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Abstract. In this paper, we first establish the boundedness in grand Herz spaces with
variable exponent on R™ with a parabolic metric for a large class of sublinear operators
and linear commutators generated by BMO functions and Calderén-Zygmund operators.
Using these results, we study the regularity of strong solutions to nondivergence parabolic
equations with VMO coefficients in the parabolic grand Herz space with variable expo-
nent.
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1. Introduction

It is well-known that the classical Herz spaces were introduced by Herz [16]
in the study of absolutely convergent Fourier transforms. In the past several
decades, Herz spaces and the related function spaces have attracted considerable
attention because the interesting norm includes explicitly both local and global in-
formations of the function, see [23, 26]. Especially for the study of parabolic Herz
spaces, some progress has also been made. For instance, Chen, Yang and Zhou
[6] established the boundedness in parabolic Herz spaces for a large class of sub-
linear operators and discussed the regularity of strong solutions to nondivergence
parabolic equations. Ragusa [27] proved regularity results for weak solutions to
divergence form parabolic equations having discontinuous coefficients.

On the other hand, after the paper of Kovéacik and Rakosnik [22] in 1991, the
theory of function spaces with variable exponents has attracted a lot of atten-
tions in recent years (see [9, 10] and the references therein). Owing to their wide
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applications in electrorheological fluids [29], image processing [7] and partial dif-
ferential equations with non-standard growth [15], the theory of function spaces
with variable exponents has made great progresses. Particularly, the Herz spaces
with variable exponents and the boundedness some related integral operators
have been extensively studied, see [18, 19, 30, 31, 32, 33, 36].

Meanwhile, the grand Lebesgue spaces were introduced by Iwaniec and Sbor-
done [17] to study the integrability of the Jacobian in 1992. The properties of
the grand Lebesgue spaces had been deeply investigated in [5, 12], and the grand
spaces have been proved to be useful in application to partial differential equa-
tions in [1, 2, 3, 13, 21]. The grand Lebesgue sequence spaces were introduced in
[25], where various operators in harmonic analysis were studied on these spaces.
Furthermore, Nafis, Rafeiro and Zaighum [24] introduced the grand variable Herz
spaces. Wang and Liu [35] introduced some anisotropic grand Herz type spaces
with variable exponents and obtained some boundedness of some singular integral
operators.

Inspired by the references [6, 27, 28, 34], we will establish the boundedness
for a large class of sublinear operators and linear commutators and study the
regularity of strong solutions to nondivergence parabolic equations with VMO
coefficients in the parabolic grand Herz space with variable exponent. Through-
out this paper, we assume the letter C always denotes a positive constant that
may vary at each occurrence but is independent of the essential variable. In
addition, we denote the Lebesgue measure and the characteristic function of a
measurable set A C R™ by |A| and x4 respectively. The notation f ~ g means
that there exist constants C7,Cy > 0 such that Cig < f < Cag.

2. Parabolic grand Herz spaces with variable exponents

Firstly, we endow R™ with the following parabolic metric introduced by Fabes

‘Z‘/‘Q-‘r /|Q?/|4+4t2 and

and Riviere in [11]: p(x,y) = p(x — y), where p(z) = 5

x = (r1, -+, Tn-1,t) = (2/,t) € R". We define parabolic cubes and parabolic
balls of center x = (2/,t) € R™ and radius r, respectively, by Q,(z) = {y =
(Y1," * Yn-1,8) € R* = |t —s| < 7 |x; —y;| < r for i = 1,---,n — 1} and

By(z) = {y € R" : p(x —y) < r}. Also by aQ, and aB, we mean the cube
and the ball having radius ar and the same center, respectively, as @), and B,.
[ € L{ (R") is said to be in the parabolic BMO(R") if its BMO seminorm

1
151 = stp oy /Q (@) — foldz < oo,

where @) ranges over the class of parabolic cubes in R” and fo = [Q|™! [, of (z)dx.
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For f € BMO(R") and r > 0, we define the VMO modulus of f by

r) = su dx,
77 p<1;) |QP’ / pr|

where @, ranges over the class of parabolic cubes in R" of radius p. f € BMO(R")
is said to belong to the space VMO (R") if (r) — 0 as » — 0. Moreover, letting
2 be an open subset of R", we then define the spaces BMO(2) and VMO(Q2) by
taking QN Q and Q, N in place of @ and @, in the definitions of || f||. and n(r),
respectively.

Next, we recall some definitions on function spaces with variable exponent.
Given an open set 2 C R™ with Q2| > 0.

Definition 1. Let p(:) : Q@ — [1,00) be a measurable function.
(i) The Lebesque space with variable exponent LPC)(Q) is defined by

p(x)
(|f($)|> dx < oo for some constant n > 0}.

LPO)(Q) := {f is measurable : /
n

Q

(i) The space et )( Q) is defined by

loc

Lp(

loc

(Q) := {f : f € LPV)(E) for all compact subsets E C Q}.

Lp(')(Q) is a Banach function space when it is equipped with the Luxemburg-
Nakano norm

p(z)
||f||Lp<A>(Q>=mf{n>o:/ﬂ(’f(:’)‘) dxgl}.

Define P(2) to be set of measurable functions p(-) : @ — [1, 00) such that
p~ =essinf{p(z) :x € Q} > 1, p' =esssup{p(r):z €N} < .

Denote p'(z) = p(x)/(p(z) — 1).
Let f be a locally integrable function, then the Hardy-Littlewood maximal
operator is defined by

M f(z) = sup — !

|f(y)|dy,
Bz |Bl JBna

where the supremum is taken over all balls B containing x. Let B(2) be the set
of p(-) € P(Q) such that M is bounded on LP()(Q).

Now we give the definitions of parabolic grand Herz spaces with variable
exponent. Note that By (0) = {z € R" : p(x) < 2F} and let A, = Byr(0) \
Byi-1(0) for k € Z. Denote Z, and N as the sets of all positive and non-negative
integers, xr = x4, for k € Z, xp, = xx if k € Z4 and X0 = xB,-
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Definition 2. Let a € R, 1 < p < o0, ¢(-) € P(R™) and 6 > 0. The homogeneous
parabolic grand Herz space with variable exponent K;(’f')’)’e(R”) is defined by

-a,p),0 (myn n
Ko ®") = {f € L) R\ {01+ 1 o gy < 20
=

where

kap(l (14¢) p(11+€)
€
oy = s0p (& 32 29 gz )7

e>0 ke —oo0

The non-homogeneous parabolic grand Herz space with variable exponent K(?‘(’?;)’O(R”)
1s defined by

KoY RY) = {f € LR | £ a0 gny < 00},

where

(1 )

p(l+e
0 k (14€)

11 w)e(w)—sgp< Zza“*s 7% u’;q(fRn)> .

3. Boundedness of singular integral operators and their
commutators

In this section, we will establish the boundedness results about some singular
integral operators and their commutators on parabolic grand Herz spaces with
variable exponent K{?‘(’EI)’)’G(R") and K:;(’.Z)))’g(R"). To give the main theorems, we
need the following lemmas in Lebesgue spaces with variable exponent. Given an
open set 2 C R™ with || > 0.

Lemma 1 ([9]). If p(-) € P() and satisfies

C
pe) P < o P ) <172 (1)

and

< Tog(p(@) + ¢)’ p(y) = p(x), (2)

then p(-) € B(R), that is the Hardy-Littlewood mazimal operator M is bounded
on LPO)(Q).
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Lemma 2 ([22]). (Generalized Holder’s inequality) Let p(-) € P(RQ). If f €
LPO(Q) and g € LP'O)(Q), then fg is integrable on Q and

[ 1 @a@lds < rl ool

where
rp=1+1/p” — 1/pt.

Lemma 3 ([18]). Let q(-) € B(R™). Then there exists a positive constant C' such
that for all balls B in R™ and all measurable subsets S C B,
X8l Lat) (mr) - @’ sl zat) mny <c (!S!)‘Sl i x5l o) (rmy -
x5l Lae) (mm) 151" lIxBllLao @) |B|
Bl )52
c(i3) -
|B|

where 0 < 01, 92 < 1 depend on q(-).

x5 HLQ'(')(R”)

Throughout this paper 1, do are the same as in Lemma 3.

Lemma 4 ([18]). Suppose q(-) € B(R™). Then there exists a positive constant C
such that for all balls B in R",

1
@”XBHLQ(->(RH)HXBHLq'(-)(Rn) <C.

In what follows, we set A = n + 1. Now, we can state the boundedness
theorem for general sublinear operators on parabolic grand Herz spaces with
variable exponent as follows.

Theorem 1. Let 1 < p < o0, q(-) € B(R™) and —\d1 < a < Ada. If a sublinear
operator T satisfies that for any integrable function f with compact support and
for some ¢y > 1,

ITf(x)] < C/Rn Md% x ¢ cosuppf, (3)

and T is bounded on LI)(R™), then T is also bounded on K;(’.))’G(R”) and
a,p),9 n
Koiy " (RY).
Proof. We only prove the homogeneous case. The proof of non-homogenous
case is similar. For convenience, we suppose cg = 1 and write

f@)= Y flapal@) = Y filx).

l=—00 l=—00
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So, we have

= sup
e>0

<sup|e
e>0

< C'sup
e>0

+C'sup
e>0

+C sup
e>0

For I, using the LI0)(R

I, < Csup | & Z gkap(lte)

e>0

0o
< C'sup e Z 2kap(1+s)

0o
0 Z 2k‘ap(1+e)

||T(f)||K:;‘(vII;>79(Rn)

g

k=—o0

k=—o00

oo
0 Z 2ko¢p(1+£)

k=—00

0 i 2kap(1+5)

k=—oc0

0o
59 Z 2kap(1+€)

k=—o00

2 2Nl

( i !T(fz)|> Xk

l=—0c0

(=

Lq() R

> \T(fl)\> Xk

l=—o00

I=k+2

= C(II + Is + 13)

[e.e]

k=—o0

e>0 e —oo
o0
< C'sup ef
e>0 e
=—00

(lk—l

™)-boundedness of T', we have

p(1+¢) ﬁ
HT(fz)IIILqm(Rn))

k+1

>

k+1

> il et gy

(lk—l

Y 2P

= C”fHK;‘(v‘Z;)vG(Rn)'

1
p(l+e)
)

1
p(1+e) p(1+e)
ra() (R™)

1
p(l+e) p(i+e)
Lq(-)(Rn)

_ 1
p(1+€) p(i+e)
La() (R™)

1
p(l+e) p(1+e)
Lq(-)(Rn)

> |T(fl)|> Xk

s

p(1+¢)

1
p(1+e)
Lat ) (R™)

1
>p(1+5) p(l+e)

91
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Now we estimate I;. Using the facts that | < k — 2 and = € A, by (3) and
generalized Holder’s inequality we have

@ < 2 [ Ipwly

C2 N il o ey il oo oy

IN

By Lemma 3 and Lemma 4, we have

e>0

00 k—2 p(1+e)\ »(+e)
L < Csup ef Z Qkap(HE) < Z 2k)\HXlHLq’M(Rn)HleLq<»>(Rn)‘XkHLq(J(Rn))

k=—o0 l=—00

o Ixtll Lo Pli+e)\ 75T
L4 O)(Rn
< Csup [ & Z <Z QkaHleLq() R™) ()>

e>0 k=—00 \l=—00 ”X HLq O)(Rn)

e k—2 p(1+€)\ p+e)
< Csup o0 Z (Z 2ka||fl”Lf1(‘)(]R")2(l_k)/\52)

e>0 k=—o00 \l=—o00

o [ k2 p(1+e)\ 7T
= Csup (e ) <Z 2la”flHLq<'>(Rn)2(k_l)(a_M2)> .

€>0 k=—00 \l=—o0

Take p(11+£) + [p(lia)], = 1. Since a < Ad2, by Holder’s inequality we have

00 k—2
I, < Csup {59 Z ( Z 2lap (14€) ’fHiql(J)r(Eﬂ)Qn)2(k—l)(a—)\52)p(1+6)/2>

e>0

k=—0c0 l=—0c0
= (14+e)/[p(1+e)' y =i
><< Z 2(kl)(a)\52)[p(l+s)]’/2>p P }p<1+)
l=—00
_1
lap(1+¢€) p(1+¢) > (bt} ara)p(1e) 2 p(+e)
< Csup Zzp NAILS o | D 2 Dp(L+e
e>0 e S
<

0 e lap(l (1+¢) p(1+e)

€

021;18 € Z glon( +6)||f||§q()Rn)
l=—00

For I3. Note that for [ > k + 2 and = € Ay, from the condition (3) it follows
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that

T(fi) ()]

IN

cx® [ Iy

< 0271A||Xl‘|Lq’<»>(Rn)HleLﬂ')(Rn)-

By Lemma 3 and Lemma 4, we have

A

[e’) p(l-i-a) (1+¢)
k —IX
I3 < sup Z ghop(1+e) (Z 2 ||Xz||Lq’<->(Rn)HleLq<»>(Rn)|Xk||Lq<-)(Rn)>

e>0 k=—oo I=k+2
0o 0o HX/CH 0 p(14¢) P(11+5)
Lat)(R™
< Csup | & Z (Z 2kaHleLq(~)(]R")H”()>
e>0 ke oo \I=k12 X1 LaC) (Rn)
00 o0 p(1+e) P(ll+€)
< Csup o0 Z (Z zkaHflHLQH(RH)Q(k—l))\(Sl)
e>0 k=—oo \I=k12

oo e p(1+e) 17(171+€)
= Csup 20 Z (Z 2la||fl||LQ(‘)(R")2(k_l)(a+>\51)> ‘

e>0 k=—oo \I=k12

Take p(11+5) + [p(11+a)]/ = 1. Since o > —Ad1, by Hélder’s inequality we have

0 lap(l4e p(1+e (k—=0)(a+Ad81)p(1+¢) /2
e N B

= 1+ 14e)'y —-L—
X< > 2<k—l><a+wl)w1+e)l'/z>p( &)/lp(1+<)] }mm

I=k+2

1
0 =2 p+e)
C sup {59 Z glap(l+e) £ leql(ti?{n) ( Z Q(k—l)(oz+>\51)p(1+6)/2)}

e>0 I=——o0 k=—00

IN

p(l+e)
(1
< CSHP{ Z 2lap(1+€ ”f”;l[)/q(—"fRn }

e>0 I— o0
= C”f”KZ(v.Z;)vG(Rn)'
This finishes the proof of Theorem 1. «

For linear commutators [a,T] of parabolic BMO(R"™) function a with linear
operator T', defined by [a,T]f(z) = a(x)Tf(z) — T(af)(x), we also have the
following general theorem.
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Theorem 2. Let 1 < p < o0, q(-) € B(R™), —=A\d1 < a < A2 and a € BMO(R"™).
If the linear operator T satisfies (3) and [a, T) is bounded on L1*)(R™), then [a, T
is also bounded on K;’?)’)’e(R”) and K{?‘(’g)’e(R”).

Similar to the method of Lemma 3 in [19], we can establish some relations
between Lebesgue spaces with variable exponent and parabolic BMO spaces.

Lemma 5. Let q(-) € B(R"), k be a positive integer and B be a parabolic ball in
R™. Then we have that for all b € BMO(R"™) and all j,i € Z with j > 1,

1

1
5”b|’k <sup
B HXB||Lq(~>(Rn)

16 = 05)* x5l Lty < CIIDIIE,
16— b5, 0)"xB,, 0l La0y @y < CG = D*1bIElXB,, 0l Lo @ny,
where Byi(0) = {x € R™ : p(x) < 2!} and By; (0) = {z € R : p(z) < 27}.

Proof of Theorem 2. Similar to the proof of Theorem 1, we only show the ho-
mogeneous case and write

f(z) = Z f(@)x;(z) = Z fi(z).

So, we have

1
0 p(i+e)
110 TPl 09 gy = 510 (59 > 2’fap<1+5>||[a,T](f)xkuz%agn))

k=—00

p(1+€) p(llﬁ-s)
o o0
<sup | D 2PN (0, TN(f)] | X
e>0 k=—o00 Jj=—00 LaC) (Rn)
1
. 3 p(14¢e)\ p(+e)
0 k
< Csup | " Y 220N [0, TIF) Xk o gy
e>0 k=—o00 Jj=—00
1
. fio p(1+€)\ p(+e)

+Csup | & > 22U (N0, T Xkl oo en

£>0 k=——o0 j=k—2
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1
p(1+€)\ p(+e)

[eS) [eS)
+Csup | & " 220 (N0, T Xkl oo
e>0 b — —k
[e'e) Jj=k+3

= C(Jl + Jo + Jg).
For Jy, by the L) (R")-boundedness of [a, T], we obtain

1
p(1+€)\ p(+e)

(e’ k+2
Jo < Csup | e’ Z ghop(1+e) Z 151l Loty )
e>0 f—=— j=k—2
00 J

C”f”;'(;(»g)ﬂ(Rn)-

For J;. Note that j < k—3 and = € Ay, by Lemma 5 and generalized Holder’s
inequality we have

|[a, T)(fj) ()] < C’/A. \a(y)p(—za_(ﬂﬂy))llAf(y)ldy

< o2 [ ay) ~ a@)lf)ldy
< 2 [ aly) — a)lf )y + 02 e — (o)l [ Ifldy
< CQ_k)‘HfjHLq(-)(Rn)H(a(') = a3) Xl ) ey

—1—02_1‘”\]% - a(x)‘”fj||Lq(~)(R"+1)HXJ’HLq’(‘)(Rn)
< C2Ix,, )l o @y 163l oo ey (lall + laj — a))).

Here and subsequently, we set

1
aj = sz(o)’/BQj(o)a(y)dy-
Thus, for j < k — 3, by Lemmas 3-5 we obtain that
i, THE) ekl oo amy < €2 X, 0l 2 o 1651 o oyl e o
+[(a; = a(-))xkll Lot) @ny)
< CZ_k/\(k? - j)||aH*||XB2j (0) HLq’(-)(Rn) ||fj||LfZ(~)(Rn)HXBQk(O)HLq(')(Rn)

X8, 0l o) ()

SC(k._j)HaH*HfjHL‘I(')(Rn)HXB ()l gy
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< C2972% (k — j)llall[| £ pac (-

Therefore, similar to the method of estimating Iy, by Holder’s inequality and
using the fact that o < Ad2 we have

1
p(14€) ) p(+e)

o0 k—3
Ji < Clal«sup{ &’ Z Z 2‘]&2(]67])(017)\62)(]4:_j)HfjHLq(')(Rn)
e>0 oo \jm—oo
1
o p(l+e)
A -
< CHa”*igg g? Z QJQP(1+€)"fj||II:(q(')an)

j=—o0

= C'Ha”*||f||K;r(,g;),9(Rn).

To estimate J3. We note that for j > k+ 3 and x € Ag, by Lemma 5 and
generalized Holder’s inequality we have

[a, TI(fi) ()] < C /A | ’a(y)p(—xafxg)Lf(y)l dy

< 2 [ o) = alifldy + 02 Py — oo [ 1fldy

< C2_j)\||fj||Lq(-)(R”)H(a(') = a3) Xl o ¢ ()
+C2Pa; — a(@) 1 oo 1] oo e
< 027 xg,0) Lz oy I Fill oo oy (lalls + laj — a)).
Thus, for j > k + 3, by Lemmas 3-5 we obtain that
o TIIXEl sy < €2, s oy Wil 00 oy el 0 ey
+ll(a; — al-))xkll o) )
<0275 - B)llallllxB,; 0) | oo @y 15l Lao @ny 1X B (0) 1 a0 (e

||X32k (0) HLq(»)(Rn)

<C(j - k)”aH*||fj||Lq(<)(Rn)
HXBQJ- (0)||Lq(~)(Rn)

< C25D2 (G — B)allu | £ pac gy
Therefore, similar to the method of estimating I3, by Holder’s inequality and

using the fact that @ > —\d; we have

1
p(14¢€) ) p(ite)
o0

Js < Cllaf.supe® > [ > 279200 G k| ] o @y
>0 k=—oo \j=k+3
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1
p(1+e)

IN

o0
Clallsup 3" 32 2P I G

j==o0

= CHGH*||f||[‘(;1(’_z;),9(Rn).

By summing up Ji, J2 and Js3, we finish the proof of Theorem 2.
To state some simple corollaries of Theorems 1 and 2, we still need to introduce
more definitions.

Definition 3. A function k is said to be a parabolic Calderdn-Zygmund kernel
(for short, constant PCZ kernel) on R™ endowed with the above parabolic metric
p, if

(i) k € C=(R™\ {0});

(ii) k(ra',r?t) = r~ "D’ t) for any r > 0;

(i) [gn-1 k(x)do(x) =0, where do(x) is the element of area of the ellipsoid
Sl ={x e R": p(x) =1}.

Definition 4. Let Q be an open subset of R". A function k(x,y), v € Q, y €
{R™\ {0}} is said to be a variable PCZ kernel on Q, if
(i) k(x,-) is a constant PCZ kernel for a.e.x € Q);

(ii) max 187 /0y" ke (, y) | Lo (axe.sn-1) = M < oo

For a constant PCZ kernel k on R" or a variable PCZ kernel on 2. We
define the corresponding operator T' by

Tf(z)= p.v./ k(x —y)f(y)dy for z € R"

n
or

Tf(x) =p.v. /Q k(x,z —y)f(y)dy for x € Q.

And similar to the methods of [6] and [14], by Theorems 1, 2 and the exten-
sion theorem for BMO function on a domain (see [20]) we can get the following
corollaries.

Corollary 1. Let 0 < p < o0, q() € B(R™) and —\é1 < a < Ads2. If k is a
constant PCZ kernel or a variable PCZ kernel on R™, T is the corresponding

operator and a € BMO(R™), then T and [a,T] are bounded, respectively, on
K;(’g)’e(R") and K;(’.))’Q(R"). That is, there exists a constant C' independent of f
such that

T e < e T Yo < a
H f‘|Kq(’fl))>’0(Rn) — CHf”Kq(,»I;)’G(Rn)’ H f”Kq(’.I)))’Q(R") — C”fHKq(‘Z;)vG(Rn)
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and
o < LY le% < o o
||[a’T]f||Kq(’§)’9(R") = CHf‘|Kq(v‘1)7),9(Rn)a ||[a>T]fHKq(v‘1)7),9(Rn) = CHf”Kq("I;)’G(R")

Corollary 2. Let m € Z, 0 < p < 00, q(-) € B(B2m(0)) and —Ad1 < a < Ads.
If k is a variable PCZ kernel on Bam(0), T is the corresponding operator and
a € BMO(Bam(0)), then there exists a constant C independent of f such that

HTfHK:;(v.Z;)vg(BQm(())) S C|’f"['(;1(vf;)79(32m(0))

and

e T e ymony < O e (gm0

For a € VMO(R"), by a similar method in [6, 8] and Corollary 2, we can
obtain the following corollary.

Corollary 3. Suppose that 0 < p < 00, q(-) € B(R™) and —\é1 < a < Ado. Let
mo € Z, a € VMO(R™) and n be its VMO modulus, and T be the corresponding
operator. Then for any v > 0, there exists an integer m1 = mq(v,n) < mqg such

that for any m < my and any f € K{?‘(’?;)’Q(B27VL(O)),

[a, T]f||K;(»};)a9(B2m(g)) < CV”fHK;‘(’ﬁ)’G(B2m (0))’

where C' is independent of f, v and m.

4. Some applications

In this section, we will study the regularity of strong solutions to nondiver-
gence parabolic equations with VMO coefficients in parabolic grand Herz spaces
with variable exponent by applying the estimates about singular integral opera-
tors and commutators obtained on the above section.

Let mg € Z and L be a linear parabolic operator of the form

n—1

L’LL(?L‘) = ut(x) - Z aij(x)umﬂj (:C),

3,j=1

where z = (2/,t) = (21, ...,xp—1,t) € R™. The principal part of the operator is
symmetric and uniformly elliptic, that is,

n—1
aij(z) = aji(z) (i,j =1,..,n—1) and A 'a]* < Z aij(z)aia; < Ma* (4)
ij=1
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for some A\ > 1 and for every a € R™, a.e.x € Qamo = Bamo (0) x (0,22™0), where
Bomo(0) = {x € R*! ¢ |z| < 2m0}. Let a;; € VMO(Qamo). Without loss of
generality, we may assume that a;; € VMO(R"); see Theorem 1.2 in [4]. We are
interested in the regularity of strong solutions to the Cauchy-Dirichlet problem

Lu=f in Qgmo,
u=0 on dBaymo(0) x (0,2™°), (5)
u(2’,0) =0 in Bamo (0),

where f is in parabolic grand Herz spaces with variable exponent.
Let

n—1

(4mt) ™" (D) P exp | AV | £ 0.

0, t<0,

F(I,y) =

where D(x) is the determinant of the matrix {a;;(x)} of the coefficients of L and
the AY(x)’s are the elements of the inverse of the same matrix. We also set

_ Ol'(x,y)

0T (z,
Fz(x7y) - Ty) M

F’i’wv = ’
i,j=1,...,n, A=R"N{¢t > 0}, and
Ci={ue CP(A): u(x',0) =0},

where C§°(A) denotes the space of infinitely differentiable functions with compact
support on A.
Now, we can state the interior representation formula established in [4].

Lemma 6. Let u € C;. Then for x in the support of u, the following holds
n—1

o, () = DV. / i@z =14 S [ank) — an(@)] e () + Lu(y) b dy
Rm k=1

+Lu(z) / Li(z,y) nido(y),

where n; s the i-th component of the outer normal to the surface E,.
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1/2
n—1
Now, let 7;; be the VMO modulus of a;; and n(r) = Z nfj(r) . We
ij=1
also set 5\
_ max max < > Lij(x,y) =M.
3,j=1,...n—1 |u|<2n 8y, Lo (Qymo X En)

On the regularity of the solutions to (5), we have

Theorem 3. Let mgy and L be as above. Suppose 1 < p < o0, q(-) € B(R") and
=M1 < @ < ANd2. Then there exist positive numbers C' and m; = m1(C,n) such
that for any m < mq and u € Cy, we have

ezl (agion) < C 10l (5 )
and

i < C||Lul| -a
||ut‘|Kq<’§)’9(B§n(0)) <dl uHKq(»z;)’e(B;m(O))’ ()
where B, (0) = Bam (0) N {t > 0}.

Proof. Similar to the method in [6], we only need to prove (6), because (7) is
easily deduced from (6) by

n—1
us = Lu + E i (T) U,z
t,j=1

and the fact that a;; € L°°(R") since they satisfy uniformly elliptic condition (4).
By the definition of I';(x,y) and the uniformly elliptic condition, we can obtain
< C(n, ).

that
‘ Lo (Qomo)

On the other hand, it is easy to verify that I';;(x,y) is a variable PCZ kernel
on Bymo(0). Thus by Lemma 6, Corollaries 2 and 3, we can prove that for any
v > 0, there exists m; = mi(v,n) such that for any m < myq,

/ Ty(z,y) ni do(y)

n

n—1

R | e < e e
Hu517155J HKq(,.I;)ﬁ(B;m (0)) ~ Cl h;I 14 ”Uyhyk HKq(Y,;;)ﬁ(B;m (0)> + Cl HLUHKq(,.z;)»@(B;m (0))’

where (] is independent of v and m. Choosing v = , we obtain that

1
4(n—1)

n—1

el < Ol Lul| ;o :
hélll wizy | koo (5, 0) S Ol gano (51, )

This finishes the proof of Theorem 3.
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