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Uncountable Frames for Operators

M.I. Ismailov*, S.A. Nurieva, S.I. Jafarova

Abstract. In this paper, the concepts of an uncountable K-atomic system and an un-
countable K-frame for a bounded linear operator in a non-separable Hilbert space H are
introduced. Necessary and sufficient conditions for the existence of an uncountable K-
atomic system and an uncountable K-frame are found. The stability of an uncountable
K-frame is studied. The concept of an uncountable atomic decomposition for subspaces
of non-separable Hilbert spaces is also introduced. It is established that a system forms
an uncountable atomic decomposition with respect to a subspace of a non-separable
Hilbert space if and only if it forms an uncountable frame for the orthogonal projector
of this subspace.
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1. Introduction

The concept of a frame for a perturbed sequence of exponentials in the space
Ly was introduced by R.J. Duffin and R.J. Schaeffer [1] in 1952 while studying
the properties of non-harmonic Fourier series. Later, the concept of a frame was
also given in abstract Hilbert spaces. Namely, a sequence {x,}, .y is called a
frame in a Hilbert space H if there exist constants A, B > 0, such that, for each
x € H, the inequality

[eS)

2 2 2

Azl <) (@, 20))? < Bllzl?,
n=1

holds, where (-,-) is the inner product in H, and ||-|| is the norm generated by
the inner product in H. Every element of H admits a frame decomposition,
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which is generally not unique. This advantage leads to important applications
of frames, for example, in wavelet theory, time-frequency analysis, and Gabor
analysis. Frames are also widely used in coding theory, information processing,
data transmission and compression, signal processing, etc. For further infor-
mation, see [2-11]. Various generalizations of frames in Hilbert spaces include
g-frames ([12]), p-frames in invariant subspaces of Lebesgue spaces ([13]), continu-
ous frames ([14]), pg-frames ([15]), K-frames for bounded operators ([16]), frames
generated by bilinear mappings ([17, 18]), uncountable frames in non-separable
Hilbert spaces ([19]). Among the works devoted to this area are, for example,
[20-28]. It is therefore of interest to study uncountable K-frames for bounded
operators in non-separable Hilbert spaces. Recall that a sequence {z,}, .y is
called a frame in H for a bounded linear operator K : H — H if there exist
constants A, B > 0 such that, for each € H the inequality

AIK*(@)? <Y (@) < Bl|?,
n=1

holds.

This article is devoted to the extension of the concepts of atomic systems
and frames for bounded linear operators, as well as families of local atoms for
subspaces of separable Hilbert spaces, to non-separable Hilbert spaces with an
uncountable orthonormal basis. The concepts of an uncountable K-atomic sys-
tem and an uncountable K-frame associated with bounded linear operator K
on a non-separable Hilbert space H are introduced. Criteria for these concepts
and the relationships between them are established. The stability of uncountable
K-frames is studied. For a pair of systems, the concept of an uncountable atomic
decomposition with respect to subspaces of a Hilbert space H is given and its
connection with an uncountable frame with respect to a orthogonal projection
onto the corresponding subspace is established.

2. Some auxiliary information

Let H, H; and Hy be Hilbert spaces. Denote by L(Hi, Hs) the space of
bounded linear operators acting from H; to Hs, in particular, L(H, H) = L(H);
T* is the adjoint operator and R(T) is the image of T' € L(Hj, H2); ||| is the
norm in the corresponding normed space.

Regarding the embedding of images of operators, the following theorem holds.

Theorem 1. ([29]) Let Ly € L(Hy,H) and Ly € L(Ha,H). The following
statements are equivalent:

i) R(L1) C R(Lz);
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it) L1 L < AL L3, where A > 0 is some number;
i11) L1 = LoL, where L € L(Hy, Hy) is some operator.

We first recall some facts about uncountable Bessel systems and uncountable
orthonormal bases in non-separable Hilbert spaces.

Let I be an uncountable set of indices, and I* a set of at most countable
subsets of I. Let H be a non-separable Hilbert space with an orthonormal system
{ea}qer- Obviously, for each € H, we have

I(z) ={a: (x,eq) £0} € I?

and the series ) ;(2,eq)eq converges unconditionally. If the system {eq} ¢ is
complete in H, then for each = € H, we have

T = Z(w,ea)ea.

ael

In this case, the system {en},c; forms an uncountable orthonormal basis in H
and Parseval’s equality holds:

lzl* =D (@, ea) . (1)

acl

Note that the Banach analogue of the concept of an uncountable unconditional
basis was studied in [30].

The coordinate realization of the space H is the space la(I) of systems of
scalars A = {\a},c; such that I(\) = {a: Aq #0} € I% and 3,/ [Nal® < +o0,
with the scalar product

()‘v :u) = Z Aafla-
acl

Let 6, = {6043}561’ a € I, 6,3 be the Kronecker symbol. It is clear that the
system 0 = {dq0p} gep @ € I, is orthonormal in l5(I). Furthermore, it is obvious
that for any A € l3([) the series ) ; Aada converges unconditionally in lo(1)
and there is a unique decomposition

A=) Aaba,

ael

that is, the system 6o = {0ap} pers @ € I, forms an orthonormal uncountable
basis in lo(I).
Let {24}, be some system of elements of a non-separable Hilbert space H.
We first recall some facts about uncountable Bessel systems in non-separable
Hilbert spaces.
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Definition 1. ([19]) A system {xq} ¢ is called uncountable Bessel in H if there
exists a number B > 0 such that for any w € I the inequality

> l(x,za)l* < Bllz|?, x € H,

acw

holds. In this case, I(z) = {a: (x,z4) #0} € I*, x € H. The number B is
called the bound of the Bessel system.

We will need the following theorem

Theorem 2. ([19]) Let the series ) o AaTa converge for each YA = {Aa} 1 €
lo(I). Then there exists a number M > 0 such that

Z AaZa

ael

< ML YA = {Aataer € (1)

The following criterion of uncountable Besselianness for systems is valid.

Theorem 3. ([19]) A system {xa},c; is an uncountable Bessel system in H,
if and only if for VA = {Aa},er € l2(I) the series Y 1 Moo converges and the
linear operator T : lo(I) — H, defined by the formula

T(A\) = Aata, (2)

ael

is bounded. In this case, |T||> < B, where B is a bound of {Zatper-

If {xa},e; is an uncountable Bessel system, then the operator T : H — Io(1),
adjoint to operator (2), is defined by the formula

T*(z) = {(z,%a) } s> © € H.

3. Uncountable K-frames

Let {zo},c; be some system of elements of a non-separable Hilbert space H
and K € L(H).

The following concept is an uncountable analogue of the concept of an atomic
system for K.

Definition 2. We say that {za},c; i an uncountable atomic system in H for
K if the following statements hold:

i) for V{Aa}aer € l2(1) the series Y o1 AaTo converges;

it) there exists a number C' > 0 such that for every x € H there exists A\(x) =
{Aa(®)}oer € (1) such that [|[A(z)|| < Clz]| and K(x) =Y c; Aa(®)Zq.

The constant C' is called atomic bound of {Ta}c;-



Uncountable Frames for Operators 53

The existence theorem for an uncountable atomic system is valid.

Theorem 4. Let {eq},c; be an orthonormal uncountable basis in H. Then
{K(ea)}pes is an uncountable atomic system for K .

Proof. Tt is known that the series ) . Aa€q converges for V{Aq} 7 € l2(1).
Therefore, the series ) . Ao K (€q) converges. Take z € H. Let A\o(7) = (2, €q),
a € I. Then A(z) = {Aa(2)},e; € l2(I) and, based on Parseval’s equality (1), we
have

A=) = (Z I(xaea)l2> = [l

ael

Further, since z = ) .7 Ada€a We get

K(z) =) AaK(ea).

acl

The following theorem establishes a connection between the concepts of un-
countable Bessel systems and uncountable atomic systems.

Theorem 5. Let {eq},c; be an orthonormal uncountable basis in H. Then the
following statements are equivalent:

i) {Za}aer i an uncountable Bessel system in H;

ii) there exists an operator K € L(H), such that {xa},c; is an uncountable
atomic system for K.

Proof. Let {24}, be an uncountable Bessel system in H. Then, as is known
([30], Theorem 3.1), there exists an operator L € L(la(I), H) such that L(d,) =
T, o € I. Moreover, L = U*, where U € L(H,l2(1)): U(z) = {(z,24)} ;- Let
F € L(lo(I), H) be an isomorphism defined by the formula F(X) = Y ; Aa€a,
VYA = {Aa}aes € lo(). Put K = LF~!. Clearly, K € L(H) and

K(eq) = L(FYeq)) = L(6s) = Ta, a € I.

Therefore, by Theorem 4, {x4},¢; is an uncountable atomic system for K.
The converse statement follows from Theorem 2 and 3. <«

The following definition is an uncountable generalization of the concept of a
K-frame in separable Hilbert spaces.
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Definition 3. We say that {zs},c; 95 an uncountable frame for the operator
K € L(H) (an uncountable K-frame) in H if I, = {a € I : (x,24) # 0} € 1%,
x € H, and there exist constants A, B > 0, such that for each x € H the inequality

ANE*@)? < (@, 2a)* < Bll2|f?, (3)
ael

holds. The constants A and B are called uncountable K-frame bounds.

Obviously, every uncountable frame ([19]) in H is an uncountable K-frame.
The following theorem establishes a criterion for an uncountable K-frame.

Theorem 6. Let {xo},c; be a system of elements in H and K € L(H). The
following statements are equivalent:

i) {Zataer i an uncountable atomic system for K;

ii) {Za}aer @8 an uncountable frame for K;

i) {Ta}ocr 15 an uncountable Bessel system and there exists an uncountable
Bessel system {ya}oer such that K(x) =3 c;(2,Ya)Ta, © € H.

Proof. Let us check the validity of statement i) = di). Let {z4},.; be
an uncountable atomic system for K. Then, for V{Aa},c; € [2(I), the series
Y acl AaTa converges. By Theorem 3, {zo},; is an uncountable Bessel system,
and therefore, there exists a number B > 0 such that

Yo l@wa) < Bzl x € X. (4)
acw

According to Definition 2, there exists a constant C' > 0 such that for each
element 2 € X there exists A\(z) = {Aa(2)},c; € l2(/) such that [[A(z)| < C|z|
and the equality K (z) = > c; Aa(2)2q holds. Then

IE*(@)* = sup |[(K*(2),y)]” = sup |(z, K(y)* =

llyll=1 llyll=1
2 2
= sup (xvz/\a(y)xa) = Sup Z)‘ )(Za,x)| <
wi=1| 4o lyl=1 |4
2
< sup (ZP\ M (@a, )\) <
=1 \ =

<sup2|)\ W e, ) <CY (o, 2) (5)

lvl=1 qer a€el acl
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So, according to (4) and (5) we obtain

*IIK* WP <Y (e, 2)* < Blz)?.
ael

Let us check the validity of the statement i) = 4ii). By virtue of Theorem
3, the operator T', defined by formula (2), is bounded. Consequently, we obtain

AIK* @) <) (@, 2)|* = [T (@) .
aecl
It follows that AK K* < TT*. Therefore, by Theorem 1, there exists an operator
F € L(H,I3(I)) such that K = TF. Let us take z € X and set F(z) = A\(z) =
{Aa(2)}oer € 12(1). For a linear functional A\,(x), we obtain

2

Pa(@) < [ Do Ps@)* | < IF| Il

Bel

Then, by the Riesz representation theorem of there exists y, € X such that
Aa(2) = (7,Ya). We have

Do l@ya)l® < IFIP )1,

ael

that is, {ya},c; forms an uncountable Bessel system in H. On the other hand,
the equality
K(z) =T(F(x)) = ) _(&,Ya)za,
acl
holds.

Let us check the validity of statement 71i) = 7). Let {za},c; and {ya},c; be
uncountable Bessel systems in H such that K(z) = > c;(z,ya)Ta, x € H. By
Theorem 3, the series ) .; AaZq converges for each A = {Ao},c; € l2(f). For
each € H, we define Ao (z) = (7,ya), @ € I. Since {ya},c; is an uncountable
Bessel system in H, then A(z) = {\a(2)},c; € l2() and the inequality

@) = <ZM >é = (Z\(w,ya)QY < VBi|jz|,

acl ael

holds, where By is the bound of {ya },¢c;- Thus, {Za},c; is an uncountable atomic
system for K. <

The following criterion is valid.
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Theorem 7. Let {eq}c; be an orthonormal uncountable basis in H and {Ta}c;
be some system of elements in H. The following statements are equivalent:

i) {Za}aer is an uncountable K-frame in H;

it) there exists an operator L € L(H) such that xo = Leq and R(K) C R(L).

Proof. Let {q},e; form an uncountable K-frame in H. Then there exist
constants A, B > 0 such that

AE*@)* <Y |(w,20)]* < Bll2|* 2 € H. (6)
ael
Let us consider the operator U : H — H according to the formula
U(z) = Z(:c,a:a)ea, x € H.

acl

Taking into account (1), according to (6), we obtain
IU@)|* = (@, za)* < Bl
ael

It follows that the operator U is bounded. Let us find the adjoint operator to U.
For z,y € H, we obtain

(U(.le), y) = (Z(xa l'a)ea, y) = Z(J;’ Jia)(ea, y) = (iL', Z(yv €a)$a)-
acl acl acl
Thus, the adjoint operator U* is expressed by the formula

U*(y) = Z(ya ea)waa (VNS H.
acl

Hence, in particular, U*(eq) = 4. Let L = U*. Using (6), we have

AIE* @)]* <) I, za)* = [U(@)* = [[L* ()],

ael
that is, the inequality AKK* < LL* holds. Then, by Theorem 1, we obtain
R(K) C R(L).
Conversely, suppose there exists an operator L € L(H) such that x, = Le,
and R(K) C R(L). Then, for any x € H, we obtain

Dol za)l? =) I, L) = Y I(L* (), ea)* = [|IL*(@)[* < | LI ]

acl ael ael
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Furthermore, by Theorem 1, there exists a number A > 0 such that AKK* <
LL*. Then, based on Parseval’s equality (1), we have

AIE* @)]* < IL* @)1 = Y 1L (2) )| = Y I, za) .

ael ael

Therefore, the system {z,} .; forms an uncountable K-frame in H. <«

acl

The following theorems on the stability of uncountable operator frames are
valid.

Theorem 8. Let Ki,Ky € L(H), {za},c; be an uncountable Ki-frame in H
and R(K3) C R(K1). Then {za},c; forms an uncountable Ko-frame in H.

Proof. By Theorem 1, there exists a number A > 0 such that Ko K3 < AK; K7T.
Case A = 0 is obvious. Let A > 0. Then for every z € H, we have

15 (2)[| < M K7 ()]

Therefore, if A and B are bounds of an Kj-frame {x,} then

acl

A * 2 * 2 2 2

2 K2 @) < A Ki(2)] < (@ 30)” < Bz
ael

Thus, {74} ,c; forms an uncountable K»-frame in H. <«

Theorem 9. Let Ki,Ky € L(H), {za},c; be an uncountable Ki-frame in H
and let there exist numbers A1 > 0 and 0 < Ay < 1 such that

K7 (2) = K3 (@) < MK (@)l + A2 | K (2)]], 2 € H.
Then {xa},c; forms an uncountable Ko-frame in H.

Proof. For x € H, we have
15 ()| < 1K (2) = Ky ()| + [ K7 (@) < (14 M) [ K7 (@) + A2 [ K3 ()] -

As a result of equivalent transformations, the last inequality reduces to the in-
equality
14+ X

12 (@) < 7 1K @)l

Therefore, by Theorems 1 and 8, the system {24}, forms an uncountable Ks-
frame in H. <«
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Corollary 1. Let K € L(H) and {za},c; be an uncountable K-frame in H.
Suppose that there exist numbers Ay > 0 and 0 < Ay < 1 such that

K" () — 2l < MK (2) ]| + A fl=]], = € H.
Then {xq},c; is an uncountable frame in H.

The following theorem is also true.

Theorem 10. Let K € L(H), {za},c; be an uncountable K-frame in H with a
lower bound A, and let {ya},c; be an uncountable Bessel system in H such that

(mea Yor) ) <>\<Z|xaza >1+

acl ael

+h (Zl(ﬂﬁ,yaHz) +y K5 (@)« € H, (7)

acl

where 0 < v < VA, 0< pand 0 < A< 1— ﬁ are some numbers. Then {yq}

acl
forms an uncountable K-frame in H.

Proof. For x € H, using (7), we obtain

(ZK:):?‘TO&)’Z) < <Z|(xaxo¢ Yo) > <Z|$ya ) <
acl agl acl

1) (Z !(mjya)V) + K@)l

ael

=

<A (Z \(x,xm)

acl
It follows that

l

(Zr<m,wa>r2> <15 (Z\wya ) P IE @ ®

acl a€el

Comparing (6) and (8), we obtain

VA|K*(2) ||<””(Z|xya ) + K@)

1
acl
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The last inequality is equivalent to the following inequality:

A=IVAZY e \|<”“(Z\xya ) . 0

aecl
Dividing both sides of (9) by = 1+“ and squaring the resulting inequality, we obtain
A || K" (x <Z|xya ,
ael
2
(1-N)VA—

T ) . Thus, {ya},ec; forms an uncountable K-frame in H
with a lower bound 4,. «

where A1 =

4. Uncountable atomic decomposition of subspaces

Let Hy be a subspace of the Hilbert space of H. Suppose that Py, € L(H, Hp)
is the orthogonal projection on Hy.

The following concept generalizes the concept of atomic decomposition for
subspaces ([16]).

Definition 4. Let {z},c; be an uncountable Bessel system in H and { fa} 5 be
a system of linear bounded functionals in H. We say that the pair ({‘T@}ael , {fa}aEI)
is an uncountable atomic decomposition for Hy, if
i) there ezists a number C' > 0 such that for every x € H and w € I the
equality
2 2
Yo lfal@)P < Cllz)?,
acw
holds;
i) for every x € Hy, the equality x =Y 1 fa(x)Ta holds.

The constant C' is called an atomic bound of {fa},c;-
The following theorem gives equivalent conditions for an uncountable atomic
decomposition for subspaces.

Theorem 11. Let {eq},c; be an orthonormal uncountable basis in H and {xq},c;
an uncountable Bessel system in H. The following statements are equivalent:

i) there exists a system {fa},c; C H*, such that the pair ({za},er {fatact)
18 an uncountable atomic decomposition of Hy;

ii) {Ta}acr 18 an uncountable frame for P, ;
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iii) there exists an uncountable Bessel system {ya}oc; C H such that Py, =
Y act (@ Ya)Ta, v € H.

iv) there exists an operator L € L(lo(I), H), such that xo = Lo and Hy C
R(L).

Proof. Let us check the validity of statement i) < 47). Let the pair ({za},¢;
{fataer) form an uncountable atomic decomposition for Hy and let C' be an
atomic bound of { fo } ;- Then for any A = {Aa},c; € [2(1) theseries Y o7 AaZa
converges and for any x € H inequality holds

Y lfal@)? < Cllz)*. (10)
ael
Let Ao(7) = fa(PHy(z)), x € H. Tt is clear that A(z) = {Ma(2)},e; € l2(1),
x € H. On the other hand, by virtue of (10), we get

> Pal@) =) falPry (@) < O Py (2)|* < Cl].

acl ael
Finally, for each x € H we obtain

Puyz = falPuy ()20 =D Aa()za.
acl ael
S0, {Za} ey i an uncountable atomic system for Pg,. Then, by Theorem 6, the
system {Zq},c; is an uncountable frame for P, .
Conversely, let {zq},c; be an uncountable frame for Pp,. Then, by Theorem
6, it is an uncountable atomic system for Pp,. Therefore, for every x € H there
exists A(x) = {Aa(®)} 5 € [2(I) and there exists a number C' > 0 such that for
every x € H we have
Y Pal@)? < Cllz)?.
acl
It is clear that fo(z) = A\a(z), = € H, is a system of linear bounded functionals
in H satisfying the condition

Y fal@)P <Ol
ael
Moreover, for each x € Hy we have

x = Z Aa(T)xo = Z fa(z)z0.

acl acl
Therefore, the pair ({Za}aess{fataes) forms an uncountable atomic decompo-
sition for Hy.
The validity of i) < i) and i) < iv) follows from Theorems 6 and 7,
respectively. «
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