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Calderon-Zygmund Operators and Their
Commutators on Modified Mixed Morrey Spaces
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Abstract. We study the boundedness of Calderén-Zygmund integral operators in mod-
ified mixed Morrey spaces Lz x(R™). In addition, we investigate the boundedness of their
commutators [b, T|, where the symbol b belongs to BMO(R™). Sufficient conditions are
established to ensure the boundedness of both the Calderén-Zygmund operators T' and
their commutators [b, 7] on Ly »(R™).
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1. Introduction

Classical Morrey spaces Ly,  were originally introduced by Morrey in [26] to
study the local behavior of solutions of second-order elliptic partial differential
equations. The theory of mixed-norm function spaces has undergone significant
development over the past few decades. Nevertheless, the standard literature is
still the mixed Lebesgue spaces Lz(R™), 0 < p’ < 00, as a natural generalization
of the classical Lebesgue spaces L,(R"), 0 < p < oo, it is first introduced by
Benedek and Panzone [3] in 1961. Mixed-norm function spaces possess a more
refined structural framework than their classical counterparts, thereby enabling
wider applications in analysis, including potential analysis, harmonic analysis and
partial differential equations. In 2019, Nogayama [27] introduced a new Morrey-
type space, called mixed Morrey space by generalizing Morrey spaces and mixed
Lebesgue spaces, see also [1, 4, 11, 14, 15, 28, 29]. In this paper, we introduce
the modified mixed Morrey spaces Ly \(R™). These spaces generalize the mixed
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Lebesgue spaces in the sense that Eﬁ,o(R”) = Ly(R™) and the modified Morrey
spaces in the sense that L, ) A(R") = Ly x(R"), see [2, 9, 11].
Let f € LP¢(G). The Hardy-Littlewood maximal operator M is defined by

M) =sup| B0 [ (5wl
t>0 B(x,t)

Let T be a Calderén-Zygmund singular integral operator, briefly a Calderén-
Zygmund operator, i.e., a linear operator bounded from Lo(R"™) to Lo(R™) taking
all infinitely continuously differentiable functions f with compact support to a
function f € LI°¢(R™) represented by

Tf()= [ Mag)f@dy  ae. off suppf. 1)

Here k(z,y) is a continuous function away from the diagonal which satisfies the
standard estimates: there exist ¢; > 0 and 0 < € < 1 such that

k(z,y)| < erlw —y[™" (2)
for all z,y € R", = # y, and
|z — |
[z =y

whenever 2|z — 2/| < |z — y|. Such operators were introduced in [6].
It is well known that fractional maximal operator, Riesz potential and Calderén-
Zygmund operators play an important role in harmonic analysis (see [23, 31]).
Given b € BMO(R"™), the commutator [b, T| generated by b and the operator
T is defined by

k(a.y) — k@', g)| + |k(y.2) — k(y.2')] < 1 ( ) g @)

0, T]f(x) = /n k(z,y) f(y) (b(x) — b(y)) dy. (4)

The purpose of this article is to investigate the boundedness properties of
Calderén-Zygmund operators T and their associated commutators [b, 7] in the
framework of the modified mixed Morrey spaces ij A(R™). In particular, we
consider symbols b belonging to the space BMO(R™) and establish conditions
under which these operators act bounded on the aforementioned function spaces,
see [5, 12, 13, 16, 17, 18, 19, 22, 24, 30].

By A < B, we mean that A < CB for some positive constant C' independent
of the relevant quantities. If A < B and B < A, we write A = B and say that A
and B are equivalent.
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2. Definition and basic properties of modified mixed Morrey
spaces

For any r > 0 and x € R", let B(z,r) = {y : |y—x| < r} be the ball centered
at = with radius . Let B = {B(z,r) : = € R", r > 0} denote the set of all
such balls. We also use xg and |E| to denote the characteristic function and the
Lebesgue measure, respectively, of a measurable set F.

The symbol p denotes n-tuples of the numbers in [0, oo],(n > 1),p =

(p1, -+* , pn). By definition, the inequality, for example 0 < P < oo means that
0<p; <ooforalli. Forl <p< oo, Wedenote— —Z ,p =(p}, -+ ,ph)
here p!, P’ satisfies 1 + + 1 1
, wher i —+ = — =1.
P pi P, PP

We first recall the definition of the mixed Lebesgue space defined in [3].
Let p= (p1,...,pn) € (0,00]". Then the mixed Lebesgue norm || - || or

|| - HL(m 7777 o) is defined by
Iy = W Ly
P2 3 1
= / / / |f(z1, w2, ..., )\pldm) pld:m) "2 ..dxn> e
R R R
where f : R"™ — R is a measurable function. If p; = oo for some j = 1,...,n,

then we have to make appropriate modifications. We define the mixed Lebesgue
space L(R™) = L, . ) (R") to be the set of all f € Lo(R") with | f| L, < oo,
where Lo(R™) denotes the set of measureable functions on R”.

The following analogue of the Hélder’s inequality for Ly is well known (see,
for example, [34]).

Theorem 1. Let Q C R™ be a measurable set, 1 < p < oo and 5+ pq =1. Then
for any f € Ly(Q2) and g € Ly (S2), the following inequality is valid

[ 1 @a@ldz < 17y ol o

By elementary calculations we have the following property.

Lemma 1. Let 0 < p< oo and B be balls in R™. Then

1
HXB HLﬁ = ”XB HWLﬁ = ’B| P

By Theorem 1 and Lemma 1 we get the following estimate.



Calderén-Zygmund Operators and Their Commutators 67
Lemma 2. For 1 < p' < oo and for the balls B = B(x,r) the following inequality
1s valid:

/B F@)ldy < 1B | llLs)-

The following lemma shows the Lebesgue differential theorem in mixed-norm
Lebesgue spaces as follows.

Lemma 3. [3/, Lemma 2.4] Let f € LY°(R™) and 0 < p'< oo, then

LB,
lim ”HLFM =|f(x)| a.e xzeR"
r—0 HXB(%T-)HL;}’
Definition 1. Let 0 < p' < oo, A € R, [ty = min{l,t}, t > 0. We denote by
Lz A(R™) the mized Morrey space [27] and by Ly A(R™) the modified mized Morrey
space [9] the set of all classes of locally integrable functions f with the finite norms

_A
||f||L5,,\ = :CGHSREE>Ot P ”fHLﬁ(B(a:,t))a
_2A
1Az, = xe};ggwﬁh PN LB @)
respectively.
Note that
Lyo(R™) = Lyo(R™) = Ly(R™),
and N
Lia(B") Cy Lya(R"), and |f]z,, < /117, 5)
Lya(R") Co Lp(R™), and || fllr; < [IF1z (6)

and if A < 0 or A > n, then Lz \(R") = E@A(R") = 0O, where © = O(R") is the
set of all functions equivalent to 0 on R"™.

Remark 1. If0 < p < 0o, and A > n, then
Ly \(R™) = ©(R"),

where © = O(R") is the set of all functions equivalent to 0 on R™.
Let A > n and f € Ly \(R™). By the Lebesgue differentiation theorem on
integrals for all f € L%)C(R") (see Lemma 3) and for almost all v € R™:

i 1L yB )

B,

. HfHL*BLU,T‘
= lim — B ) (7)
r—0+ HXB(w,r) HLﬁ
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Then, we have that for allx € R" and 0 <r < 1

HfHL~B , -1 aon
( (Il)) <wu, Pre ”fHEH)\
|B(w,7)|P "

Passing here to the limit as r — 0+ by (7) we get that f(x) = 0 for almost
all x € R™.

Lemma 4. Let 1 < p,p < oo, %»—i—z% =1,0< \XN <nand B = B(z,r).
Suppose that f xp € E@A(R”) and gxB € Eﬁ,,v (R™). Then

2+
1Fallzamy < 1171 X8l oy N9 X817, |y

Proof. Let 1 < p,p' < oo, %+%:1,0§)\,)\’<n. Let B = B(z,r) any ball

in R™. Suppose that fxp € Z@,\(R”) and g xp € Ew, (R™). By the generalized
Hoélder’s inequality in Lebesgue spaces, we have

1f9ll By < If xBllLs®n) 9 xBlL, @7)
= (I 1 xslpen ) (7 1 X8l ycen)
< [t 1 x5z, @ 19X, @)
<
Lemma 5. I[f0<p < oo, 0 <\ <n, then
Lya(R") = Lya(R") N Ly(R")

and

11z, amy = 0 {11120 1 e | -

Proof. Let f € zﬁ,/\(R”). Then from (5) and (6), we have that f € Lz (R")N

Lyu(R”) and max { ||l oy, 1/ ey b < 1507, oy
Moreover

fllz.. = sup Fllzy
| ”LP,A meRn7t>0[] H | 2Bt

A
:max{ sup 7P (| fllLyB(a.t): swp £l B xt)}
TcER™ >

zeR",0<t<1
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S maX{HfHL@)\? ||f”Lﬁ} :

Therefore, f € Zﬁ A(R™) and the embedding Lz (R") N Lz(R™) C. ij A(R™) is
valid. B
Thus, LjA(R") = Lza(R") N Lp(R") and max {|| ]l [1fllz;} = 1 f]7, - <

Lemma 6. If 0 < p < oo, then

Lyn(R™) = Lo (R™)

and )
1Ly, = v 1fll Lo

Proof. Let f € Loo(R™). Then for all z e R" and 0 <t <1

n 1
PNl < on flliw
and for all z e R" and t > 1
n 1
P Ny B@n) < v [1flloe-

Therefore, f € Eﬁ, A(R™) and

1
1Az, <va [/ llee-

Let f € Eﬁn(Rn). By the Lebesgue’s differentiation theorem we have (see
Lemma 3)

. _1 n
hm [B(z, )77 [ Ly = [f(2)] for ae zeR™
Then for a.e. x € R

(@) = |B@ )" F | fllL (B

v su =P } <o
! xeR",(itgl HfHLp(B(:c,t)) < Up

ol=
o=

IN

Ifllz, -

Therefore, f € Loo(R™) and

1
1l < o™ 11z,
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Lemma 7. If 0 < A <n, 0<a<n—A\, then for 2=2 SPS%
Lya(R™) C» L1pn-o(R™)
and for [ € E@A(R") the following inequality
Fln < 0P 157,
15 valid.

Proof. Let0<a<n,0§)\<n,fefﬁv)\(R”) and"T_’\ < P < Z. By the
Hoélder’s inequality (see Theorem 1) we have

[fll21me = sup " fllL, (B
zeR",t>0
< sup [T /EYT N lLs ) 1ML, ()
z€R™ t>0
% —1\—p7 a—% n—o %
=uy sup  ([thit™h) Pt [/t ey " 1 lepm
2€R™, >0

n—>\

1 n _n=A
<ol |Ifll= sup([tht P[] T .
F 1z, sup () P 1
Note that

n _n=A
sup ([t ¢t 1) 7~ [ty 7 :max{ sup t*~ P ,supt*” }<oo
>0

0<t<1 t>1
ey <p<”
a a
Therefore, f € Lln o(R™) and
[FAIT S ||f||Lﬂ

<

Lemma 8. Let 1 < p < 7 < 00 and 0 < A, s < n. Let us assume that
A < % — 5 <0. Then, the following inequality

_ A2
P Q
~ < ~
171z, SIIE,,,

Q|

1s valid.
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Proof. The claim follows from the classical embedding theorem for Morrey
spaces. We recall that if 1 < ' < ¢ < oo, then we have

[ fllyB@t) StP 2 NfllLa(B@t):

Therefore, we obtain

- — P
171z, = sup_ Ml 7 ey

)

= maX{ sup || fL, S(B(x,t))»  SUP ||fHL,;(B(x,t))}
zER™, 0<t<1 zER™, t>1
Smax{ sup P t@ Iflz,B@e): sup t77 < | flL (s }
zeR™, 0<t<1 zeR™, t>1
n—A\ _n _ A2 n_n
= max sup Pt [ flLyB@t), sup t7 @ ([ fllLo(Bt)
z€R™, 0<t<1 ceR™ t>1

A2
< -3 — I fll~
S maX{ sup t @ ||f||L5(B(x,t))7x€]§EE>l ||f||Lq~(B(:Jc,t))} HfHLM

zeR"?, 0<t<1

<

By Lemma 8, in the case p = ¢, we get the following corollary.

Corollary 1. If 1 < p < oo and 0 < Ay < Ay < n. Then, the following inequality
- < _
17z, S0z, -

1s valid.

3. va,;,,w-boundedness of the Calderdon-Zygmund singular integral
operators

In this section we study the Eﬁ, ,u-boundedness of the Calderén-Zygmund
singular integral operators 7'.

Theorem 2. [27] Let T be the Calderdn-Zygmund singular integral operator de-
fined by (1), whose kernel k satisfies conditions (2), (3) and 1 < p < co. Then
the operator T is bounded on Lz(R™).

The following local estimate holds. The special case p'= (p, ..., p) was proved
in [8, Theorem 6.1], see also [7].
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Lemma 9. Let T be the Calderdn-Zygmund singular integral operator defined by
(1), whose kernel k satisfies conditions (2), (3), 1 < p < oo and for any o € R"

/1 P! [ f1 2y B(zo.t)) dt < 00

Then Calderon-Zygmund singular integral T f(x) exists for a.e. x € R™ and the

inequality
oo

171 oy S / (oo (8)

2r

holds for any ball B(xg,r) and for all f € L;?C(R”).

Proof. Let B = B(xg,r) be the ball centered at xg, with the radius r» > 0,
2B = B(x,2r), E(2B) =R"\ B(zp,2r), 1 <p' < oo. Weset f = f1+ fa, where
fr="Fxep and fo = fxegp.

We remark that, due to the lack of density of smooth functions in the mixed
Morrey spaces, the singular integral operators need to be defined in a convenient
way. To avoid confusion, we denote by Ty the singular integral operator T" acting
on Lﬁ(Rn).

For all f € L;?C(R”) for the singular integral operator we define

Tf(a) = Tofa(e) + [ bwg) a(w)dy. )

First, we show that T'f(x) is well defined for almost all z and is independent
of the choice of the ball B containing z. Since Tp is bounded on Lz(R™) and
f1 € Ly(R™), Ty f1 is well defined. Next, we show that the second-term of the
right-hand side defining T'f(x) converges absolutely for any f € L})?C(R”) and
almost every x € R".

Finally, it remains to show that the definition is independent of the choice of
B. Let B ={B(z,r): 2 € R", r > 0}. That is, if By, By € B and x € B; N By,
then

To(fxam)@)+ [ ko) fo)dy =

R"\QBl
—Ty(fxam)@) + [ hlo)f)d. (10)
R"\QBQ
To this end, let B3 € B be chosen so that 2B U 2By C Bs.
Since fx2B,, fXBs\2B, € Lp(R™), the linearity of Ty on Lz(R") yields

To(fxem)@)+ [ hlaa)fw)dy

Rn\231
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= Ty(frem)) + [

B3\2B;

k(e ) (y)dy + / k(. 9)/ (v)dy

R"\Bg

= TolFrm) @) + ToPxmpen @) + [ k) fwy

— To(fm)() + / Kz, ) f(4)dy. (1)

Rn\Bg

Similarly, we also have

Tolfxem,) (@) + / k(e ) (y)dy =

R"\2B,
— To(fx)() + / k(. ) f(4)dy. (12)
R"\ B3

Thus, combining (11) and (12), we obtain (10).
Since T is a linear operator, we have

1T fllLym) = 1Tfi + T follym) < 1T fillLyen + 1T fllLym)-
Note that f; € Ly(R™) and T is bounded in LzR"™), we have
T fillye) < T fillzyeey S 1l = [1fllzye8)-

It is clear that x € B, y € l3(2B) imply % |20 —y| < |z —y| < 3 |zo —y|, which

further yields
1/ W)l
Th)| 5 | dy
[T2()] CoBy [ro — y[™

Fubini’s theorem, we have
b

()l / / <o dt
/“(23) lzo — y[™ 2B)| W -
fWldy
/27‘ /mo, \QB‘ ‘ tn+l
dy
/27’ / B(zo,t) | tn+1

Applying Hoélder’s inequality on mixed Lebesgue spaces (see Theorem 1 and
Lemma 2), we obtain

fly e dt
/ ’(_7)’0@ N /2 ||f”L1(B(a:0,t)) JrEs]

S2m) lzo — y["
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o 1
< / (B0, )% 11140t

2r

(o.9]
S [ EF W aygmony (13)
T

Therefore, by (13), the second term on the right-hand side [p, k(x,y)f2(y)dy
converges absolutely for any f € L;Ji)" (R™) and almost every = € R", and therefore,
we get the right-hand side of (9) is finite.

Therefore, the singular integral Tf(x) is well defined for almost all x and
independent of the choice B containing .

Then from Lemma 1, we have

1T follp By S |BIP /2 t ?AHfHL gco,))dt%“g/2 1HfHL B(wo,t)) dt-

Therefore, we get

o0
1Ty S Ifllnsom) + 7 / (e

2r

On the other hand,

£l 2m) = re 1 flzy2m) /2 P dt

n

<b / B fllL (o A (14)

!

Thus

1Ty S 7 / Lo -

2r

<

Theorem 3. Let T be the Calderdn-Zygmund singular integral operator defined
by (1) with kernel k satisfying conditions (2), (3), 1 <p < oo. If f € Ly\(R"),
0<A<n, thenTf € Ly(R") and

ITflz,, < 1z, (15)

Proof. From the inequality (8) we get

_A
TS0z, = s (07 W oeny
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_2 n o0 _n dT
< sup [thpt”/ TP | fllyB@r) —
z€R™,t>0 T
A [ . Adr
< ~ tl, L tP P [r]F —
ST A
_A o n A dr
=1l swp ey [~ et

_A o % dr ©  adr
sup t P TP [tr]{ — sup T P }
1 1

{

=171, max{ sup 1 ([
{
{

= [1fllz,, max

= [1fllz,, max

<|Ifllz,, max

3 _n=x dT ® _adr
= 17l max{ [ T [T B T 1,

which implies that the operator T' is bounded in E@ A(R™). <

75

4. Zﬁ,,\-boundedness of the commutator of Calderén-Zygmund

operators [b, T

In this section we study the Z@ s-boundedness of the commutator of Calderén-

Zygmund operators [b, T| with b € BMO(R").

Definition 2. The space BMO(R™) is defined as the set of all locally integrable

functions f with finite norm

Iblsao = sup  |Bla, )" / 1b(y) — b |dy < oo,
x€R™ >0 B(x,t)

where bB(:r,t) = |B(I‘, t)‘_l fB(x,t) b(y)dy

The John-Nirenberg ineuqalitiy for BMO(R") yields that for any 1 < p < oo

and b € BMO(R™), the BMO(R"™) norm of b is equivalent to

1
blasior = sup (1B [ 1) = oy Pdy)
B(z,t)

zER™ t>0
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Recall that for any p'= (p1,...,pn) € (1,00)", the John-Nirenberg inequality
for mixed norm spaces [20] shows that the BMO(R"™) norm of all b € BMO(R")
is also equivalent to

16 = bB(2,t)) Xpan | LyRM)

1ol paror = sup (16)
TER™ >0 ||XB(z,t> HLﬁ(Rn)
The following property for BMO(R™) functions is valid.
Lemma 10. Let b € BMO(R™). Then for all 0 < 2r < t < oo, we have
t
‘bB(x,r) - bB(:B,t) S Hb”BMO In; (17)

Theorem 4. [33] Let T be the Calderdn-Zygmund singular integral operator de-
fined by (1) with kernel k satisfying conditions (2), (3), b € BMO(R") and
1 < p' < oo. Then the operator [b,T] is bounded on Lz(R"™) and

16, Tl Lyny S N0l BMO 1Nl 2Ry

The following local estimate is valid (see [10]).

Lemma 11. Let T be the Calderon-Zygmund singular integral operator defined
by (1) with kernel k satisfying conditions (2), (3), b € BMO(R™) and 1 < p' < oo.

Then the commutator of the Calderdn-Zygmund singular integral operator
[b, T exists for a.e. x € R™ and the inequality

n ! t PR [ T
10TV ey S o [ (L4 D) e By ypapdt (19

2r
holds for any ball B(xo,r) and for all f € L?C(R").

Proof. Let B = B(xg,r) be the ball centered at xg, with the radius r» > 0,
2B = B(x,2r), E(QB) =R"\ B(x,2r), 1 <p < oo. Weset f= fi + fa, where
fr=fxep and fo = fxeyp.

Since smooth functions are not dense in the modified mixed Morrey spaces,
the commutators of singular integral operators require a careful and appropriate
definition. For the moment, for the commutator of the singular integral operator
[b,T] on LzR™) by [b, Ty to avoid confusion.

For all f € L%OC(R”), we define the commutator of the singular integral oper-
ator by
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b, TV () = [b, To) fa() + / K(ey) (0(z) - b(y) folp)dy.  (19)

n

First, we show that [b, T]f(x) is well defined for almost all # and independent
of the choice B containing x. As [b,Ty] is bounded on LzR") and f; € Ly(R"),
[b, To] f1 is well defined. Next, we show that the second-term of the right-hand
side defining [b, T]f(z) converges absolutely for any f € L;;’C(]R") and almost
every x € R".

Finally, it remains to show that the definition is independent of the choice of
B. Let B={B(x,r): z € R", r > 0}. That is, if By, By € B and = € By N Bo,
then

0. To) (fxzm,) () + / k(. y) (b(x) — b)) F()dy

R™\2B;

= b, T0)(Fxem) (@) + / K, y) (b() — @) F)dy.  (20)

R™\2B

Actually, let Bs € B be selected so that 2B U 2By C Bs.
Since fx2B;, fXBs\28; € Ly(R™), the linearity of [b, Ty] on Ly(R™) yields

0. To)(fx25,)() + / k() (b(z) — b(y)) £ (v)dy

R™\2B;

= [b, To](fx2B,) () + / k(z,y) (b(z) — by)) fy)dy

B3\2B;

n / k() (b(x) — b(y)) F(y)dy = b, To)(Fx2,)(x)
R\ Bs

+ b, Tol(fXBa\2B, ) (%) + /Rn\B‘ k(z,y) (b(z) —by)) f(y)dy

= [0, To](f xBs)(x) + / k(z,y) (b(z) = b(y)) f(y)dy. (21)

R”\Bg
Similarly, we also have

b Tl(Pam) @)+ [ bly) Oe) - W) f5)dy

R”\QBQ

— b, o) (fxm,)() + / Kz, y) (b(x) — b)) F)dy. (22)

R”\B3
Thus, combining (21) and (22) we obtain (20).

Since [b, T is a linear operator, we have

10, TV flly3) = 10, T1f1 4+ [0 TV foll iy < 10T fallnyrey + 10T foll2ym)-
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Note that f; € Lz(R™) and [b, T is bounded in Lz(R™), we have

16: T fill sy < 16 Tl ymny S

S bllsaio [ fill Lyeny = 10l Baro | fllLy2B)-

Since « € B, y € "(2B) imply & |zo — y| < o — y| < 3 |20 — yl, we get

16, T fal)| < /v(23> o) =Bl (1 dy

[zo — y["
By using generalized Minkowski inequality on mixed Lebesgue spaces, we have

10Vl < [ [, =S

bs|
_H/QB ’$0—y|f 170)

=1 + I.

Lz(B)

+H/2B) |x0_;|i’ If(y)ldy‘Lﬁ(B)

For the term I, by Fubini’s theorem, we have

L[ b~ bl
~ BP/ B 7B £(y)| dy
B o oy )

& dt
b ~balF)] [ dy
ﬁ(z jwo—y| 1"
dt
y) — bl f(y)|dy —
/2r /xo, \2B H ( )’ g+l
dt
y) = bl |f(y)|dy ——
s [T ) bl dy
Applying Holder’s inequality and (16), (17), we get
dt
Il<7’P /2 / —bBHf( ’dytnﬁ
T xo,
dt
b [ ) bl 1Sy i

s

Q

r

22
*u\ﬁ

"0\3
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dt
b [ / )~ botenl LF6)] 40

n dt
Sre /2 (b — bB(:cg,t))XB(xO,t) 1L @y 1125 B(z0,0) sy

n & 1 dt
+rP /2 1bB(20.r) — bB(z0.0)| 1B(0s OIF | fllLy(B(xo.t) prs

T

n [ t\ ,_n_
S Pllavor® [ (1410 2) e Lo de
2r r

In order to estimate I, note that

b= H/2B |$0—yb’i‘ \f(y)]dy‘

o,
Ly(B)  JCop) lTo —y|"

|f(W)l

(2B) [zo — y|"

Ly(B)

- Jor oo

It follows from (16) that
B S lawort |,

Thus, by (13), we get

[e.9]

I < lbllsaro / Y e

2r

Summing up I; and I, we get

oo

n t _n_
0.1 elyi) < [¥lnso ¥ [~ (1410 L) €5 et

2r

Therefore, by (14), holds

16, T1f L ym) S

n [ t\ ,_n_
S Wlssio (M lsyiem +r% [ (140 ) 5 o)

T t
S Wllawor [ (1107 Bl

2r

The proof was completed. «
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Theorem 5. Let 1 < p< 00, 0 < A\ < n and b € BMO(R"™), and T be the
Calderon-Zygmund singular integral operator defined by (1) with kernel k satis-
fying conditions (2), (3). N

If f € Ly A(R™), then [b,T|f € Lz (R™) and

1B, Tz, < Ibllsaollfllz,,

Proof. Let 1 < p < 00,0 < A <nandbe BMO(R"). From the inequality
(18) we get

_A
.70z, = s [l I TV ooy

A [ t\ _n dt
Slblsyo _sw B FrE [ (140 ) F Um0 G

z€R™ r>0 r

A, t\ ,_n .2 dt
S Ibllsaro 11z, suplrly * o # [ (141 ) e 1]

r>0

_A o n A
= Pllasso 71, sup (7 [ (L inr) rE ool
P >0 1

_a [ I
= |bllollflz, , max{ sup r / (14+In7) 73 [r]?
P 0<r<1 1

Sup/ (1+1n7')7 P@}
1 T

r>1

1/r .
= |bllvollfl, , max{ sup % ( / (14+In7) 7 (rr)?
P 0<r<1 1

—|—/ (1—|—ln7)7-_gdt>,/ (1—|—1n7')T Pd—T}
t 1

1/r T

L A=n dT
= Ibllsmo If1lz, max{ sup (/ (1+1nr) 7 4T
P 0<r<1 \J1

+r_1§/ (1+In7) 7" ,’idT),/l (l—i-lnT)T_%?T}

1/r

QU

\]

1/r
< Ibllssio 171z, max{ swp ([ (1+1n7)7
0<r<1

+/1jj(1+1n7-) P d) /100

oo _n-x dT e _a dT
:HbHBMOHfHZﬁ,A max{/l (1+In7)7 P ,/1 (1+In7)7 P7}

< Blizso 11117,

—
—
+
=
\]

S—
\]

“u\:
QU

\]
—
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which implies that the operator [b, T is bounded on Eﬁ, A(R™). <

5. Some applications

In this section, we apply Theorems 3 and 5 to the pseudo-differential opera-
tors.

Pseudo-differential operators are generalizations of differential operators and
singular integrals. Let m be a real number, 0 < < 1 and 0 < p < 1. Following
21, 32], a symbol in ST’ is a smooth function o(z,&) defined on R x R™ such
that for all multi-indices « and 8 the following estimate holds:

DED{o(x,8)| < Cap(1 + [¢])m ATl

where C,g > 0 is independent of x and . A symbol in S;go is one which satisfies
the above estimates for each real number m.
The operator A given by

Af(@) = [ ota€) ¥ f(e)de

is called a pseudo-differential operator with symbol o(z,&) € ;?5, where f is a

Schwartz function and f denotes the Fourier transform of f. As usual, L% will
denote the class of pseudo-differential operators with symbols in S7"%.

We consider pseudo-differential operators in the Hérmander class LT [21].
Miller [25] showed the boundedness of L‘io pseudo-differential operators on weighted
L, (1 < p < o0) spaces whenever the weight function belongs to Muckenhoupt’s
class Ap. In [6] it is shown that pseudo-differential operators in L?,o are Calderén-
Zygmund operators, then from Theorems 3 and 5 we get the following new results.

Corollary 2. Let 1 < p< oo and 0 < A < n. If A is a pseudo-differential
operator of the Hormander class L%O, then the operator A is bounded on Ly \(R™).

Corollary 3. Let 1 < p< oo, 0 <A< n and b€ BMO(R™). Let also A be a
pseudo-differential operator of the Hormander class L%O, Then the commutator

operator [b, A] is bounded on z@)\(Rn).
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