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Abstract. In this paper, we obtain necessary and sufficient conditions for the bound-
edness of the multi-sublinear maximal commutator operator My and the commuta-

tor of the multi-sublinear maximal operator [E,M] on product total Morrey spaces
LPrALRL(R™) x ... x LPmoAmim (R™) to the total Morrey spaces LP-*#(R™). New char-
acterizations of certain subclasses of BM O™ (R™) are obtained.
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1. Introduction

The classical Morrey spaces were introduced by Morrey [24] for the study
of solutions of some quasi-linear elliptic partial differential equations. For more
applications of Morrey spaces to partial differential equation, the reader is referred
to [4, 29]. The total Morrey-Guliyev spaces LPM*(R™), introduced by Guliyev [8],
extend the Morrey space LP*(R™) by including the second parameter u, which can
be seen as the intermediate spaces between Lebesgue spaces and Morrey spaces.
The norm in these spaces is defined by a combination of the norms of LP*(R™)
and LP#(R™), which allows for a wider range of behavior. Let 0 < p < oo, A € R,
p € R, [t]y = min{1,t}, t > 0. The total Morrey-Guliyev spaces LP»*(R") are
the set of all locally integrable functions f with finite (quasi-)norm

_A ©
[ lzoaw = sup  [t], * (/8] (1fll (B2
zeR™ t>0
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where B(x,t) denotes the ball centered at x with radius ¢ > 0. Here, the norm in
the case u < \ is equal to the maximum of the norms of LPA(R") and LP*(R™).
Total Morrey-Guliyev spaces can be viewed as generalizations of both classical
and modified Morrey spaces. In particular, the case where A = u corresponds to
classical Morrey space, and the case where p = 0 corresponds to the modified
Morrey space EP,A(R”), see [2,3,7,9, 11, 12, 13, 14, 21, 23, 25, 27, 28|.

Let (R™)™ =R"™ x ... x R™ be the m-fold product space (m € N).

For z € R" and r > 0, we denote by B(z,r) the open ball centered at = of
radius 7, and by CB(.T, r) its complement. Let |B(x,r)| be the Lebesgue measure
of the ball B(z,r). We denote by f the m-tuple (f1,f2,- s fm)s U= (Y1, Ym)
and dy = dyy - - - dym.

In the past twenty years, the multilinear Calderén-Zygmund theory has been
extensively developed and studied by many authors. Grafakos and Torres [6]
introduced the multilinear Calderén-Zygmund operator and studied the bound-
edness of such operators. Later, in [20], Lerner et al. introduced the following
multi-sublinear maximal function M(f)(z) defined by

_ supH |B’/ ’fz Yi ’dyz

When m = 1, we get M = M, the classical Hardy-Littlewood maximal operator,
given by

M()@) = s [ 17wl

B>z

—

where f is a locally integrable function. Obviously, it is easy to see M(f)(z) <
T2, M(f5)(x).

The sharp maximal function of Fefferman and Stein M*f, is defined by
MEf(@) = sup B[ 17(0) = Fald,

where the supremum is taken over all balls B C R"™ containing x. For a fixed
q € (0,1), any suitable function h, and € R", let M}h(z) = (M*(|h|7) (x))l/q
and Myh(z) = (M (|h|7)(z)) ",

For any ball B C R", the mean oscillation space BMO(R™) is defined by

BMO®") = {b € Luc(®") : fllparo = sup B~ [ 17(0) = fildy < o},

where fp = |B|™! [ f(y)dy.
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In [8], Guliyev gave the necessary and sufficient conditions for the bounded-
ness of the maximal commutator operator

My(f)(x) —sup|BN/|b ) — b(w)||/()\dy

B>z

and the commutator of Hardy-Littlewood maximal operator

[b, M](f)(x) = b(z) M (f)(x) — M(bf)(x)
on LPMH(R™), where b € BMO(R™) (see also [9]).

The commutators of singular integral operators play an important role in
studying the regularity of solutions of elliptic partial differential equations. In
[35, 36], Zhang studied the multi-sublinear maximal commutator operator M;

and the commutator of multi-sublinear maximal operator [5, M] generated by the
BMO™ vector function defined as follows:

@)=Y M, (f)(x) and B, M](f)(z) =Y B, M];(f)(@).
j=1 j=1
Here
. 1 e |
My, (f)(x) = %%EW/B |bj () — bi(y;)] ZHl: | fi(y:)| dy
and

[b, MJ; () (x) = bj (@) M(f)(@) = M(f1, .-, fi=1,bi fj: fists - ) ().

Obviously, the operators Mj and [l;, M| are essentially different from each
other because M is positive and sublinear, whereas [1;, M] is neither positive nor
sublinear.

Recently, Yu, Zhang and Li [37] extended the results of [31, Theorem 7] on
the boundedness of [b, M] on LP*(R™) to product Morrey spaces by replacing
[b, M] with [b, M] as follows.

Theorem 1. [37] Let b; be a real valued, locally integrable function in R™ for
i=1,...,m. Suppose that 1 < p; < co and 1/p = > ", 1/p; with p > 1 and
0< A<n.

Then the following assertions are equivalent:

(i) b; € BMO(R™) such that b; € L*(R"), i =1,2,...,m

(ii) The commutator [b, M] is bounded from LP* (R") x ... x LPmA(R™) to
LPA(R™).
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(7i7) There is

H (bz - MB(bz)) XBHLP

sup — < 00,
o [T [Ixsll s
j=1
where Mp(b;)(z) == sup |B/|7! [ |bi(y)|dy for anyi=1,2,...,m.
B'>a: B'CB

In this paper, we obtain necessary and sufficient conditions for the bounded-
ness of the multi-sublinear maximal commutator operator M; and the commu-

tator of multi-sublinear maximal operator [l;, M| on product total Morrey spaces
LPYALEL(RY) x .., x LPmoAmobm (RM),

This paper is organized as follows. In Section 2, we present some theorems
on the boundedness of the multi-sublinear maximal operator M on product total
Morrey spaces LP#(R™). In Section 3, we find necessary and sufficient conditions
for the boundedness of the multi-sublinear maximal commutator operator M; on
product total Morrey space LPLAFI(R™) x ... x LPmAmotm(R™) to total Morrey
spaces LPM#(R™). In Section 4, we extend Theorem 1 with [b, M](f) on the
product total Morrey spaces. We find necessary and sufficient conditions for the
boundedness of the commutator of the multi-sublinear maximal operator [5, M]
from the product total Morrey space LP1AUHL(R™) x ... x LPmAmbm (R™) to the
total Morrey spaces LPMH(R™). New characterizations of certain subclasses of
BMO™(R™) are obtained, see also [10, 11, 13, 17, 19, 22, 26, 27, 28, 30, 32, 33, 34].

Throughout this paper, the letter C' denotes a positive constant that may
vary from line to line but is independent of the essential variables.

2. Multi-sublinear maximal operator on product total Morrey
spaces

In this section, we investigate the boundedness of the multi-sublinear maximal
operator M on product total Morrey spaces.

Definition 1. Let 0 < p < oo, A € R, p € R, [t} = min{l, ¢}, t > 0. We
denote by LPMR™) the classical Morrey space, by LPA(R™) the modified Morrey
space [7], and by LPMH(R™) the total Morrey space the set of all classes of locally

integrable functions f with the finite quasi-norms

2 Y
[fller = sup ¢t 2 |flleoB@y) 1flzen = sup [ty 7 1 fllzeBa);
2ER™, t>0 2€R™, >0

_A B
Ao = sup  [t]y " [L/E)] ([l Lo (Ba.t))»
zER" >0
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respectively.

Definition 2. Let 0 < p < 00, A € R and p € R. We define the weak Morrey
space WLPANR™), the weak modified Morrey space W LPA(R™) [7] and the weak
total Morrey space W LPMH(R™) as the set of all locally integrable functions f
with finite quasi-norms

P
Ifllweer = sup &2 [ fllwirs@n), [flwzeas
z€R™,t>0

A

= sup [t " Iflwer By,
zeR™,t>0

2 22
[fllwrerw = sup [t 7 [1/¢]] HfHWLP(B(x,t))y
zER™, >0

respectively.
Lemma 1. /8, 9/ If 0 <p <00, 0 < pu <\ <n, then
LPAR(R™) = LPAR™) N LPH(R™),
W LPAE(R™) = W LPAR™) N W LP#(R™)
and
HfHLPW#(]Rn) = max {|[fll o, [ fllzrn}
Il e @ny = max {||fllwres, |1 fllwees},
respectively.
The following local estimate is valid.

Lemma 2. [1, Lemma 3.3] Let 1 < p < oo and B(x,r) be any ball in R™. Then,
for p > 1 the inequality

1M fll o By S 77 Sup £ (| fll 2o (B (1)

holds for all B(x,r) and for all f € L¥ (R™).

loc

Moreover, if p = 1, then the inequality

M fllwrr (B ST Sup Nl L (B

holds for all B(z,r) and for all f € L. _(R™).

loc
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Theorem 2. [§] 1. If f € L (R™),0< A <n and 0 < pu < n, then Mf €
W LY MH(R™) and

IM fllw i < Coap lf s, (2)

where Cy ), 1s independent of f.
2. If f € IPMMR"), 1 < p <00, 0 < XA <nand0 < p < n, then
Mf € LPAM(R™) and

IMfllLorn < Coapu L f Lo, (3)
where Cp 5, depends only on p,\,pu and n.

Lemma 3. [16] Let p be the harmonic mean of p1,...,pm > 1 and fe Li (R™)x

loc
... x LL (R™). Then there exists a constant C > 0 such that for any x € R"

M) < TT [m (57 ) @] . ()
j=1

When m > 2, we find out M also has the same properties by providing the
following multi-version of the Theorem 2.

Theorem 3. Let p be the harmonic mean of p1,...,pm > 1 and

AN Ny
—:Z—J for OS)\j<n,H:Z& for 0 < p; <n. (5)
P = P

(i) If p > 1, then the operator M is bounded from the product total Mor-
rey space LPVAHI(R™) x ... x LPmAmsim(R™) to the total Morrey space
LPAMH(R™). Moreover, there exists a positive constant C such that the fol-
lowing inequality is valid for all f € LPPAURL(R™) x ... x LPmAmobm (R7)

m
Mfllpprw <C H HfjHLPj,*j,uj-

J=1

(i) If p = 1, then the operator M is bounded from the product total Mor-
rey space LPYAUHL(R™) x ... x LPmAmtm(R™) to weak total Morrey space
WLPAM(R™).  Moreover, there exists a positive constant C such that the
following inequality is valid for all fe LPYALEL(R™) X ... x [PmoAmotm (RM)

m
M fllwrean < CH HfjHij,Aj,uj‘

Jj=1
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Proof.

(i) If p > 1, by (4) and the Holder inequality, we get
(s [, |Mf<y>\pdy)’l’
< (16> 1/ / , (I [ D] )’
R [ ool

Taklng the p-th root of both sides and applying Theorem 2 with p > 1 and
‘f]‘ b [P (R™), we get

Ml = s (100t [ (MFwPdy)”
B(z,t)

z€R™, t>0
m 121 m
11, <1
HHM(fJ ’L’”‘J My H
]:1 :

which is the desired inequality.

p]

m
LP,)\j,;_Lj - H HfjHij’Aj’“j7
j=1

(ii) If p =1, for any 7 > 0, let g = 7, &, = 1 and e1,€9,...,6m—1 > 0 be
arbitrary constants to be chosen later. From the pointwise estimate (4), we
get

{y € B(z,t) : Mf(y) > 7}

c U{veBen: [uiHw)" > —=22—}.
! &t ™ 1/t 7

Let us now take €1,¢9, ...,em_1 > 0 such that

S'/;Dj

S Ly P

gji=t TP fill ey

i=1,2,....,m.

Then, applying Theorem 2 with p = 1 and the fact ‘fj‘pj € LYNioHi (R,
we get

‘{y € B(x,t): Mf(y)| > 7}
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€j—1 bj
A=A By

S

s

{veBan: M)W > (

"~ e lth"™” [/t 7

TNy s (€5t pj][l/t{_ o o
< ;[t]l [1/t;" ( i1t - 1 ) Hf]p s,

m - - ) §
:j;[tml/ﬂlu(gj )N 0 TN (]

/

(3 (/8] (HHngLp”u]) = [0} (/4 (HHngLp”u])-

Il

<
Il
-

Hence, we obtain the following inequality
M fllw e

=sup7T sup ([t]f‘ [1/t)} Hy € B(z,t): Mf(y) > T}D;

>0  z€R",t>0
m
< T osons -
j=1

This is the conclusion (ii) of Theorem 3.

In the case A = p, A\j = pj, j = 1,...,m from Theorem 3 we get the following
corollary

Corollary 1. [15, Theorem 2| Let p be the harmonic mean of p1,...,pm > 1 and
A &N
f:Z—J for 0 <\ <n. (6)
P “ip

(i) If p > 1, then the operator M is bounded from product Morrey space
LPUA(R™) x ... x LPmAm(R™) to Morrey space LPA(R™). Moreover, there
exists a positive constant C' such that the following inequality is valid for
all f € LPrA(RM) x ... x LPmAm(R™)

HM,}E“Lp,A <C H HfjHLPj”\j'

Jj=1
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(i) If p = 1, then the operator M is bounded from product Morrey space
LPLVA(R™) x ... x LPmAn(R™) to weak Morrey space W LPAR™). More-
over, there exists a positive constant C' such that the following inequality is
valid for all f € LPrA1(R™) x ... x LPmAm(R?)

m
M Fllwox < CTT Il o5

J=1

In the case p = p; = 0, 5 = 1,...,m from Theorem 3 we get the following
corollary

Corollary 2. [15, Theorem 4] Let p be the harmonic mean of p1,...,pm > 1 and
satisfy (6).

(i) If p > 1, then the operator M is bounded from product modified Morrey
space LPVAM(R™) x ... x LPm»*m(R™) to modified Morrey space LPA(R™).
Moreover, there exists a positive constant C' such that the following in-
equality is valid for all f € LPPA1 (R™) x ... x LPmAm(R™)

IMAzon < CTT 1l z055-

j=1

(i) If p = 1, then the operator M is bounded from product modified Mor-
rey space LPLM (R™) x ... x LPmAm (R™) to weak modified Morrey space
WEP’)‘(]R”). Moreover, there exists a positive constant C' such that the fol-
lowing inequality is valid for all fe zpl”\l(R”) X ... x L[PmAm (R™)

m
IM Pl zon < CTTIllzes0-

Jj=1

3. Multi-sublinear maximal commutator operator on product
total Morrey spaces

In this section we find necessary and sufficient conditions for the bounded-
ness of the multi-sublinear maximal commutator My from LPtA1H1(R™) x ... x
LpmAmstm (R1) to LPMH(R™) spaces.

Theorem 4. [18, Lemma 1] Ifb € BMO(G), then for any q € (0,1), there exists
a positive constant C' such that

M (M, f)(2) < C|[b]l M2 f(x) (7)
for every x € G and for all f € L} (G).

loc
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Lemma 4. Ifge BMO™(R™), then there exists a positive constant C such that

2) S okl zaco M (fi) () [[ M (f)) (= (8)
k=1 jF#i
for almost every x € R™ and for all f € LI (R") x ... x LL (R™).

Proof. Note that

M, (F)(@) < My, (f)(x) [[ M(f;)(=)

J#
and
[18,Lemma 1]
sz(fz)(x) g Hb HBMOM fz HM f]
J#i
then
(@) => My, (F)) <Y M, (fi)@) [ M(£)()
i=1 i=1 i
S bl saro MP(fi)(x) [T M(f5)(=

i=1 J#

|

Theorem 5. Let b; be a real valued, locally integrable function in R™, 1 < p; < oo,
0< XN <nand0 < p; <nwithi=1,...,m. Let also + = pil%—...—i—i,

p
A Al >\m ,U« ,U«l Hm

The followmg assertions are equwalent

(2) be BMO™(R™).

(ii) The operator My is bounded from LPVALEL(R™) x ... x LPmoAmotm (R)
to LPAH(RM).

Proof. (i) = (ii). Suppose that b € BMO™(R"). Combining Theorem 3 and
Lemma 4, applying Holder’s inequality (see [5, Exercise 1.1.2, p. 10]), we get

@y

Mo = sup [t ” (/8] [MG()llLr (B

z€R™, >0

< sup [t];; [1/t]1%ZHbiHBMOHMQ(fi)HM(fj)HLp(B(m))

TERM, >0 =1 i



Commutators of Multi-sublinear Maximal Operators 37

©
S sup [] 1/t Z Hb HBMO HM2 fl HLm xt) HHM f] Hij zt
z€R™ t>0 JF#i

From the inequality (1), we get
HM2 fl HLPZ B(z,t)) S tPi Sup TP ”M(fZ)HLp(B(.Z‘,T))

Strosup T moT sup p “HM(fz)HLm B(z.p))

T>2t p>21
= thi sup sup p n I fill Lvi (Ba,p)) < £ Sup p i\l fill Loi (B(a,p))
T>2t p>21 >4t
Ap w Ai—n _Bizn
< HfZHLPz Aiohg tpz Supp pl [ ] [1/p] - HfZHLI% Ajokg tpz Sup[p] " [1/p]].
p>4t p>4t
A “z

= |l fill pororems (177 (/8] "
and

MU 1o oy S 7 fggTﬁpfj“fﬂ'”L”MB(w))

)\j “‘g Ajfn I

< Hf]”ij Ajotg t g sup p p] [ ] [1/p] = Hf]HLp] Ajotj t g Sllp[p] & [1/p]1
p>4t p>4t

)\- ,u]

= fill poyogms [t [1/8]1

Then

. _A p M
1M llzore < sup [t " [1/807 D [[billsao M2 | o: o)

z€R™,1>0 i—1

< TTIM U o 3oy

J#
A p M Ai “l
< sup [ty P [1/07 Y |bill Baco |1 fill porses (17 [1/8), 7
zeR™ >0 i=1
>\- y,7
< LT Wil g gy 117 11/80,
J#i

)\ My

_A pw M m
< sup [ty P [/ D billsaco [Tl oy | ]pj [/t "
i=1 j=1

zeR™, >0
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m m
:ZHb’L”BMO HHfjHLPij,Mj-
i=1 j=1

(i) = (7). Assume that M; is bounded from LPVALEL(R™) X, . x LPmoAmobm (R™)
to LPMH(R™). Let B = B(z,r) be a fixed ball. We consider f = ¥p, where
X5 = (xB,.--,xB). It is easy to compute that

_—
m times

1

llone = sup (107 1/ [ xal)dz)”
B(y,t)

yeR™ >0
1
= sw (1B, 0Bl [ 1) (9)

yeR™ t>0

1 Ag i

- By, &) [T [L/04)" = rvi 7], 7 [1/7)0

sup ([B(y, )| [l ™ [1/t]} rec ]y P[]
B(y,t)CB

On the other hand, since

>Z’B|/\b bi)p|dz for all =z € B,

we have

RS

I MGl e~ sup ([T (174 /B Ly MG :)
y,t)

B(y,t)

33

208 B TS g [ ) - sl (10
!B |
Since, by assumption,
HM Lp)‘/"‘r\/ HHXBHLPZ Aqskg g
it follows from (9) and (10), that

|b B]dz < 1.
>,

<

From Theorem 5 in the case A = p and A; = p; with ¢ =1,...,m we get the
following new result.
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Corollary 3. Let b; be a real valued, locally integrable function in R™, 1 < p; < 0o
and0 < X\, <nwithi=1,...,m. Let also% = p%—l—...—i—li (md% = %—I—...—l—g—z.
Then the following assertions are equivalent:

(i) be BMO™(R™).

(i) The operator Mg is bounded from LPYM(R™) x ... x LPmAm(R™) o
LPAR™).

From Theorem 5 in the case = p1 = ... = pm = 0 we get the following new
result.

Corollary 4. Let b; be a real valued, locally integrable function in R™, 1 < p; < oo
and0 < X\; <nwithi =1,...,m. Let also % = pil—i—...—i—pim and% = %4—...4—2—;”.
Then the following assertions are equivalent:

(i) be BMO™(R"). N N

(ii) The operator Mj is bounded from LPYA(R™) x ... x LPm>m(R™) to
LPA(R™).

From Theorem 5 in the case Ay = ... = A, =X and g = ... = py = 1 we
get the following corollary.

Corollary 5. Let b; be a real valued, locally integrable function in R™, 1 < p; < 0o
withi=1,...,m. Let also%:p%—l—...—i—i, 0<A<nand < pu<n.

The following assertions are equivalent:

(i) be BMO™(R™).

(i) The operator Mg is bounded from LPUMH(R™) x ... x LPmAR(R™) fo
LPAE(R™),

From Corollary 5 inthe case A\f = ... = A, = A =1 = ... = by, = |4 We get
the following corollary, proved in [37].

Corollary 6. [37, Lemma 3.2] Let b; be a real valued, locally integrable function
m R, 1 <p <oowitht=1,...,m. Let also % = 1%1+"'+1%’ 0< A< n.
Then the following assertions are equivalent:

(i) be BMO™(R™).

(ii) The operator M is bounded from LPVAR™) x. .. x LPmAR™) to LPAMR™).

From Corollary 5 in the case 1 = ... = pm = i = 0 we get the following new
result.

Corollary 7. Let b; be a real valued, locally integrable function in R™, 1 < p; < oo
with 1 = 1,...,m. Let also % = p% +"'+p%’ 0 < XA < n. Then the following
assertions are equivalent:

(i) be BMO™(R™). -

(ii) The operator My is bounded from LPYAR™)x . . x LPmA(R™) to LPA(R™).
Remark 1. Note that Corollaries 3, 4, 5 and 7 are new.
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4. Commutator of multi-sublinear maximal operator on product
total Morrey spaces

In this section, we establish necessary and sufficient conditions for the bound-
edness of the commutator of the multi-sublinear maximal operator [b, M| on
product total Morrey spaces LPMH(R™).

The following relations between [b, M] and M are valid:

Let b; be any non-negative locally integrable function with¢ = 1,...,m. Then
for all f € L{ (R") and z € R" the following inequality is valid

=> )bj(x)/\/l( ) (@) — M(fr, - Fi—1:bi f, it - -,fm)(l’)‘

= Z ’M(fla (EX3) fj—la bj(x)fjv fj-i-l: ceey fm)<l') - M(fb (EX3} fj—la bjf]7 fj+17 ceey fm)(x)

j=1
SZM(flv7f]*17}bj(x)_bj‘f]afj+lvafm)(x)
j=1
= My, (@) = My(f)(@).
j=1
If b; is any locally integrable function on R™ with ¢ = 1,...,m, then
16, MI(F)(@)] < My(] +2(§jb D) M(P@), wer (1)

holds for all f € LI (R") x ... x LL _(R™) (see, for example [35]).
Applying Theorem 5, we obtam the following result.

Theorem 6. Let b; be a real valued, locally integrable function in R™, 1 < p; < oo,
0< X <nand0<p <nwithi=1,..,m. Letalsol =L+ +L
2= 4dmogpdl—ly 4w
Then the following assertions are equivalent:

(i) b; € BMO(R™) such thatb; € L*(R") withi=1,...,m

(ii) The operator [b, M] is bounded from LPtA1H1(RM) x .. x LPm-Amapm (R™)
to LPAE(R™).
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(1it) Forp € (0,00), there is

b; — Mp(b;
sup H( Ll ))XBHLP <oo, t=1,...,m.

B m
IxBllLe
j=1

Proof. (i) = (ii). Suppose that b € BMO™(R"). Combining Theorems 2
and 5, and the inequality (11), we get

18, M)l < IMF) +2( D b7 (@) Ml o
j=1

< Mgl +2( 3217 Nl ) 1M e

j=1
S D (sl + 115 zee) TTF5l g (12)
, i

J=1

(i) = (iii). Assume that [b, M] is bounded from LPtALA1(R™) x ... x
LpmAmstim (R7) to LPAMH(R™). Let B = B(z,r) be a fixed ball. Denote by Mg f
the local maximal function of b;:

1
Malb)(@) = swp o [y, 2 e R
s e | B Jp

Since

M(bix)xB = Mp(b;) and M(xB)XB = XB>

> (Mp(bi)(2) = bi(x)) = [b, M] (x)(x) for any z € B.

j=1
we have

0 < (Mp(b;) —b;)xB < Z (Mp(bi) — b)) xB = b, M] (xB).
=1

Hence

NE

[(Mp(bi) — b)) xBlle@ny < || Y (Mp(b;) — bz')XBHLp(Rn)

=1

< [[1B, M] (xB)XB | o).

<
Il

1
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Thus from (9) we get

b = M b)) sl (b = Mt )XBHLp B M o)l

~
~

m Hot ol ~ .
I sl B 1Bl
j=1
_n A R 5
<rg? [rslf [1/rsly I, M) () s A (Rm) (13)
_n 2
<rg? [ralf 1/rsly ” sl ~ 1.

Thus, by (13), the proof of (ii) = (éii) is complete.
Finally, we give the proof of (iii) = (7).
Denote by

E:={x € B: b(x)<(bj)p} and F:={xe€ B: bi(z)> (b))}

[ 10— @alar = [ o)~ @l ar

in view of the inequality b;(z) < (bi)B < Mp(b;), x € E, we get

bi( dt = b dt

gw/EU)i(t)—M (t)|dt < |B|/ i (t (bs)(2)|dt
(55— M i>><BHLp<OO

IT Ixsllzri
j=1

Since

- MB(b’L)) XBHLP HXBHLPI =

< e

Consequently, b; € BMO(R™) with i =1,.
In order to show that b, € L*(R"), note that Mp(b;) > |bi|. Hence

Thus
(b;)B <c

and by the Lebesgue Differentiation theorem we get that
b, (x) <c forae xeR"

and finish the proof of Theorem 6. <«

From Theorem 6 in the case A = p or 4 = 0 we get the following new

corollaries.
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Corollary 8. Let b; be a real valued, locally integrable function in R™, 1 < p; < 0o
and0 < X\, <nwithi=1,...,m. Let also% = p%—l—...—i—li (md% = %—I—...—l—g—z.
Then the following assertions are equivalent:

(i) by € BMO(R"™) such that b, € L*°(R") withi=1,...,m.

(ii) The operator [b, M] is bounded from LP*  (R™) x ... x LPmAm(R™) to
LPA(R™).

(791) Forp € (1,00), there is

1

s%p (|;|/B‘bz(:c) — Mp(b;)(z)| dx); <oo, i=1,...,m.

Corollary 9. Letb; be a real valued, locally integrable function in R™, 1 < p; < 00
and0 < \; <nwithi=1,...,m. Let also% = 10%4—...—1—% and% = %+...+;—:.
Then the following assertions are equivalent:

(i) by € BMO(R"™) such that b; € L*(R") withi=1,...,m.

(i) The operator [b, M] is bounded from LPt M (R™) x ... x LPmAm(R™) to
LPA(R™).

(#i1) For p € (1,00), there is

s%p (|;|/B‘bl(x) —MB(bi)(xﬂdx); <oo,i=1,...,m.

From Corollary 8, in the case A\ = ... = Ay, = A =1 = ... = tyy, = 1, We
obtain the following corollary, which was proved in [37].

Corollary 10. [37,Theorem 1.1] Let b; be a real valued, locally integrable func-
tion in R", 1 < p; < oo withi = 1,...,m. Let also % = pil—i—...—i—i and
0 < A <n. Then the following assertions are equivalent:

(i) by € BMO(R™) such that b; € L>*(R"™) withi=1,...,m.

(i) The operator [b, M] is bounded from LPYMR™) x ... x LPmMR™) to
LPAR™).

(1it) Forp € (1,00), there is

Slép (%/B‘bz(x) —MB(bZ-)(xﬂdx); <00, i=1,...,m.

From Corollary 8, in thecase Ay = ... = Ap,=Xand g1 = ... =y, = p = 0,
we obtain the following new result.

Corollary 11. Let b; be a real valued, locally integrable function in R™, 1 < p; <
oo with i = 1,...,m. Let also % = p%—l—...—f—]i and 0 < A < n. Then the
following assertions are equivalent:



44 S. Celik, S.G. Hasanov

(i) by € BMO(R"™) such that b; € L*(R"™) withi=1,...,m.

(i) The operator [b, M] is bounded from LPYMR™) x ... x LPmMR™) to
LPA(R™).

(1it) Forp € (1,00), there is

1

1 =
sup | — bi(x) — Mp(b;)(z)|dx )" <oo, i=1,...,m.
o (17 [ i) = Ma(bi))| o)
Remark 2. Note that Corollaries 8, 9, and 11 are new.

5. Conclusion

This paper has investigated the boundedness properties of the multi-sublinear
maximal commutator operator and the commutator of the multi-sublinear maxi-
mal operator on product total Morrey spaces. Was obtained necessary and suffi-
cient conditions for the boundedness of the multi-sublinear maximal commutator
operator M- and the commutators of the multi-sublinear maximal operator [5, M]
on product total Morrey spaces LP1AUHL(R™) x ... x LPmAmbtm (R™) to the total
Morrey spaces LPMH(R™).

Acknowledgements

The author would like to express his gratitude to the referee for his/her very
valuable comments and kindly suggestion.

References

[1] Akbulut, A., Guliyev, V.S., Mustafayev, R.Ch. (2012) On the boundedness of
the mazimal operator and singular integral operators in gemeralized Morrey
spaces, Mathematica Bohemica, 137(1), 27-43.

[2] Akbulut, A., Isayev, F.A., Omarova, M.N. (2026) Commutators of parabolic
integral operators with parabolic Lipschitz functions on parabolic total

Morrey-Guliyev spaces, Azerbaijan Journal of Mathematics, 16(1), 287—
300.

[3] Celik, S., Akbulut, A., Omarova, M.N. (2025) Characterizations of
anisotropic Lipschitz functions via the commutators of anisotropic maximal
function in total anisotropic Morrey spaces, Transactions of the National
Academy of Sciences of Azerbaijan. Series of Physical-Technical and Math-
ematical Sciences, Mathematics, 45(1), 25-37.



[4]

[10]

[11]

[13]

[14]

Commutators of Multi-sublinear Maximal Operators 45

Fazio GDi, Palagachev, D.K., Ragusa, M.A. (1999) Global Morrey regular-
ity of strong solutions to the Dirichlet problem for elliptic equations with
discontinuous coefficients, Journal of Functional Analysis, 166(2), 179-196.

Grafakos, L. (2009) Modern Fourier Analysis. 2nd edn. Springer, New York,
NY.

Grafakos, L., Torres, R. (2002) Multilinear Calderdn-Zygmund theory, Ad-
vances in Mathematics, 165, 124-164.

Guliyev, V.S., Hasanov, J.J., Zeren, Y. (2011) Necessary and sufficient con-
ditions for the boundedness of the Riesz potential in modified Morrey spaces,
Journal of Mathematical Inequalities, 5(4), 491-506.

Guliyev, V.S. (2022) Mazimal commutator and commautator of maximal func-
tion on total Morrey spaces, Journal of Mathematical Inequalities, 16(4),
1509-1524.

Guliyev, V.S. (2024) Characterizations for the fractional mazimal operator
and its commutators on total Morrey spaces, Positivty, 28(4), Article no.
51, 1-20.

Guliyev, V.S., Eroglu, A., Abasova, G.A. (2024) Parabolic fractional max-
imal commutators with BMO function on Orlicz spaces, TWMS Journal of
Pure and Applied Mathematics, 15(1), 3-14.

Guliyev, V.S., Isayev, F.A., Serbetci, A. (2024) Boundedness of the
anisotropic fractional maximal operator in total anisotropic Morrey spaces,
Transactions of the National Academy of Sciences of Azerbaijan. Series of
Physical-Technical and Mathematical Sciences, Mathematics, 44(1), 41-50.

Guliyev, V.S. (2025) Characterizations of commutators of the mazimal func-
tion in total Morrey spaces on stratified Lie groups, Analysis and Mathemat-
ical Physics, 15, Article number: 42.

Guliyev, V.S., Akbulut, A., Isayev, F.A., Serbetci, A. (2026) Commutators
of the maximal function with BMO functions on total mized Morrey spaces,
Journal of Contemporary Applied Mathematics, 16(1), 119-138.

Guliyev, V.S. (2026) Hardy-Littlewood-Sobolev inequality in total Morrey
spaces on stratified Lie groups, Applied and Computational Mathematics,
25(1), 180-196.



46
[15]

[22]

[23]

[24]

[25]

S. Celik, S.G. Hasanov

Hasanov, S.G. (2014) Multi-sublinear rough maximal operator on product
Morrey and product modified Morrey spaces, Journal of Contemporary Ap-
plied Mathematics, 4(2), 57-65.

Hasanov S.G. (2015) Multi-sublinear rough fractional maximal operator on
product modified Morrey spaces, Proceedings of the Institute of Mathematics
and Mechanics, National Academy of Sciences of Azerbaijan, 41(1), 77-87.

Hasanov S.G. (2026) Multi-sublinear mazimal operators on product total
Morrey-Guliyev spaces, Transactions of the National Academy of Sciences of
Azerbaijan. Series of Physical-Technical and Mathematical Sciences, Math-
ematics, 46(1), 56-63.

Hu, G., Yang, D. (2009) Mazimal commutators of BMO functions and sin-
gular integral operators with non-smooth kernels on spaces of homogeneous
type, Journal of Mathematical Analysis and Applications, 354 249-262.

Kpata, B.A., Nagacy, P. (2026) Total Fofana—Guliyev spaces with applica-
tions to norm inequalities for classical operators, Khayyam Journal of Math-
ematics 11(2), 285-301.

Lerner, A.K., Ombrosi, S., Perez, C., Torres, R.H., Trujillo-Gonzalez, R.
(2009) New mazximal functions and multiple weights for the multilinear
Calderon-Zygmund theory, Advances in Mathematics, 220, 1222-1264.

Mammadov, Y.Y., Guliyev, V.S.; Muslimova, F.A. (2025) Commutator of
the mazximal function in total Morrey spaces for the Dunkl operator on the
real line, Azerbaijan Journal of Mathematics, 15(2), 85-104.

Mammadov, Y.Y., Akbulut, A., Guliyev, V.S., Omarova, M.N. Commutator
of the mazimal function in total Morrey spaces in the Dunkl setting, TWMS
Journal of Pure and Applied Mathematics, 17(1) (2026), 79-93.

Mammadov, Y.Y., Muslimova, F.A. (2026) Commutator of the mazimal
function in total Morrey spaces for the Dunkl operator on the real line, Jour-
nal of Contemporary Applied Mathematics, 16(2), 137-147.

Morrey, C.B. (1938) On the solutions of quasi-linear elliptic partial differ-
ential equations, Transactions of the American Mathematical Society, 43,
126-166.

Muslimova, F.A. (2026) Boundedness of the fractional maximal commuta-
tor in total Morrey-Guliyev spaces for the Dunkl operator on the real line,



Commutators of Multi-sublinear Maximal Operators 47

Transactions of the National Academy of Sciences of Azerbaijan. Series of
Physical-Technical and Mathematical Sciences, Mathematics, 46(1), 138
145.

Nagacy, P. (2024) Boundedness of some commutators in total Fofana spaces,
European Journal of Mathematical Analysis, 4(22), 1-10.

Omarova, M.N. (2025) Commutators of parabolic fractional maximal opera-
tors on parabolic total Morrey spaces, Mathematical Methods in the Applied
Sciences, 48(11), 11037-11044.

Omarova, M.N. (2025) Commutators of anisotropic mazimal operators with
BMO functions on anisotropic total Morrey spaces, Azerbaijan Journal of
Mathematics, 15(2), 150-162.

Ragusa M.A. (1994) Regularity for weak solutions to the Dirichlet problem
in Morrey space, Rivista di Matematica della Universita di Parma, 5(3),
355-369.

Serbetci, A. (2025) Boundedness of the B-mazximal operator in B-total
Morrey—Guliyev spaces, Transactions of the National Academy of Sciences of
Azerbaijan. Series of Physical-Technical and Mathematical Sciences, Math-
ematics, 45(4), 145-154.

Xie, C. (2010-2011) Some estimates of commutators, Real Analysis Exchange
36(2), 405-416.

Xue, F. (2024) Commutators for the fractional maximal and sharp functions
on total Morrey spaces, Proceedings of the Romanian Academy. Series A,
25(2), 103-110.

[33] Wei, M., Li, S., Liu, X., Hou, Y. Three geometric constants for total Morrey

spaces, Mathematical Inequalities and Applications, 28(2) (2025), 271-277.

[34] Wei, M., Hou, Y., Yan, D. (2025) Sharp bounds for the m-linear Hardy oper-

[35]

[36]

ator on central total Morrey spaces, Mediterranean Journal of Mathematics,
22, Paper No. 47.

Zhang, P. (2015) Multiple weighted estimates for commutators of multilinear
maximal function, Acta Mathematica Sinica, English Series, 31(6), 973-994.

Zhang, P. (2019) Commutators of multi-sublinear mazximal functions with
Lipschitz functions, Results in Mathematics, 74(1), Paper No. 49, 21 pp.



48 S. Celik, S.G. Hasanov

[37] Yu, X., Zhang, P., Li, H. (2021) Some estimates for the commutators of mul-
tilinear mazimal function on Morrey-type space, Open Mathematics, 19(1),
515-530.

Suleyman Celik

Firat University, Social Sciences Vocational School Department of Banking Finance and
Insurance, 23119 FElazig, Turkiye

E-mail: aydnsml25@Qgmail.com

Sabir Hasanov
Gandja State University, Gandja, Azerbaijan
E-mail: sabhasanov@gmail.com

Received 05 December 2025
Accepted 16 April 2026



