t) = 55 (1 + [x(®)).. € [0;7]
—Ix(0) — Ix(5) = iltlesxO), (15)
CD%X(E) _ ln(1+|s:i;(1)x(%)|)’
Wherea:—%,b: %,a: ﬁ = % <l,p=t-Fandx € F = {XEC([O,E];R):
Ix I< 5}

e (H;) Consider the function d : [0; +oo[ — [0; +0o0] is semicontinuious and
strictly non decreasing and defined by d(x) = In(1 + |x|) with d(0) =
0;d(t) < t,Vt > 0.

Let ¢ : I xR = R, and ®,¥ : C(I) — R be continuous operators defined
as follows:

t+1

e(t,x(t) = 50 In(1+ [x(®));
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Wit x(t) = ln(1+\cosx(0)|);

50
a(ex() = D),
For every x,y € F and ¢t € [0; §], we have
(ol X(1) — oty = Tt (L () ~ In(1+ [y(1))]
m+4 1+ |x(®)] 4C1T"
< o0 (o) < Ty e
= D -l
2
20t x(0) ~ Bty = o (1 +[sinx(D)]) (1 + [simy(D))]
1 1+ |x(t)] 20, T
< i (TS < oy -
= 202\/?2 In(1+ |x —yl).
(2, (1)~ W] = o [n1 + feos x(0)]) — In(L+ [eosy(0)))]
50
1 1+ [x(t)] CsT1"
< ol |y(t)‘> < o) In(1+[x —yl)
- C3f;£2 In(1+ x — )
with /7
1 ™ T
Clzm, CQZE, 03:@
and

NG

ATCy 4+ 20 + TV "Cy = 0

<T()TH " =1.

e (Hjy) We evaluate the following bounds:
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1
My = sup [p(t,x(1))] < 45 H X< 4 < +oo,
0<t<x
1
My = sup |9t x(1)] < 55 H X lI< g5 < +oo,
0<t<t
1
Ms = sup |U(t, x(t)) !< HXH<*<+OO
0<t<t

e (Hs) There exists p > 0 satisfying:

r—1
?(7«) (AT M, + 2My + TV " Ms) < !foll N 2||3>§)H N ﬁngg\
¢ DI EOJTEH
h 600/
1572 + 407 + 24\/7
h 2400 =P

and there are exists C1, Cy, C3 > 0 with 4TCy +2C, + T 7C3 < F'r)Tlf’”
such that for all x,y € R and ¢ € [0;77.

e (Hy) Forall x,yec F;tel:
Y(x(t),y(t) = 1 — y(Px(t), Py(t)) > 1,

where the operator P : F' — F' is introduced as:

I2(t, x (1)) — al2 (T, x(T)| <

1 Vs 1
- )2(s+ 1) [In(1 + d
lsor(g 160r(3) ]O/ 1 (s+1) (1 + [x(®)])|ds

3n2 4+ 127
= 2560

11 (T, x(T))| <

I oo - (16)

/ $)2 (s + 1) [In(1 + |x(£)])] ds
0



On the Existence of Solutions 265

73 + 4m?
< T X e (1)
%000 < o5 1+ fsinx(D))| ds < 35 11 x| (18)
b X NS 30 n sy 4 S X 30 X lloo -
BR00| < 5% < o (19)
YIS 508 S 1000

Combining inequalities (16), (17), (18) and (19), we deduce that:

372+ 127 w3+ 472 1 T
Hl < L ot
[Px(®)] < 9560 10240 3o> X llee + 400
312 4+127r 7w + 42 1\« T
< + 4+ — —

2560 10240 ' 30

- 74 4+ 1673 + 4872 N 5207

= 40960 48000

4+400

=0.05 < p = 0.132.

4 3 2 . .
Hence, || Py || o484 5300 Similarly, we can show that

74+ 1673 + 4872 N 5207
40960 48000

I Py [I<

Consequently

2rt + 3273 + 9672 | 1040m
40960 48000

which guarantees that v(Px(t), Py(t)) > 1, for all x,y € F and t € I.
Next, define the function xo[0, 5] — R by

IPx I+ 1Py i<

01<1,

w4167 + 4872 5207

/) = .
Xo(t) 40960 + 48000
Then
2t + 3273 + 9672 10407
_ =0.1<1.
I xo I+ 11 Pxo | 40960 18000 =

Therefore, there exists xo € F satisfying this condition n(xo, Pxo = 1 . By
Theorem 2, we conclude that the considered equation admits at least one
solution in the space F'
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5. Conclusion

In this paper, we investigated the existence of solutions for a class of nonlin-
ear fractional boundary value problems involving the Caputo fractional deriva-
tive. By transforming the considered boundary value problem into an equivalent
fixed—point formulation, we applied fixed—point results associated with general-
ized Proinov-type contraction mappings expressed through the measure of non-
compactness.

The obtained results extend classical fixed-point techniques and allow the
treatment of the problem under weaker assumptions compared with those used
in earlier works. In particular, our approach avoids the decomposition of the asso-
ciated operator into separate components and does not require strong Lipschitz-
type conditions. Consequently, the developed framework provides a more flexible
tool for establishing the existence of solutions for nonlinear fractional differential
equations with nonlocal boundary conditions.

Furthermore, an illustrative example was presented to demonstrate the appli-
cability of the theoretical results and to confirm the effectiveness of the proposed
method. The techniques developed in this work may be useful for studying other
classes of fractional differential equations and boundary value problems arising in
applied sciences. Future research may focus on extending these results to unique-
ness, stability analysis, or to systems of fractional differential equations under
more general boundary conditions.
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