
Azerbaijan Journal of Mathematics
V. 16, No 2, 2026, July
ISSN 2218-6816
https://doi.org/10.59849/2218-6816.2026.2.86

Singular Integrals and Commutators in Parabolic
Grand Herz Spaces With Variable Exponents
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Abstract. In this paper, we first establish the boundedness in grand Herz spaces with
variable exponent on Rn with a parabolic metric for a large class of sublinear operators
and linear commutators generated by BMO functions and Calderón-Zygmund operators.
Using these results, we study the regularity of strong solutions to nondivergence parabolic
equations with VMO coefficients in the parabolic grand Herz space with variable expo-
nent.
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1. Introduction

It is well-known that the classical Herz spaces were introduced by Herz [16]
in the study of absolutely convergent Fourier transforms. In the past several
decades, Herz spaces and the related function spaces have attracted considerable
attention because the interesting norm includes explicitly both local and global in-
formations of the function, see [23, 26]. Especially for the study of parabolic Herz
spaces, some progress has also been made. For instance, Chen, Yang and Zhou
[6] established the boundedness in parabolic Herz spaces for a large class of sub-
linear operators and discussed the regularity of strong solutions to nondivergence
parabolic equations. Ragusa [27] proved regularity results for weak solutions to
divergence form parabolic equations having discontinuous coefficients.

On the other hand, after the paper of Kováčik and Rákosńık [22] in 1991, the
theory of function spaces with variable exponents has attracted a lot of atten-
tions in recent years (see [9, 10] and the references therein). Owing to their wide
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applications in electrorheological fluids [29], image processing [7] and partial dif-
ferential equations with non-standard growth [15], the theory of function spaces
with variable exponents has made great progresses. Particularly, the Herz spaces
with variable exponents and the boundedness some related integral operators
have been extensively studied, see [18, 19, 30, 31, 32, 33, 36].

Meanwhile, the grand Lebesgue spaces were introduced by Iwaniec and Sbor-
done [17] to study the integrability of the Jacobian in 1992. The properties of
the grand Lebesgue spaces had been deeply investigated in [5, 12], and the grand
spaces have been proved to be useful in application to partial differential equa-
tions in [1, 2, 3, 13, 21]. The grand Lebesgue sequence spaces were introduced in
[25], where various operators in harmonic analysis were studied on these spaces.
Furthermore, Nafis, Rafeiro and Zaighum [24] introduced the grand variable Herz
spaces. Wang and Liu [35] introduced some anisotropic grand Herz type spaces
with variable exponents and obtained some boundedness of some singular integral
operators.

Inspired by the references [6, 27, 28, 34], we will establish the boundedness
for a large class of sublinear operators and linear commutators and study the
regularity of strong solutions to nondivergence parabolic equations with VMO
coefficients in the parabolic grand Herz space with variable exponent. Through-
out this paper, we assume the letter C always denotes a positive constant that
may vary at each occurrence but is independent of the essential variable. In
addition, we denote the Lebesgue measure and the characteristic function of a
measurable set A ⊂ Rn by |A| and χA respectively. The notation f ≈ g means
that there exist constants C1, C2 > 0 such that C1g ⩽ f ⩽ C2g.

2. Parabolic grand Herz spaces with variable exponents

Firstly, we endow Rn with the following parabolic metric introduced by Fabes

and Rivière in [11]: ρ(x, y) = ρ(x − y), where ρ(x) =

√
|x′|2+

√
|x′|4+4t2

2 and
x = (x1, · · ·, xn−1, t) = (x′, t) ∈ Rn. We define parabolic cubes and parabolic
balls of center x = (x′, t) ∈ Rn and radius r, respectively, by Qr(x) = {y =
(y1, · · ·, yn−1, s) ∈ Rn : |t − s| < r2, |xi − yi| < r for i = 1, · · ·, n − 1} and
Br(x) = {y ∈ Rn : ρ(x − y) < r}. Also by αQr and αBr we mean the cube
and the ball having radius αr and the same center, respectively, as Qr and Br.
f ∈ L1

loc(Rn) is said to be in the parabolic BMO(Rn) if its BMO seminorm

∥f∥∗ = sup
Q

1

|Q|

∫
Q
|f(x)− fQ|dx < ∞,

where Q ranges over the class of parabolic cubes in Rn and fQ = |Q|−1
∫
Q f(x)dx.
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For f ∈ BMO(Rn) and r > 0, we define the VMO modulus of f by

η(r) = sup
ρ≤r

1

|Qρ|

∫
Qρ

|f(x)− fQρ |dx,

whereQρ ranges over the class of parabolic cubes in Rn of radius ρ. f ∈ BMO(Rn)
is said to belong to the space VMO (Rn) if η(r) → 0 as r → 0. Moreover, letting
Ω be an open subset of Rn, we then define the spaces BMO(Ω) and VMO(Ω) by
taking Q∩Ω and Qρ∩Ω in place of Q and Qρ in the definitions of ∥f∥∗ and η(r),
respectively.

Next, we recall some definitions on function spaces with variable exponent.
Given an open set Ω ⊂ Rn with |Ω| > 0.

Definition 1. Let p(·) : Ω −→ [1,∞) be a measurable function.
(i) The Lebesgue space with variable exponent Lp(·)(Ω) is defined by

Lp(·)(Ω) := {f is measurable :

∫
Ω

(
|f(x)|
η

)p(x)

dx < ∞ for some constant η > 0}.

(ii) The space L
p(·)
loc (Ω) is defined by

L
p(·)
loc (Ω) := {f : f ∈ Lp(·)(E) for all compact subsets E ⊂ Ω}.

Lp(·)(Ω) is a Banach function space when it is equipped with the Luxemburg-
Nakano norm

∥f∥Lp(·)(Ω) = inf

{
η > 0 :

∫
Ω

(
|f(x)|
η

)p(x)

dx ≤ 1

}
.

Define P(Ω) to be set of measurable functions p(·) : Ω −→ [1,∞) such that

p− = ess inf{p(x) : x ∈ Ω} > 1, p+ = ess sup{p(x) : x ∈ Ω} < ∞.

Denote p′(x) = p(x)/(p(x)− 1).
Let f be a locally integrable function, then the Hardy-Littlewood maximal

operator is defined by

Mf(x) = sup
B∋x

1

|B|

∫
B∩Ω

|f(y)|dy,

where the supremum is taken over all balls B containing x. Let B(Ω) be the set
of p(·) ∈ P(Ω) such that M is bounded on Lp(·)(Ω).

Now we give the definitions of parabolic grand Herz spaces with variable
exponent. Note that B2k(0) = {x ∈ Rn : ρ(x) < 2k} and let Ak = B2k(0) \
B2k−1(0) for k ∈ Z. Denote Z+ and N as the sets of all positive and non-negative
integers, χk = χAk

for k ∈ Z, χ̃k = χk if k ∈ Z+ and χ̃0 = χB0 .
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Definition 2. Let α ∈ R, 1 ≤ p < ∞, q(·) ∈ P(Rn) and θ > 0. The homogeneous

parabolic grand Herz space with variable exponent K̇
α,p),θ
q(·) (Rn) is defined by

K̇
α,p),θ
q(·) (Rn) = {f ∈ L

q(·)
loc (R

n \ {0}) : ∥f∥
K̇

α,p),θ
q(·) (Rn)

< ∞},

where

∥f∥
K̇

α,p),θ
q(·) (Rn)

= sup
ε>0

(
εθ

∞∑
k=−∞

2kαp(1+ε)∥fχk∥
p(1+ε)

Lq(·)(Rn)

) 1
p(1+ε)

.

The non-homogeneous parabolic grand Herz space with variable exponent K
α,p),θ
q(·) (Rn)

is defined by

K
α,p),θ
q(·) (Rn) = {f ∈ L

q(·)
loc (R

n) : ∥f∥
K

α,p),θ
q(·) (Rn)

< ∞},

where

∥f∥
K

α,p),θ
q(·) (Rn)

= sup
ε>0

(
εθ

∞∑
k=0

2kαp(1+ε)∥fχ̃k∥
p(1+ε)

Lq(·)(Rn)

) 1
p(1+ε)

.

3. Boundedness of singular integral operators and their
commutators

In this section, we will establish the boundedness results about some singular
integral operators and their commutators on parabolic grand Herz spaces with

variable exponent K̇
α,p),θ
q(·) (Rn) and K

α,p),θ
q(·) (Rn). To give the main theorems, we

need the following lemmas in Lebesgue spaces with variable exponent. Given an
open set Ω ⊂ Rn with |Ω| > 0.

Lemma 1 ([9]). If p(·) ∈ P(Ω) and satisfies

|p(x)− p(y)| ≤ C

− log(ρ(x− y))
, ρ(x− y) ≤ 1/2 (1)

and

|p(x)− p(y)| ≤ C

log(ρ(x) + e)
, ρ(y) ≥ ρ(x), (2)

then p(·) ∈ B(Ω), that is the Hardy-Littlewood maximal operator M is bounded
on Lp(·)(Ω).
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Lemma 2 ([22]). (Generalized Hölder’s inequality) Let p(·) ∈ P(Ω). If f ∈
Lp(·)(Ω) and g ∈ Lp′(·)(Ω), then fg is integrable on Ω and∫

Ω
|f(x)g(x)|dx ≤ rp∥f∥Lp(·)(Ω)∥g∥Lp′(·)(Ω),

where
rp = 1 + 1/p− − 1/p+.

Lemma 3 ([18]). Let q(·) ∈ B(Rn). Then there exists a positive constant C such
that for all balls B in Rn and all measurable subsets S ⊂ B,

∥χB∥Lq(·)(Rn)

∥χS∥Lq(·)(Rn)

≤ C
|B|
|S|

,
∥χS∥Lq(·)(Rn)

∥χB∥Lq(·)(Rn)

≤ C

(
|S|
|B|

)δ1

and
∥χS∥Lq′(·)(Rn)

∥χB∥Lq′(·)(Rn)

≤

C

(
|S|
|B|

)δ2

,

where 0 < δ1, δ2 < 1 depend on q(·).

Throughout this paper δ1, δ2 are the same as in Lemma 3.

Lemma 4 ([18]). Suppose q(·) ∈ B(Rn). Then there exists a positive constant C
such that for all balls B in Rn,

1

|B|
∥χB∥Lq(·)(Rn)∥χB∥Lq′(·)(Rn) ≤ C.

In what follows, we set λ = n + 1. Now, we can state the boundedness
theorem for general sublinear operators on parabolic grand Herz spaces with
variable exponent as follows.

Theorem 1. Let 1 ≤ p < ∞, q(·) ∈ B(Rn) and −λδ1 < α < λδ2. If a sublinear
operator T satisfies that for any integrable function f with compact support and
for some c0 ≥ 1,

|Tf(x)| ≤ C

∫
Rn

|f(y)|
ρ(x− y)λ

dy, x /∈ c0 suppf, (3)

and T is bounded on Lq(·)(Rn), then T is also bounded on K̇
α,p),θ
q(·) (Rn) and

K
α,p),θ
q(·) (Rn).

Proof. We only prove the homogeneous case. The proof of non-homogenous
case is similar. For convenience, we suppose c0 = 1 and write

f(x) =

∞∑
l=−∞

f(x)χl(x) ≡
∞∑

l=−∞
fl(x).
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So, we have

∥T (f)∥
K̇

α,p),θ
q(·) (Rn)

= sup
ε>0

(
εθ

∞∑
k=−∞

2kαp(1+ε)∥T (f)χk∥
p(1+ε)

Lq(·)(Rn)

) 1
p(1+ε)

≤ sup
ε>0

εθ
∞∑

k=−∞
2kαp(1+ε)

∥∥∥∥∥
( ∞∑

l=−∞
|T (fl)|

)
χk

∥∥∥∥∥
p(1+ε)

Lq(·)(Rn)

 1
p(1+ε)

≤ C sup
ε>0

εθ
∞∑

k=−∞
2kαp(1+ε)

∥∥∥∥∥
(

k−2∑
l=−∞

|T (fl)|

)
χk

∥∥∥∥∥
p(1+ε)

Lq(·)(Rn)


1

p(1+ε)

+C sup
ε>0

εθ
∞∑

k=−∞
2kαp(1+ε)

∥∥∥∥∥
(

k+1∑
l=k−1

|T (fl)|

)
χk

∥∥∥∥∥
p(1+ε)

Lq(·)(Rn)


1

p(1+ε)

+C sup
ε>0

εθ
∞∑

k=−∞
2kαp(1+ε)

∥∥∥∥∥
( ∞∑

l=k+2

|T (fl)|

)
χk

∥∥∥∥∥
p(1+ε)

Lq(·)(Rn)

 1
p(1+ε)

≡ C(I1 + I2 + I3).

For I2, using the Lq(·)(Rn)-boundedness of T , we have

I2 ≤ C sup
ε>0

εθ
∞∑

k=−∞
2kαp(1+ε)

(
k+1∑

l=k−1

∥|T (fl)|∥Lq(·)(Rn)

)p(1+ε)


1
p(1+ε)

≤ C sup
ε>0

εθ
∞∑

k=−∞
2kαp(1+ε)

(
k+1∑

l=k−1

∥|fl|∥Lq(·)(Rn)

)p(1+ε)


1
p(1+ε)

≤ C sup
ε>0

(
εθ

∞∑
k=−∞

2kαp(1+ε) ∥fχk∥
p(1+ε)

Lq(·)(Rn)

) 1
p(1+ε)

= C∥f∥
K̇

α,p),θ
q(·) (Rn)

.
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Now we estimate I1. Using the facts that l ≤ k − 2 and x ∈ Ak, by (3) and
generalized Hölder’s inequality we have

|T (fl)(x)| ≤ C2−kλ

∫
Rn

|fl(y)|dy

≤ C2−kλ∥χl∥Lq′(·)(Rn)∥fl∥Lq(·)(Rn).

By Lemma 3 and Lemma 4, we have

I1 ≤ C sup
ε>0

εθ
∞∑

k=−∞
2kαp(1+ε)

(
k−2∑

l=−∞
2−kλ∥χl∥Lq′(·)(Rn)∥fl∥Lq(·)(Rn)∥χk∥Lq(·)(Rn)

)p(1+ε)


1
p(1+ε)

≤ C sup
ε>0

εθ
∞∑

k=−∞

(
k−2∑

l=−∞
2kα∥fl∥Lq(·)(Rn)

∥χl∥Lq′(·)(Rn)

∥χk∥Lq′(·)(Rn)

)p(1+ε)


1
p(1+ε)

≤ C sup
ε>0

εθ
∞∑

k=−∞

(
k−2∑

l=−∞
2kα∥fl∥Lq(·)(Rn)2

(l−k)λδ2

)p(1+ε)


1
p(1+ε)

= C sup
ε>0

εθ
∞∑

k=−∞

(
k−2∑

l=−∞
2lα∥fl∥Lq(·)(Rn)2

(k−l)(α−λδ2)

)p(1+ε)


1
p(1+ε)

.

Take 1
p(1+ε) +

1
[p(1+ε)]′ = 1. Since α < λδ2, by Hölder’s inequality we have

I1 ≤ C sup
ε>0

{
εθ

∞∑
k=−∞

( k−2∑
l=−∞

2lαp(1+ε)∥fl∥
p(1+ε)

Lq(·)(Rn)
2(k−l)(α−λδ2)p(1+ε)/2

)

×
( k−2∑

l=−∞
2(k−l)(α−λδ2)[p(1+ε)]′/2

)p(1+ε)/[p(1+ε)]′} 1
p(1+ε)

≤ C sup
ε>0

{
εθ

∞∑
l=−∞

2lαp(1+ε)∥fl∥
p(1+ε)

Lq(·)(Rn)

( ∞∑
k=l+2

2(k−l)(α−λδ2)p(1+ε)/2

)} 1
p(1+ε)

≤ C sup
ε>0

{
εθ

∞∑
l=−∞

2lαp(1+ε)∥fl∥
p(1+ε)

Lq(·)(Rn)

} 1
p(1+ε)

= C∥f∥
K̇

α,p),θ
q(·) (Rn)

.

For I3. Note that for l ≥ k + 2 and x ∈ Ak, from the condition (3) it follows
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that

|T (fl)(x)| ≤ C2−lλ

∫
Rn

|fl(y)|dy

≤ C2−lλ∥χl∥Lq′(·)(Rn)∥fl∥Lq(·)(Rn).

By Lemma 3 and Lemma 4, we have

I3 ≤ sup
ε>0

εθ
∞∑

k=−∞
2kαp(1+ε)

( ∞∑
l=k+2

2−lλ∥χl∥Lq′(·)(Rn)∥fl∥Lq(·)(Rn)∥χk∥Lq(·)(Rn)

)p(1+ε)
 1

p(1+ε)

≤ C sup
ε>0

εθ
∞∑

k=−∞

( ∞∑
l=k+2

2kα∥fl∥Lq(·)(Rn)

∥χk∥Lq(·)(Rn)

∥χl∥Lq(·)(Rn)

)p(1+ε)
 1

p(1+ε)

≤ C sup
ε>0

εθ
∞∑

k=−∞

( ∞∑
l=k+2

2kα∥fl∥Lq(·)(Rn)2
(k−l)λδ1

)p(1+ε)
 1

p(1+ε)

= C sup
ε>0

εθ
∞∑

k=−∞

( ∞∑
l=k+2

2lα∥fl∥Lq(·)(Rn)2
(k−l)(α+λδ1)

)p(1+ε)
 1

p(1+ε)

.

Take 1
p(1+ε) +

1
[p(1+ε)]′ = 1. Since α > −λδ1, by Hölder’s inequality we have

I3 ≤ C sup
ε>0

{
εθ

∞∑
k=−∞

( ∞∑
l=k+2

2lαp(1+ε)∥fl∥
p(1+ε)

Lq(·)(Rn)
2(k−l)(α+λδ1)p(1+ε)/2

)

×
( ∞∑

l=k+2

2(k−l)(α+λδ1)[p(1+ε)]′/2

)p(1+ε)/[p(1+ε)]′} 1
p(1+ε)

≤ C sup
ε>0

{
εθ

∞∑
l=−∞

2lαp(1+ε)∥fl∥
p(1+ε)

Lq(·)(Rn)

(
l−2∑

k=−∞
2(k−l)(α+λδ1)p(1+ε)/2

)} 1
p(1+ε)

≤ C sup
ε>0

{
εθ

∞∑
l=−∞

2lαp(1+ε)∥fl∥
p(1+ε)

Lq(·)(Rn)

} 1
p(1+ε)

= C∥f∥
K̇

α,p),θ
q(·) (Rn)

.

This finishes the proof of Theorem 1. ◀

For linear commutators [a, T ] of parabolic BMO(Rn) function a with linear
operator T , defined by [a, T ]f(x) = a(x)Tf(x) − T (af)(x), we also have the
following general theorem.
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Theorem 2. Let 1 ≤ p < ∞, q(·) ∈ B(Rn), −λδ1 < α < λδ2 and a ∈ BMO(Rn).
If the linear operator T satisfies (3) and [a, T ] is bounded on Lq(·)(Rn), then [a, T ]

is also bounded on K̇
α,p),θ
q(·) (Rn) and K

α,p),θ
q(·) (Rn).

Similar to the method of Lemma 3 in [19], we can establish some relations
between Lebesgue spaces with variable exponent and parabolic BMO spaces.

Lemma 5. Let q(·) ∈ B(Rn), k be a positive integer and B be a parabolic ball in
Rn. Then we have that for all b ∈ BMO(Rn) and all j, i ∈ Z with j > i,

1

C
∥b∥k∗ ≤ sup

B

1

∥χB∥Lq(·)(Rn)

∥(b− bB)
kχB∥Lq(·)(Rn) ≤ C∥b∥k∗,

∥(b− bB2i (0)
)kχB

2j
(0)∥Lq(·)(Rn) ≤ C(j − i)k∥b∥k∗∥χB

2j
(0)∥Lq(·)(Rn),

where B2i(0) = {x ∈ Rn : ρ(x) ≤ 2i} and B2j (0) = {x ∈ Rn : ρ(x) ≤ 2j}.

Proof of Theorem 2. Similar to the proof of Theorem 1, we only show the ho-
mogeneous case and write

f(x) =

∞∑
j=−∞

f(x)χj(x) ≡
∞∑

j=−∞
fj(x).

So, we have

∥[a, T ](f)∥
K̇

α,p),θ
q(·) (Rn)

= sup
ε>0

(
εθ

∞∑
k=−∞

2kαp(1+ε)∥[a, T ](f)χk∥
p(1+ε)

Lq(·)(Rn)

) 1
p(1+ε)

≤ sup
ε>0

εθ
∞∑

k=−∞
2kαp(1+ε)

∥∥∥∥∥∥
 ∞∑

j=−∞
|[a, T ](fj)|

χk

∥∥∥∥∥∥
p(1+ε)

Lq(·)(Rn)


1

p(1+ε)

≤ C sup
ε>0

εθ
∞∑

k=−∞
2kαp(1+ε)

 k−3∑
j=−∞

∥|[a, T ](fj)|χk∥Lq(·)(Rn)

p(1+ε)


1
p(1+ε)

+C sup
ε>0

εθ
∞∑

k=−∞
2kαp(1+ε)

 k+2∑
j=k−2

∥|[a, T ](fj)|χk∥Lq(·)(Rn)

p(1+ε)


1
p(1+ε)
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+C sup
ε>0

εθ
∞∑

k=−∞
2kαp(1+ε)

 ∞∑
j=k+3

∥|[a, T ](fj)|χk∥Lq(·)(Rn)

p(1+ε)


1
p(1+ε)

≡ C(J1 + J2 + J3).

For J2, by the Lq(·)(Rn)-boundedness of [a, T ], we obtain

J2 ≤ C sup
ε>0

εθ
∞∑

k=−∞
2kαp(1+ε)

 k+2∑
j=k−2

∥fj∥Lq(·)(Rn)

p(1+ε)


1
p(1+ε)

≤ C∥f∥
K̇

α,p),θ
q(·) (Rn)

.

For J1. Note that j ≤ k−3 and x ∈ Ak, by Lemma 5 and generalized Hölder’s
inequality we have

|[a, T ](fj)(x)| ≤ C

∫
Aj

|a(y)− a(x)||f(y)|
ρ(x− y)λ

dy

≤ C2−kλ

∫
Aj

|a(y)− a(x)||f(y)|dy

≤ C2−kλ

∫
Aj

|a(y)− aj ||f(y)|dy + C2−kλ|aj − a(x)|
∫
Aj

|f(y)|dy

≤ C2−kλ∥fj∥Lq(·)(Rn)∥(a(·)− aj)χj∥Lq′(·)(Rn)

+C2−kλ|aj − a(x)|∥fj∥Lq(·)(Rn+1)∥χj∥Lq′(·)(Rn)

≤ C2−kλ∥χB
2j

(0)∥Lq′(·)(Rn)∥fj∥Lq(·)(Rn+1)(∥a∥∗ + |aj − a(x)|).

Here and subsequently, we set

aj =
1

|B2j (0)|

∫
B

2j
(0)

a(y)dy.

Thus, for j ≤ k − 3, by Lemmas 3–5 we obtain that

∥|[a, T ](fj)|χk∥Lq(·)(Rn) ≤ C2−kλ∥χB
2j

(0)∥Lq′(·)(Rn)∥fj∥Lq(·)(Rn)(∥a∥∗∥χk∥Lq(·)(Rn)

+∥(aj − a(·))χk∥Lq(·)(Rn))

≤ C2−kλ(k − j)∥a∥∗∥χB
2j

(0)∥Lq′(·)(Rn)∥fj∥Lq(·)(Rn)∥χB
2k

(0)∥Lq(·)(Rn)

≤ C(k − j)∥a∥∗∥fj∥Lq(·)(Rn)

∥χB
2j

(0)∥Lq′(·)(Rn)

∥χB
2k

(0)∥Lq′(·)(Rn)
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≤ C2(j−k)λδ2(k − j)∥a∥∗∥fj∥Lq(·)(Rn).

Therefore, similar to the method of estimating I1, by Hölder’s inequality and
using the fact that α < λδ2 we have

J1 ≤ C∥a∥∗ sup
ε>0

εθ
∞∑

k=−∞

 k−3∑
j=−∞

2jα2(k−j)(α−λδ2)(k − j)∥fj∥Lq(·)(Rn)

p(1+ε)


1
p(1+ε)

≤ C∥a∥∗ sup
ε>0

εθ
∞∑

j=−∞
2jαp(1+ε)∥fj∥p(1+ε)

Lq(·)(Rn)


1

p(1+ε)

= C∥a∥∗∥f∥K̇α,p),θ
q(·) (Rn)

.

To estimate J3. We note that for j ≥ k + 3 and x ∈ Ak, by Lemma 5 and
generalized Hölder’s inequality we have

|[a, T ](fj)(x)| ≤ C

∫
Aj

|a(y)− a(x)||f(y)|
ρ(x− y)λ

dy

≤ C2−jλ

∫
Aj

|a(y)− aj ||f(y)|dy + C2−jλ|aj − a(x)|
∫
Aj

|f(y)|dy

≤ C2−jλ∥fj∥Lq(·)(Rn)∥(a(·)− aj)χj∥Lq′(·)(Rn)

+C2−jλ|aj − a(x)|∥fj∥Lq(·)(Rn)∥χj∥Lq′(·)(Rn)

≤ C2−jλ∥χB
2j

(0)∥Lq′(·)(Rn)∥fj∥Lq(·)(Rn)(∥a∥∗ + |aj − a(x)|).

Thus, for j ≥ k + 3, by Lemmas 3–5 we obtain that

∥|[a, T ](fj)|χk∥Lq(·)(Rn) ≤ C2−jλ∥χB
2j

(0)∥Lq′(·)(Rn)∥fj∥Lq(·)(Rn)(∥a∥∗∥χk∥Lq(·)(Rn)

+∥(aj − a(·))χk∥Lq(·)(Rn))

≤ C2−jλ(j − k)∥a∥∗∥χB
2j

(0)∥Lq′(·)(Rn)∥fj∥Lq(·)(Rn)∥χB
2k

(0)∥Lq(·)(Rn)

≤ C(j − k)∥a∥∗∥fj∥Lq(·)(Rn)

∥χB
2k

(0)∥Lq(·)(Rn)

∥χB
2j

(0)∥Lq(·)(Rn)

≤ C2(k−j)λδ1(j − k)∥a∥∗∥fj∥Lq(·)(Rn).

Therefore, similar to the method of estimating I3, by Hölder’s inequality and
using the fact that α > −λδ1 we have

J3 ≤ C∥a∥∗ sup
ε>0

εθ
∞∑

k=−∞

 ∞∑
j=k+3

2jα2(k−j)(α+λδ1)(j − k)∥fj∥Lq(·)(Rn)

p(1+ε)


1
p(1+ε)
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≤ C∥a∥∗ sup
ε>0

εθ
∞∑

j=−∞
2jαp(1+ε)∥fj∥p(1+ε)

Lq(·)(Rn)


1

p(1+ε)

= C∥a∥∗∥f∥K̇α,p),θ
q(·) (Rn)

.

By summing up J1, J2 and J3, we finish the proof of Theorem 2.
To state some simple corollaries of Theorems 1 and 2, we still need to introduce

more definitions.

Definition 3. A function k is said to be a parabolic Calderón-Zygmund kernel
(for short, constant PCZ kernel) on Rn endowed with the above parabolic metric
ρ, if

(i) k ∈ C∞(Rn \ {0});
(ii) k(rx′, r2t) = r−(n+1)k(x′, t) for any r > 0;
(iii)

∫
Sn−1 k(x)dσ(x) = 0, where dσ(x) is the element of area of the ellipsoid

Sn−1 = {x ∈ Rn : ρ(x) = 1}.

Definition 4. Let Ω be an open subset of Rn. A function k(x, y), x ∈ Ω, y ∈
{Rn \ {0}} is said to be a variable PCZ kernel on Ω, if

(i) k(x, ·) is a constant PCZ kernel for a.e. x ∈ Ω;
(ii) max

|j|≤2n
∥(∂j/∂yj)k(x, y)∥L∞(Ω×Sn−1) = M < ∞.

For a constant PCZ kernel k on Rn or a variable PCZ kernel on Ω. We
define the corresponding operator T by

Tf(x) = p.v.

∫
Rn

k(x− y)f(y)dy for x ∈ Rn

or

Tf(x) = p.v.

∫
Ω
k(x, x− y)f(y)dy for x ∈ Ω.

And similar to the methods of [6] and [14], by Theorems 1, 2 and the exten-
sion theorem for BMO function on a domain (see [20]) we can get the following
corollaries.

Corollary 1. Let 0 < p < ∞, q(·) ∈ B(Rn) and −λδ1 < α < λδ2. If k is a
constant PCZ kernel or a variable PCZ kernel on Rn, T is the corresponding
operator and a ∈ BMO(Rn), then T and [a, T ] are bounded, respectively, on

K̇
α,p),θ
q(·) (Rn) and K

α,p),θ
q(·) (Rn). That is, there exists a constant C independent of f

such that

∥Tf∥
K̇

α,p),θ
q(·) (Rn)

≤ C∥f∥
K̇

α,p),θ
q(·) (Rn)

, ∥Tf∥
K

α,p),θ
q(·) (Rn)

≤ C∥f∥
K

α,p),θ
q(·) (Rn)
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and

∥[a, T ]f∥
K̇

α,p),θ
q(·) (Rn)

≤ C∥f∥
K̇

α,p),θ
q(·) (Rn)

, ∥[a, T ]f∥
K

α,p),θ
q(·) (Rn)

≤ C∥f∥
K

α,p),θ
q(·) (Rn)

.

Corollary 2. Let m ∈ Z, 0 < p < ∞, q(·) ∈ B(B2m(0)) and −λδ1 < α < λδ2.
If k is a variable PCZ kernel on B2m(0), T is the corresponding operator and
a ∈ BMO(B2m(0)), then there exists a constant C independent of f such that

∥Tf∥
K̇

α,p),θ
q(·) (B2m (0))

≤ C∥f∥
K̇

α,p),θ
q(·) (B2m (0))

and
∥[a, T ]f∥

K̇
α,p),θ
q(·) (B2m (0))

≤ C∥f∥
K̇

α,p),θ
q(·) (B2m (0))

.

For a ∈ VMO(Rn), by a similar method in [6, 8] and Corollary 2, we can
obtain the following corollary.

Corollary 3. Suppose that 0 < p < ∞, q(·) ∈ B(Rn) and −λδ1 < α < λδ2. Let
m0 ∈ Z, a ∈ VMO(Rn) and η be its VMO modulus, and T be the corresponding
operator. Then for any ν > 0, there exists an integer m1 = m1(ν, η) ≤ m0 such

that for any m < m1 and any f ∈ K̇
α,p),θ
q(·) (B2m(0)),

∥[a, T ]f∥
K̇

α,p),θ
q(·) (B2m (0))

≤ Cν∥f∥
K̇

α,p),θ
q(·) (B2m (0))

,

where C is independent of f , ν and m.

4. Some applications

In this section, we will study the regularity of strong solutions to nondiver-
gence parabolic equations with VMO coefficients in parabolic grand Herz spaces
with variable exponent by applying the estimates about singular integral opera-
tors and commutators obtained on the above section.

Let m0 ∈ Z and L be a linear parabolic operator of the form

Lu(x) = ut(x)−
n−1∑
i,j=1

aij(x)uxixj (x),

where x = (x′, t) = (x1, ..., xn−1, t) ∈ Rn. The principal part of the operator is
symmetric and uniformly elliptic, that is,

aij(x) = aji(x) (i, j = 1, ..., n− 1) and λ−1|a|2 ≤
n−1∑
i,j=1

aij(x)aiaj ≤ λ|a|2 (4)
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for some λ ≥ 1 and for every a ∈ Rn, a.e. x ∈ Q2m0 = B2m0 (0)× (0, 22m0), where
B2m0 (0) = {x ∈ Rn−1 : |x| < 2m0}. Let aij ∈ VMO(Q2m0 ). Without loss of
generality, we may assume that aij ∈ VMO(Rn); see Theorem 1.2 in [4]. We are
interested in the regularity of strong solutions to the Cauchy-Dirichlet problem

Lu = f in Q2m0 ,

u = 0 on ∂B2m0 (0)× (0, 2m0),

u(x′, 0) = 0 in B2m0 (0),

(5)

where f is in parabolic grand Herz spaces with variable exponent.

Let

Γ(x, y) =

(4πt)−
n−1
2 (D(x))−1/2 exp

[
− 1

4t
Aij(x) yiyj

]
, t > 0,

0, t ≤ 0,

where D(x) is the determinant of the matrix {aij(x)} of the coefficients of L and
the Aij(x)’s are the elements of the inverse of the same matrix. We also set

Γi(x, y) =
∂Γ(x, y)

∂yi
, Γij(x, y) =

∂2Γ(x, y)

∂yi ∂yj
,

i, j = 1, . . . , n, A = Rn ∩ {t > 0}, and

Ct = {u ∈ C∞
0 (A) : u(x′, 0) = 0},

where C∞
0 (A) denotes the space of infinitely differentiable functions with compact

support on A.

Now, we can state the interior representation formula established in [4].

Lemma 6. Let u ∈ Ct. Then for x in the support of u, the following holds

uxixj (x) = p.v.

∫
Rn

Γij(x, x− y)


n−1∑
h,k=1

[
ahk(y)− ahk(x)

]
uyhyk(y) + Lu(y)

 dy

+Lu(x)

∫
En

Γi(x, y)ni dσ(y),

where ni is the i-th component of the outer normal to the surface En.
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Now, let ηij be the VMO modulus of aij and η(r) =

 n−1∑
i,j=1

η2ij(r)

1/2

. We

also set

max
i,j=1,...,n−1

max
|u|≤2n

∥∥∥∥( ∂

∂yi

)u

Γij(x, y)

∥∥∥∥
L∞(Q2m0×En)

≡ M.

On the regularity of the solutions to (5), we have

Theorem 3. Let m0 and L be as above. Suppose 1 ≤ p < ∞, q(·) ∈ B(Rn) and
−λδ1 < α < λδ2. Then there exist positive numbers C and m1 = m1(C, η) such
that for any m < m1 and u ∈ Ct, we have∥∥uxixj

∥∥
K̇

α,p),θ
q(·) (B+

2m (0))
≤ C ∥Lu∥

K̇
α,p),θ
q(·) (B+

2m (0))
, i, j = 1, . . . , n− 1 (6)

and
∥ut∥K̇α,p),θ

q(·) (B+
2m (0))

≤ C∥Lu∥
K̇

α,p),θ
q(·) (B+

2m (0))
, (7)

where B+
2m(0) = B2m(0) ∩ {t ≥ 0}.

Proof. Similar to the method in [6], we only need to prove (6), because (7) is
easily deduced from (6) by

ut = Lu+
n−1∑
i,j=1

aij(x)uxixj

and the fact that aij ∈ L∞(Rn) since they satisfy uniformly elliptic condition (4).
By the definition of Γi(x, y) and the uniformly elliptic condition, we can obtain
that ∥∥∥∥∫

En

Γi(x, y)ni dσ(y)

∥∥∥∥
L∞(Q2m0 )

≤ C(n, λ).

On the other hand, it is easy to verify that Γij(x, y) is a variable PCZ kernel
on B2m0 (0). Thus by Lemma 6, Corollaries 2 and 3, we can prove that for any
ν > 0, there exists m1 = m1(ν, η) such that for any m < m1,

∥uxixj∥K̇α,p),θ
q(·) (B+

2m (0))
≤ C1

n−1∑
h,k=1

ν ∥uyhyk∥K̇α,p),θ
q(·) (B+

2m (0))
+ C1∥Lu∥K̇α,p),θ

q(·) (B+
2m (0))

,

where C1 is independent of ν and m. Choosing ν = 1
4(n−1) , we obtain that

n−1∑
h,k=1

∥uxixj∥K̇α,p),θ
q(·) (B+

2m (0))
≤ C∥Lu∥

K̇
α,p),θ
q(·) (B+

2m (0))
.

This finishes the proof of Theorem 3.
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