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Commutator of Sharp Maximal Operator with
Lipschitz functions on Orlicz Spaces for the Dunkl
Operator on the Real Line

Y.Y. Mammadov*, F.A. Muslumova, F.A. Isayev

Abstract. On the real line, the Dunkl operators

DAﬂ@y:Wmﬂ+@y+Dﬁ@;lt@3VxeRVVz—UZ
dx 2z
are differential-difference operators associated with the reflection group Zs on R. In
this paper, in the setting R we establish necessary and sufficient conditions for the
boundedness of the commutators of the sharp maximal operator [b, M£] in Orlicz spaces
L®(R,dm,,) for the Dunkl operator on the real line when b belongs to Lipschitz spaces
Ap(R). We obtain some new characterizations for certain subclasses of Lipschitz spaces

Ag(R).
Key Words and Phrases: Dunkl operator, Orlicz space, maximal function, sharp
maximal function, commutator, Lipschitz function.
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1. Introduction

In [13], Dunkl introduced a family of first order differential-difference opera-
tors that play the role of the usual partial differentiation for the reflection group
structure. For a real parameter v > —1/2, we consider the Dunkl operator, asso-
ciated with the reflection group Zs on R :

_ df(2)

D, (f)(z) : (m+@u+nf@)-ﬂ‘” VzeR

2x ’
Note that D_; /5 = d/dx.
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Let f € L (R) and 0 < o < 2v + 2. The fractional maximal function M, , f

loc

is defined by

MJM—gmwww%éwwmmx

and the sharp maximal function of Fefferman and Stein M} f is defined by

Mwmzwmmm*éu@—mwm@,

Bax
where the supremum is taken over all balls B C R containing . When a = 0,
we simply denote by M = M.
The maximal commutator generated by b € Ll (R,dm,) and M, is defined
by
My, (f)(x) = supm, (B) ™ /Blb(ﬂf) = bW ()] dmu(y).

B>ox
The commutators generated by b € L (R, dm,) and M} is defined by

loc
[b, M) f () = blar) M f (x) — ME(DS) ().

In 1978, Janson [16] gave some characterizations of the Lipschitz space Az(R")
via commutator [b, 7] and the author proved that b € Ag(R") if and only if [b, T
is bounded from LP(R™) to L9(R™), where 1 <p <n/B,1/p—1/qg=F/nand T
is the classical singular integral operator (see also [24]). The mapping properties
of My, [b, M] and [b, M*] have been studied extensively by many authors. See,
for instance, [4, 7, 8, 19, 20, 21, 28]. The operator M, plays an important role in
the study of commutators of singular integral operators with BM O symbols (see,
for instance, [1, 2, 3, 7, 10, 14, 26]). The operators M, [b, M], M, and [b, M|
play an important role in real and harmonic analysis and applications (see, for
example [5, 6, 22, 23, 27, 28, 29]). Note that, the boundedness of the operator
My, on LP(R™) spaces was proved by Garcia-Cuerva et al. [7]. In [4] by Bastero
et al. studied the necessary and sufficient condition for the boundedness of [b, M|
on LP(R™) spaces.

The aim of this paper is to study the commutators of the sharp maximal
operator [b, MB] in the Orlicz spaces L®(R, dm,,) for the Dunkl operator on the
real line.

Inspired by the above literature, our main aim is to characterize the com-
mutator functions b, involved in the boundedness on Orlicz spaces of the sharp
maximal operator [b, MB] (Theorem 4), see [12].

The notation A < B means that means that there exists a positive constant
C, independent of the relevant quantities, such that A < CB. If A < B and
B < A, we write A &~ B and say that A and B are equivalent.
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2. Preliminaries in the Dunkl setting on R

Let v > —1/2 be a fixed number and m, be the weighted Lebesque measure
on R given by

dmy(z) == (27T (v + 1))71 lz[* T de, VazecR.

For any x € R and r > 0, let B(z,r) := {y € R: |y| € | max{0,|z| —r},|z|+ [ }.
Then B(0,7) =] — r,r[ and

my,(B(0,7)) = ¢, r? T2,
where ¢, := [2/T (v + 1) T(v + 1)]_1.
To introduce the notion of Orlicz spaces in the Dunkl setting on R, we first
recall the definition of Young functions.

Definition 1. A function @ : [0,00) — [0, 00] is called a Young function if ® is
convex, left-continuous, lim,_, ¢ ®(r) = ®(0) = 0 and lim,_,~ ®(r) = oco.

From the convexity and ®(0) = 0 it follows that any Young function is in-
creasing. If there exists s € (0,00) such that ®(s) = oo, then ®(r) = oo for all
r > s. The set of Young functions such that

0<®(r)<oo for all 0<r<oo
is denoted by V. If ® € Y, then ® is absolutely continuous on every closed interval
in [0, c0) and bijective from [0, c0) to itself.

For a Young function ® and 0 < s < o0, let
& 1(s) :=1inf{r > 0: ®(r) > s}.

If ® € Y, then &' is the usual inverse function of ®. It is well known that

r<® NP0 (r) < 2r for any r > 0, (1)
where ®(r) is defined by

B(r) = { ZZI,){TS —®(s) : 5 € [0,00)}, ;i[g(;.oo)

A Young function & is said to satisfy the Ag-condition, denoted also as ¢ €
Ao, if
O(2r) < CP(r), Vr >0
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for some C' > 1. If ® € Ao, then ® € V. A Young function ® is said to satisfy
the Va-condition, denoted also by ® € Vs, if

1
< — >
O(r) < QCCD(CT), Vr>0

for some C' > 1. In what follows, for any subset E of R, we use x, to denote its
characteristic function.

Definition 2. (Orlicz Space). For a Young function @, the set
L*(R,dm,) == {f € L (R,dm,) : / O (k|f(x)]) dm,(x) < oo for some k > 0}
R

is called the Orlicz space. If ®(r) := rP for all r € [0,00), 1 < p < oo, then
L®(R,dm,) = LP(R,dm,). If ®(r) := 0 for all r € [0,1] and ®(r) := oo for all
€ (1,00), then L*(R,dm,) = L*(R,dm,). The space L¥ _(R,dm,) is defined

loc

as the set of all functions f such that fx, € L*(R,dm,) for all balls B C R.

LCI’(]R7 dm, ) is a Banach space with respect to the norm

[fllpew = inf{)\ >0: /Rq>(‘f(;)) dm, (z) < 1} .

For a measurable function f on R and t > 0, let

m(ft)y :=m,({z € R:[f(z)] > t}).
Definition 3. The weak Orlicz space
WL (R, dm,) :={f € Lt (R) : || fllw e < oo}

loc

is defined by the norm

Fllwgow = inf {x >0 : igg@(t)m(ﬁ, ) <1}

We note that || f|lyrew < |[fllpew,
sup ®(t) m(f,t), = suptm(f, ®(t)), = supt m(®(|f]),t),
>0 >0 >0

and

L) andn <t smem () <1 @

The following analogue of the Holder inequality is well known (see, for exam-
ple, [25]).
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Theorem 1. Let the functions [ and g be measurable on R. For a Young function
® and its complementary function ®, the following inequality is valid

/R\f(x)g(x)\ dmy, (2) < 2[|fllerllgll ..

By elementary calculations we have the following property.

Lemma 1. Let ® be a Young function and B be a ball in R. Then

1
X5l pew = HXBHWL‘I’(R,di) = &1 (m, (B)-1)

By Theorem 1, Lemma 1 and (1) we obtain the following estimate.

Lemma 2. For a Young function ® and for the ball B the following inequality
is valid:

/B @) dmu(y) < 2mu(B) @ (mu(B) ) 1 x -

The known boundedness statement for M, in Orlicz spaces on spaces of ho-
mogeneous type runs as follows.

Theorem 2. [17] Let ® be any Young function. Then the maximal operator
M, is bounded from L®(R,dm,) to WL®(R,dm,) and for ® € Vy bounded in
L®(R,dm,).

For a given ball B and 0 < a < 2v + 2, we define the following maximal
function:

Map,f(@)= sup my(B) *=5 / )] dmu(y),
BDOB'>x B’

where the supremum is taken over all balls B’ such that x € B’ C B. Moreover,
we denote by Mp, = My g, when a = 0.

The following result completely characterizes the boundedness of M,, on
Orlicz spaces.

Theorem 3. [18] Let 0 < a < 2v +2, &,V be Young functions and ® € Y. The
condition
Ta(I)_l (7,,—21/—2) < C\If_l (7,—21/—2) (3)

for all v > 0, where C' > 0 does not depend on r, is necessary and sufficient
for the boundedness of My, from L®(R,dm,) to WLY(R,dm,). Moreover, if
® € Vo, the condition (3) is necessary and sufficient for the boundedness of M, ,
from L®(R,dm,,) to LY (R,dm,,).
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In this section, as an application of Theorem 3 we consider the boundedness
of My on Orlicz spaces when b belongs to the Lipschitz space, by which some
new characterizations of the Lipschitz spaces are given.

Next we give the definition of the Lipschitz spaces on R, and state some basic
properties and useful lemmas.

Definition 4. (Lipschitz-type spaces on R) Let 0 < < L.
(1) We say a function b belongs to the Lipschitz space Ag(R) if there exists a
constant C such that for all x,y € R,

|b(z) — b(y)| < Cla —y|”.

The smallest such constant C' is called the Ag(R) norm of b and is denoted by

100 4,5 ()
s(R)

(2) [15] The space Lipg(R,dm,,) is defined to be the set of all locally integrable
functions b, i.e., there exists a positive constant C, such that

1
5 m, (B)1+8/(2+42) /B [b(z) — bp| dmy(z) < C,

where the supremum is taken over every ball B C R containing x and bp, =
#(B) J50(y) dm,(y). The smallest such constant C' is called the Lipg(R,dm,)
norm of b and is denoted by ||b||Lipﬁ(JR,dmu)-

To prove the theorems, we need auxiliary results. The first one is the following
characterizations of Lipschitz space (see [15]).

Lemma 3. Let 0 < 8 <1 and b € L (R,dm,), then
(1)

16114 ) = 10l Lipy (R.dm.,)-
(2) Let By C Ba C R and b € Lipg(R,dm,,), where By and Ba are balls. Then
there exists a constant C depending only on By and Bs such that

5
b, — bp,| < C|[blLip, (&,dm,,) M (B2) 2+2.

(3) There ezists a constant C' depending only on [ such that

_B
b(x) — b(y)| < ClIbllLip, (& dm, ) 70 (B2) 22
holds for any ball B containing x and y.

Lemma 4. Let 0 < g <1 and b € AB(R). Then the following pointwise estimate
holds

My £ (@) < Clbllj gy Mo ().
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Proof. 1 b € Ag(R), then

My, (f)(x) = sup my (B) ™ /B [b(x) = bW f ()] dm.(y)

B>z
_ B
< Clbl, ey supm(B) 55 [ |10 dm )
B>z B
= ClIbl5, ) M (@).

<

Lemma 5. Ifb € L (R,dm,) and By := B(xo,70), then

loc

b(z) — bp,| < My, XxB,(z) for every x € By.

Proof. For x € By, we get

My x5, (2) = sup m,, (B)~* /B [b(z) = b(y)[xBo (y) dmu(y)

B>z

= 1531;1; ml,(B)_l /BﬂBo b(z) — b(y)| dmu(y)

> my(By) ! / b() — by)| dm, ()

BoNBy

> my (Bo)™" /B (b(z) — b(y)) dmy ()| [b(x) — b |

0

3. Commutators of sharp maximal function in Orlicz Spaces

For a function b defined on R, we denote

~(a) i {0 . b(z) > 0
|b(x)|, ifb(x) <0

and bT(x) := |b(z)| — b~ (x). Obviously, b*(z) — b~ (z) = b(x).

The following relations between [b, M, | and M, ,, are valid. Let b be any non-
negative locally integrable function. Then for all f € L] (R,dm,) and z € R the
following inequality is valid

|[b, M) f ()] = [b(2) M, f(x) — M, (0f)(2)]
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= M, (b(2) ) (x) = My(bf)(2)] < My([b(x) = bIf)(2) = My (f)(2)-

If b is any locally integrable function on R, then

[0, My f ()] < My, (f)(2) + 207 (2) M, f(z),  xe€R (4)

holds for all f € L] _(R,dm,) (see, for example, [6, 9, 28]).
Obviously, the My, and [b, M, ]| operators are essentially different from each
other because My, is positive and sublinear and [b, M, ] is neither positive.

Theorem 4. Let 0 < 8 < 1 and b be a locally integrable function. Suppose that

8
®, W be Young functions, ® € Y N Vs and V~1(t) =~ ®~L(t)t” =+2. Then the
following statements are equivalent:

1. be Ag(R) and b > 0.

2. [b, MB] is bounded from L®(R,dm,) to LY (R, dm,,).
3. There exists a constant C > 0 such that

__B _
S%pmV(B) Wz 1(m,,(B) 1) Hb() - 2MB(bXB)(')HL‘P(B) <C. (5)
4. There exists a constant C > 0 such that

supmy (B)™ 7552 () 21 (0,) O ) < € (6)

Proof. We only need to prove (1) = (2), (2) = (3), (3) = (4) and (4) = (1).
(1) = (2). Since b € Ag(R) and b > 0, then for any locally integrable function
fand ae. z€R

b, ME)( \_\%gpmy [ 156) = g dmtw)
1
—sup [ ) 10) — ()5 dm (o)
! b bf)s| d
S
Sjsggg ml,l(B /b z)| | f(y H“b fB_(bf)B})
S s, Maf (2) / 1) dima(z) = s [ 61 dm(2)
S bl Msf (o >+sg3 7 [ @) = b )] dm ()

< lbll,, M ().
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Then, it follows from Theorem 3 that [b, M}] is bounded from L*(R,dm,,) to
LY(R,dm,).

(2) = (3). Assume [b, Mf] is bounded from L2(R,dm,) to LY(R,dm,), we
will prove (5). For any fixed ball B, we have (see [4, page 3333] or [28, page 1383]
for details)

1
MB(XB)(QU) =3 for all =z € B.

Then, for all z € B,

Since [b, Mﬁ] is bounded from L®(R,dm,) to LY(R,dm,), then by applying
B
Lemma 1 and noting that ~1(¢) = ®~1(¢)t” 2+2, we have

o (B) "5 U (my(B) ™) [[b() — 2ME (b)) ()] o )
= 2m,(B)" %52 U (my(B) ) || b ME) (08) | o 1
< my(B) =20 (my(B) ) [|xp| o S 1

which implies (5).

(3) = (4): We deduce (5) from (6). Assume (5) holds, then for any fixed ball
B, it follows from Lemma 2 and (5) that

b() = 2ME (bx,) ()]

< 2my(B) "% U (my (B))[[b() — 2M5 (0x,) )] o < C

Jel
my(B) "5

LY(B)

where the constant C is independent of B. So we obtain (6).
(4) = (1). We first prove b € Ag(R). For any fixed ball B, we have (see (2)
in [4] for details)

lbs| < QMB(bXB)(x), for any x € B. (7)

For any ball B, let E = {y € B : b(y) <bg} and FF = {y € B : b(y) > bp}.
The following equality is true (see [4, page 3331]):

/ b(y) — b dm, (y) = / Ib(y) — b dm(y).
E F
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Since b(y) < bp < |bp| < 2MB(bXB)(y) for any y € E, we obtain

b(y) — b < |by) — 2ME(bx,) ()],

yekb.

Then we have

(B)ll—i-Qi_Q /B ‘b(y) - bB‘ dmu(y) - (B)21+25+2 /E |b(y) - bB’ dml,(y)

< 21+2,12/E |b(y) — 2M(bx ) ()| dm(y)

()
[ 166) = 22850 x,) )] di ()

2

my(B) -tz /B

IN

Applying Lemma 3 we get b € A,B (R).
In order to prove b > 0, it suffices to show b~ = 0.
Then, for all z € B,

2M7(bx,)(z) — b(x) > |bp| — b(z) = |bp| — b (z) + b~ (2).

By (6), there exists a constant C' > 0 such that for any ball B

C> (B)llw/ b(y) — 2ME(bx,) (y)| dmu(y)
> (B)11+2+2/ (2ME(bx ) (y) — b(y)) dmu(y)
> (B)l+ [ (sl =5 + =) dmu )

- MOZ)B‘ - myl(B) /Bb+(y) dmy, (y) + o (B) /Bb_(y) dmy(y))

This gives

: ! ; B m m 21/[%
my(B)/Bb (y) dmu(y)+my(3)/3b (y) dm,(y) < Cmy,(B) (8)

for all balls B and the constant C' is independent of B.

Let the radius of ball B tends to 0 (then m,(B) — 0) with € B, Lebesgue
differentiation theorem assures that the limit of the left-hand side of (8) equals
to

b5 -

lb(x)| — b (z) + b (x) =20~ () = 2|b™ (x)].
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Moreover, the right-hand side of (8) tends to 0. Thus, we have b~ = 0. Then
b€ Ag(R) and b > 0. The proof of Theorem 4 is completed. «

If we take ®(t) = t? and ¥(t) = t? with 1 < p < o0 and 1 < g < oo at
Theorem 4, we have the following result.

Corollary 1. Let 0 < 8 <1,b € LIIOC(R, dm,), b be a locally integrable function,
l<p<qg<ooand % - % = 2f+2. Then the following statements are equivalent:
1. be Ag(R) and b > 0.
2. [b, Mf] is bounded from LP(R,dm,) to LY(R,dm,).
3. There exists a constant C' > 0 such that

su 1 1 7 — § M din 1/q
5 m,(B)7n <mu(B>/B|b() 2M (bx5) ()" dm( >) <c

4. There exists a constant C > 0 such that

1
sup

1 2) — ot M dm(a) <
5 mV(B)“zu’iz/B}b( ) = 2M5(bx) (@) dmy(z) < C
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