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Abstract. Permutation polynomials play a significant role in the finite field theory due
to their wide applications in coding theory, cryptography and combinatorial designs.
The permutation pentanomials, polynomials with five nonzero terms, offer an attrac-
tive balance between algebraic simplicity and functional richness making them suitable
for practical implementation in computational and cryptographic systems. While nu-
merous studies have been devoted to permutation binomials, trinomials and quadrino-
mials, systematic exploration of permutation pentanomials particularly over fields of
characteristic five, remains limited. The present paper aims to construct new classes
of permutation pentanomials over Fs2x. Specifically, we investigate pentanomials of
the algebraic form z**™°[(x97!) over F,2, where ¢ = 5%, k is a positive integer, and
l(z) = 2?2 (2 + c12* + cow® + c3x + 1), for ¢; € F5, i = 1,2,3; s € {2,3} and derive nec-
essary and sufficient conditions under which these polynomials act as permutation over
Fs2r. The permutation behaviour of the constructed pentanomials is verified through
both theoretical proofs and computational experiments.

The study not only extends the existing body of knowledge on permutation polynomials
but also provides generalized results. The findings may have further implications in the
design of cryptographic functions, error correcting codes and pseudo-random sequence
generators.

Key Words and Phrases: finite fields, permutation polynomial, permutation pen-
tanomial.
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1. Introduction

Consider the finite field F, which contains ¢ = p" elements, where p is a prime
and n is a positive integer. The polynomial u(x) is said to be a permutation over
[F, if the associated map u : Fy — I, is a permutation. The study of permutation
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polynomials is an active research area in recent times due to their applications
in the field of technology such as coding theory, cryptography and combinatorial
design, see [10, 11, 26, 32, 38, 39].

The survey by Hou [25] gave a overview of recent development in the study
and construction of permutation polynomials over finite fields, summarizing key
results, methods, and open problems. Mullen [35] discussed the main proper-
ties of permutation polynomials, described various methods to construct them,
and presented their important applications in coding theory, cryptography, and
communication systems. In 2014, Mullen and Wang [36] presented a summary
of permutation polynomials in one variable, explaining basic definitions, main
results, and common construction techniques within finite field theory. Zieve
[61] introduced several explicit families of polynomials over finite fields, using
subgroup structures and algebraic conditions to make them permutation polyno-
mials. Later, Zieve [52] extended this work by constructing permutation poly-
nomials from subfield permutations and showing their connection with complete
sets of mutually orthogonal Latin squares.

In recent years, authors focused in the polynomials of the form x"I(x971) to
be a permutation over F,. But in these type of polynomials, researchers are
concentrating only on [(x) with few terms such as binomials and trinomials over
finite field because binomials and trinomials have concise and compact structure
and have various applications in the field of cryptography. In this regard, Hou
[18, 19, 20, 23], Hou and Lappano [21] and Lappano [22], completely characterized
the permutation binomials and trinomials of the type zl(z?71) over Fy2, where
I(z) = a+ 2% a+ Bz +2? and a + 2 for t = 5,7. Further, Gupta and Sharma,
[15] constructed permutation polynomials of the type :crl(x2k_1) over o2, and
proposed two conjectures on permutation polynomials which were subsequently
proved by Zha et al [48]. Gupta et al. [16] constructed several classes of per-
mutation trinomials of the form zh(z7t!) over Fg2. A comprehensive survey on
permutation binomials and trinomials over finite fields was provided by Hou [24]
and Jarali et al. [44].

Li et al. [30] constructed permutation trinomials using the fractional poly-
nomials over finite fields with characteristic 2 and 3. The authors also presented
conjuctures which were proved by Bartoli and Giulietti [5], and constructed per-
mutation trinomials over finite field of characteristic five. The classification of
permutation polynomials with Niho exponents were given by Bai and Xia [3]
over Fx for p =3 and 5. Some new classes of permutation trinomials with Niho
exponents over Fsax were proposed by [46]. Further, several authors investigated
permutation polynomials with Niho exponents in different years, one may re-
fer to [7, 8, 12, 13, 14, 27, 28, 34, 37, 41, 42]. The permutation and complete
permutation polynomials from linearized polynomials are discussed in [43].
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Recently, various researchers have shown interest in permutation pentanomi-
als over finite fields. Li et al. [29] and Xu et al. [47] constructed permutation
pentanomials over F. with even characteristic. Further, the new classes of per-
mutation pentanomials and hexanomials over finite field Fy2x were proposed by
Zhang et al. [49]. Permutation pentanomials of the form z"h(z? ') over F
with characteristic 2 and 3 were constructed by Liu et al. [33]. Shen et al. [40]
presented some new classes of permutation pentanomials and hexanomials over
finite field Fj2 with characteristic five. Further, Gupta et al. [17] presented new
classes of permutation trinomials and pentanomials over [F52;.

The objective of the paper is to introduce new classes of permutation pen-
tanomials over finite field with characteristic five. We construct several new
classes of permutation pentanomials of the form z4+5] (:1:5k_1) over Fsar, where
I(z) = 2?2/ (25 + c1o* + cow® + 4c3x + 1) for ¢; € F5, i = 1,2,3; s € {2,3}, by
deriving necessary and sufficient conditions on ¢ and k.

The paper is organized in four sections: The section 2 describes preliminaries
and results which are helpful to explain the main results. Section 3 focuses on the
construction of new classes of permutation pentanomials of the form x4t+5l(w5k_1)
over Fgor. Lastly, section 4 concludes the paper.

2. Preliminaries

This section outlines key preliminary results that assist in the formulation
and proof of the main results in the sections that follow.

Lemma 1. .[[1, 2, 45, 50]] Let s,r > 0 with s | (¢ — 1) and l(x) € Fy[z]. Then,
g(z) = xrl(az%) permutes Fy if and only if both the following conditions are
satisfied

i) ged(r, %) =1 and

ii) xrl(x)q%l permutes [is.
Lemma 2. .[[5]] Let f(x) be a polynomial and Cy be the plane algebraic curve
with the following form.:

r—=y

then f(x) is a permutation polynomial over Fy if and only if Cy has no Fy-rational
point (a,b) with a # b.

Definition 1. [9, 31] Let p(z) = pox™ + p1a" ' + -+ + p, € F[z] and q(z) =
qQor™ +q 2™ 4 -+ qy € Flx] be two polynomials of degree n and m respectively
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with m,n € N. Then, the resultant R(p,q) of two polynomials is defined by the
determinant

o p1 -~ pn O 0
0 po pm pn O 0
0 ... 0 po m cee DPn

R(p,q) =
(p,9) qQ qq --- gn 0 ... O
0O @ ¢ ... qm --- O
0 ... 0 q ¢ cee Gm

of order m+n. For a field F, Hi(x,y) and Ha(z,y) € F[z,y] of positive degree in
y, the resultant of Hy and Hs with respect to y is denoted by Res(Hi, Ha,y). It is
the resultant of Hi and Hy when considered as polynomials in the single variable
y, that is, as elements in R[y] with R = F[x]. Since Res(Hy,Ha,y) € Flx| is
in the ideal generated by Hy and Hs, therefore any pair (a,b) with Hi(a,b) =
Hs(a,b) = 0 is such that Res(Hy, Ha,y)(a) = 0.

Lemma 3. .[[33]] Let ¢ = p*, where p is a prime. Let r,i and j be positive
integers, where i Zp — 1 (mod p) and ged(i + 1,q+ 1) = 1. Suppose that l(x) €
F2[x] has no roots in gy, y. The polynomial g(x) = a"l(x)7~! is a permutation
polynomial over pk_y if and only if the polynomial G(z) = "I L(2)t s a

permutation polynomial over iy, where L(z) = (1 +z + 2% + - + 2')1(z).

3. New Construction of Permutation Pentanomials over [Fyax

In this section, we construct permutation pentanomials of the type 24+5] (25" 1)
over Feoi, where [(z) = 22 (2 4 c1a* + cow® + +c3z + 1) for ¢; € Fy, i =1,2,3;
s € {2,3}. Here, new classes of permutation pentanomials over Fs2. are con-
structed using the set of (5% +1) roots of unity and resultant of two polynomials.

The following lemma is used in proving the main results.

Lemma 4. The polynomial z° + 2* — 2° + x + 1, where s € {2, 3}, has no roots
mn ,LL5k+1.
Proof. Let A\ € pusk,q be such that it satisfies the equation
P rat—+r+1=0.

Then, we have
MM X4 A4+1=0. (1)
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Taking (5k)th power of Eq. (1), and then multiplying by A, we get
MMM E LA+ 1=0. (2)
Subtracting Eq. (1) from Eq. (2), we obtain
AS(N5725 — 1) = 0. (3)

For s =2, Eq. (3) gives A = 0,1, but A =0 & p5e,1 and A = 1 is a contradiction
to Eq. (1). Similar argument holds for s = 3. Therefore, z° +2* — 2% + 2 + 1 has
no roots in pzk 1. Hence the result. «

Remark 1. The polynomial z*1(x), where l(x) = 2° +2* —2°+x+1, s € {2,3}
and t is any integer, has no roots in figk ;.

Lemma 5. The polynomial 2 + (s + 1)z* — 2%+ (s — 1)z + 1, where s € {2,3},
has no Toots in figk .

Proof. Suppose A € pgr | satisfies the equation
4 (s+ 1)zt =2+ (s — Dz +1=0.

Then, we have
Nt (s+ DA =N+ (s—DA+1=0. (4)

Taking (5k)th power of Eq. (4), and then multiplying by A3, we get
Mr@—s)M =X+ (1+s)A+1=0. (5)
Subtracting Eq. (4) from Eq. (5), we obtain
25A(N3 — 1) £ XN\ — 1) = 0. (6)

Putting s = 2in Eq. (6) yields A =0,1,2,-2. But A =0 ¢ psrq and A = 1,2, -2
is a contradiction to Eq. (1). Therefore, #° + (s + 1)2* — 2° + (s — 1)z + 1 has
no roots in g5k 1. Similar justification holds for the s = 3. Hence the result. «

Remark 2. The polynomial x!1(z), where x° + (s + 1)a* — 2% + (s — )z + 1,
s € {2,3} and t is any integer, has no Toots in figk. .

Lemma 6. The polynomial 2° + 4sx* + 222 + sz + 1, where s € {2,3}, has no
TOOLS N figkyq-
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Proof. Let X\ € pgr 1 be such that it satisfies the equation
20 4+ 4szt +22° + sz +1=0.

Then, we have
N 4 4sAt 205 4 sA +1=0. (7)

Taking (5k)th power of Eq. (7), and then multiplying by A\®, we obtain

A+ AT 420575 L AsA+1 =0. (8)
Subtracting Eq. (7) from Eq. (8), we obtain

35\ — 3sAT 4+ 205 (NP7 — 1) = 0. (9)

Put s = 2 in Eq. (9), we obtain A(A — 1)(A?2 — X + 1) = 0 which gives A = 0,1
and A = A — 1. But A = 0 € pz g and X = 1 is a contradiction to Eq.
(7). The remaining factor A> = A\ — 1 implies that A\ = 1. Thus, AL = 1
and A6 = 1 gives 1 = Aged(3*+16) — A2 a5 k is an even integer. So, A = 1,—1
contradicts the Eq. (7). Similar argument holds for s = 3. Thus, the polynomial
2° + 32% + 22% 4 22 + 1 has no roots in gk, ;. <

Remark 3. Let k be an even integer, the polynomial x?'1(x), where I(x) = x5 +
4sxt + 222 4+ sz + 1, s € {2,3} and t is any integer, has no roots in sk -

Theorem 1. Let ¢ = 5%, where k is a positive integer and t is an integer such
that t > —1. Then, the polynomial

u (z) = 2(5+2t)5 +2t+$(4+2t) 542641 (s+2t)5 +2t+2+x(1+2t) 5 +2t+4+x(2t) 5k 42t +5

is a permutation over Fsar if and only if ged(4t +5,5% — 1) = 1.
Proof. The polynomial

w (z) = p(OH20)58 42t o (4+2)-55 42641 (s+26)-55+2642 4 o (142)-5542t+4 | (26)-55+2t+5
can be expressed as ui(z) = x*+5(x471), where I(z) = 2% (2® + 2* — 2° +

x +1). According to Remark 1, I(z) has no roots in psr ;. Using Lemma 1,

the polynomial uj(z) = z**5(x971) is a permutation over Fyz if and only if

ged(4t 45,5 — 1) = 1 and the polynomial v1(z) = 2¥"°1(2)97! permutes izx 4.

Let x € pgk 1, we have

vi(z) = e ()71
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=2 (P 4t — 2t x4+ 1))
arys (@2(2® + 2t — ¥ 42+ 1))4
22(2d + 2t — 25+ + 1)
arys (@225 + 2% — 57 4+ 29 + 1))
=z
2225+ 2t —as+ x4+ 1)
s (@ (@ P+t a7l + 1))
=z
22 (2 + 2t — a5+ 1+ 1)
ot — a4+
o+t —rs+r+1

=X

By putting s = 2 in the above equation, we get the polynomial

P4t -2+ +1
Ul(x):a:5+x4—$3+x+1'

a2t -2+ +1
tat—adt+r+1

We have to prove that vy(x) = permutes jigr 1. Let
T,y € pskyq such that
vi(x) = vi(y)
4+t -2t +1 _ Y4yt -yt +y+1
o+t —d4+r+1 Pyt —yP+y+1
Here, we use algebraic curve method to prove that if v1(z) = vi(y), then z = y.
Consider the curve

Alz,y) =@+ 2t =22+ 2+ D@+ =2 +y+1)
—(@P +at P e+ D) Yt -y + ).

Utilizing Lemma 2, the polynomial vi(x) permutes psx, ¢ if and only if the curve
A(z,y) does not have any points (z,y) € '“gfwrl off the line = y. The factoriza-
tion of the curve A(x,y) using MAGMA [6] is given as

where
B(z,y) = 2%y + zy® + 2y + 22+ 2y + 3
and
C(z,y) = 2%y* + 42’y + 4ay® + 4oy + 22 + 2.
The resultant(B(x, y), nyQB(%, i), y) = 27 +425+42° + 30 4423+ 422 +2 and the
resultant(C (z,y), 22y?C(, %), y) = 27 +425 +42° 4 321 + 423 + 42% + 2. The fac-
torization of the resultants (B(z,y), z%y*B(2, %)7 y) and (C(z,y), 2%y*C (2, i), Y)
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is given as z(x + a)(z + o®)(x + 2)(x + 3)(z + o®) (z + a??), where « is such that
22 4+ 22 + 3 € Fs[z]. The roots of the resultant (B(x,y),xzyQB(%,%);y) are
r =0,—a,—a’ —2,-3,0°,a*. But 27 = 2 # %, therefore there is no point
(x,y) € 'U’g’f—&-l that satisfies (B(a:,y),ar2y2B(%,%);y) = 0. Similar justification
holds for the resultant (C($,y),$2y20(%, %)7 y). Therefore, we get z = y.

For s = 3, we denote vi(x) by v(z). Then,

Pt tar+1
wrart—a?4+ax+1
1

vi(x)’

v(z) =

Here, v(x) permutes psx, because vy (x) permutes jigr 1. Hence proved. <
By putting the values t = —1,0,1 and s = 2 in the Theorem 1, we get the
following corollaries.

Corollary 1. Let k be a positive integer, then

. rk_ rk__ k _rk _9.rk . .
1) the polynomial 235 =2 4 222"~ — 25 4 275 12 4 27253 45 g permutation
over Fyok.

2) the polynomial g gL 3582 4 oS K 05 i g permutation poly-
nomial over Fxar.

3) the polynomial gT5 2 65843 5 35846 g 2584 4o g permutation
polynomial if and only if k is an odd.

Consider p=5,i=2,j=1,t =0,s=2and l(z) = 2° + 2* — 23 + 2 + 1,
then by utilizing the Lemma 3 and Theorem 1, we get the following corollary.

Corollary 2. Let k is a positive integer. Then, the polynomial
U(z) = 270" L gp65 1 | 52 | 9 25845 | T

is a permutation over Fsar if and only if k is an even integer which satisfies k # 0
(mod 6).

Proof. The polynomial L(z) = (22 +z + 1)(2® + 2* — 2% + 2 + 1) € Fya, and
the polynomial U(x) can be expressed as 27 L(z9~!). Let k is an even integer such
that k£ # 0 (mod 6). This gives gcd(5*4-1,3) = 1 and ged(5* —1,7) = 1. Utilizing
Lemma 3, the polynomial U(z) permutes pigx,, if and only if V(z) = 25(2971)
permutes 55, 1. According to Theorem 1, V(z) = z°l(29!) permutes pigx ;.



138 P. Agarwal, S. Gupta, M. Singh, S. Vinayak, R. Efendiev, S. Jain

For the converse part, let U(x) is a permutation over Fsar. Let k is an odd
integer then 3 | (5% + 1) and w is the primitive cube roots of unity. It can be
observed that V(w) = V(w?) = 0. This gives that V(z) does not permute iz .
If k=0 (mod 6), then we deduce that V'(x) is not a permutation over ji5. | using
Lemma 1. Therefore, U(x) is not a permutation over Fs2r which contradicts the
fact that U(z) is a permutation over Fsox. <

By putting the values t = —1,0,1 and s = 3 in the Theorem 1, we get the
following corollaries.

Corollary 3. Let k be a positive integer, then

1) the polynomial 3% =2 + 2% ~1 — g 4 275" +2 4 27253 s o permutation
over Fyax.

. k41 £k Ek k . .
2) the polynomial x® 4+ x5 1 — 225743 1 25"+ 4 45 is a permutation over
]F 2k
5 .

3) the polynomial 7052y 65543 _ A5k 45 | 35846 4 ). 2.5847
if and only if k is odd.

18 a permutation

Consider p=5,i=2,j=1,t =0, s =3 and l(z) = 2° + 2* — 22 + 2 + 1,
then utilizing the Lemma 3 and Theorem 1, we get the following corollary.

Corollary 4. Let k is a positive integer. Then, the polynomial
U(z) = 275" + 965" +1 + 95" 142 + 225545 + 2P +6 + 27

is a permutation over Fsa. if and only if k is an even integer such that k # 0

(mod 6).

Proof. The polynomial L(z) = (2? +x +1)(2° + 2% — 22 + 2 + 1) € F52x, and
the polynomial U(x) can be expressed as z7L(z%"1). Let k is an even integer
satisfying k& # 0 (mod 6). This gives gcd(5* +1,3) = 1 and ged(5* — 1,7) = 1.
Utilizing Lemma 3, the polynomial U(x) permutes p5.; if and only if V(z) =
2°l(x?~1) permutes sk ;. According to Theorem 1, V(z) = 251(25" 1) permutes
Hsk41-

Conversely, let U(x) is a permutation over Fszr. Let k is an odd integer,
then 3 | (5% + 1) and w is the primitive cube roots of unity. It can be observed
that V(w) = V(w?) = 0. This gives that V(z) does not permute iz . If k =0
(mod 6), then we deduce that V' (z) is not a permutation over psk, | using Lemma
1. Therefore, U(x) is not a permutation over Fs2x which is a contradiction to the
fact that U(z) is a permutation over Fxox. <
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Theorem 2. Let ¢ = 5%, where k is a positive integer and t is an integer such
that t > —1. Then, the polynomial

us(z) = $(5+2t)~5’€+2t +(1+ S)l,(4+2t)-5k+2t+1 o x(s+2t)~5k+2t+3_

(1— S)x(1+2t)~5k+2t+4 + x(2t)~5’“+2t+5

is a permutation over Fson if and only if ged(4t + 5, 58 —1) = 1.
Proof. The polynomial

us(z) = :L,(5+2t)~5’“+2t + (s + 1)$(4+2t)~5k+2t+1 . $(s+2)~5k+2t+3_

(1— S)$(1+2t)-5k+2t+4 + $(2t)-5k+2t+5

can be expressed as ug(x) = z43](2971), where I(z) = 22 (2 + (s +1)z* — 22 (s —
1)z +1). According to Remark 2, I(x) has no roots in jigr ;. Using Lemma 1,
the polynomial ug(z) = z**5(x971) is a permutation over Fyz if and only if
ged(4t 45,5 — 1) = 1 and the polynomial vs(z) = 2¥7°1(2)97! permutes izx 4.
Let x € pgk 1, we have

vo(x) = 231 ()77}

— $4t+5 (z2t (m5

(s+ Dzt —2°+ (s — a4+ 1))71
s (@@ 4 (s + D)2t — 2 + (s — D)z + 1)1
B 2225+ (s+1Dat —a5+ (s— 1)z +1)
s (@225 (s + D)2t — 2% 4 (s — 1))a? + 1))
=z
2 (P 4+ (s+ 1)zt — a5+ (s — )z + 1)
sgs (@@ P+ (s+ Dzt —a  + (s —1a ! +1))
=x
225+ (s+Dat —z5+ (s — 1)z + 1)
P4+ (s—Drt -2+ (s+ Dz +1
P+ (s+l)zt—as+(s—1)z+1 "~

_.I_
+

_w5—x4—x3+3x—|—1
a4+ 3rt 22—+ 1
-zt -3+ 3z +1
2+ 3t —a2?—x+1

Put s = 2 in vy(z), we obtain, va(z)

We have to prove that vo(z) = permutes pzx 1. Let
T,y € pskyq such that
va(x) = v2(y)
-zt -3 +3z+1 P -yt -yt +3y+1
P +3rt—a2—x+1  P+3yt—yi-y+1
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Here, we use algebraic curve method to prove that ve(z) = va(y) whenever x = y.
Consider the curve

A(z,y) = (x5—x4—m3+3m+1)(y5+3y4—y2—y+1)—

(®+3z* =22 —z+D)(° —y* — 9>+ 3y +1).

Utilizing Lemma 2, the polynomial vi(x) permutes 5. if and only if the curve
A(z,y) does not have any points (z,y) € 'L‘gkﬂ off the line z = y. The factoriza-
tion of the curve A(x,y) using the MAGMA [6], we get

Az, y) = (z —y)(y + 2)(z + 2)(y + 3)(z + 3) B(z,y)C(z, y),

where
B(z,y) =2y +4y +1
and
C(x,y) =zy + 4z + 1.
Since r = —2,2 and y = —2,2, consequently, z9t! £ 1 and y?*t! # 1. This

gives us x,y & pse, ;. We are left with the factors B(z,y) = zy + 4y + 1
and C(x,y) = zy + 4z + 1. The resultant(B(x,y),xyB(%, i),y) = 2z and the

resultant(C(z,y), zyC(2, 5), y) =+ 2. But =0, -2 &€ psk,q, therefore there
is no point (z,y) € ugkﬂ which satisfies (B(z, y),xyB(%, i);y) = 0. Similar jus-
tification holds for the resultant (C(z,y), J:yC(%, i), y). Therefore, we get = = y.
For s = 3, we denote va(x) by v(z), we get

43t - —r+1 1
25—zt — 34+ 3x+1 ()

v(z) =

Here, v(z) permutes pi5x, 1 because va(x) permutes jugr ;. Hence proved. «

By putting the values t = —1,0,1 and s = 2 in the Theorem 2, we get the
following corollaries.

Corollary 5. Let k be a positive integer, then

. Bk _ 5k _ _ck _9.5k . .
€ polynomial x X —r—x x 18 a permutation
over Fyax.

. k41 £k £k k . .
2) the polynomial x5 4 34> 1 — 25" +3 _ 25"+ 4 95 45 a4 permutation over
Frox
5 .

3) the polynomial 27582 9,655 43 _ 45545 35546 125547
if and only if k is odd.

18 a permutation
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Consider p=5,i=2and j =1,t =0, s =3 and [(z) = 2° + 32* — 22 + 2 +1,
then utilizing the Lemma 3 and Theorem 2, we get the following corollary.

Corollary 6. Let k is a positive integer. Then, the polynomial
Ulz) = 27" 4 6551 9 542 | o 45F 43 L g 5F 46 L T

is a permutation over Fsa. if and only if k is an even integer such that k # 0

(mod 6).

Proof. The polynomial L(x) = (22 +x+1)(2°+32*—22+2+1) € Fs2x, and the
polynomial U(z) can be expressed as z7L(z% ~1). Let k is an even integer such
that k Z 0 (mod 6). This gives ged(5¥+1,3) = 1 and ged(5¥ —1,7) = 1. Utilizing
Lemma 3, the polynomial U(x) permutes sk, ¢ if and only if V(z) = :c5l(a;5k_1)
permutes fisr 1. According to Theorem 2, V(x) = x5l(:c5k_1) permutes figr 1.

For the converse part, let U(x) is a permutation over Fzor and k is an odd
integer then 3 | (5% + 1) and w is the primitive cube roots of unity. It can be
observed that V(w) = V(w?) = 0. This gives that V() does not permute jisx. ;.
If £ = 0 (mod 6), then we deduce that V(x) is not a permutation over gz
using Lemma 1. Therefore, U(x) is not a permutation over Fsar, which is a
contradiction to the hypothesis. «

By putting the values t = —1,0,1 and s = 3 in the Theorem 2, we get the
following corollaries.

Corollary 7. Let k be a positive integer, then

. a.rk__ rk__ k _rk _o.rk . .
1) the polynomial 235 —2 — 225" ~1 — 25" 432752 4 272543 s o permutation
over Fyok.

+1 =k
EEpE.LES B

2) the polynomial 2" 23542 4 35" 4 4 25 s a permutation over

F52k.

. £k £k k+1 £k £k
3) the polynomml LU75 +2 —$65 +3 _ $5 +4 +3x35 +6 +LU25 +7

tation if and only if k is odd.

1S a permu-

Consider p =5,i =2, j = 1,t =0,s = 3 and l(z) = 2° — 2* — 23 + 32 + 1,
then utilizing the Lemma 3 and Theorem 2, we get the following corollary.

Corollary 8. Let k is a positive integer. Then, the polynomial
U(z) = x7~5k . x5k+1+2 . 2$4-5k+3 + 2$3~5’“+4 . x2'5k+5 _ x5k+6 + 337,

is a permutation over Fsa. if and only if k is an even integer such that k # 0

(mod 6).
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Proof. The polynomial L(z) = (2% +x+1)(z°—2*—23+32+1) € Fs2x, and the
polynomial U(z) can be expressed as z7L(z% ~1). Let k is an even integer such
that k Z 0 (mod 6). This gives ged(5¥+1,3) = 1 and ged(5¥—1,7) = 1. Utilizing
Lemma 3, the polynomial U(x) permutes s, if and only if V(z) = x5l(a:5k_1)
permutes fisr 1. According to Theorem 2, V(x) = x5l(3:5k_1) permutes figk 1.

Conversely, let U(x) is a permutation over Fs2r and k is an odd integer, then
3| (5% + 1) and w is the primitive cube roots of unity. It can be observed
that V(w) = V(w?) = 0. This gives that V(z) does not permute iz . If k =0
(mod 6), then we deduce that V(x) is not a permutation over jisr | using Lemma
1. Therefore, U(z) is not a permutation over Fs2x which contradicts the fact that
U(x) is a permutation over Fsar. <«

Theorem 3. Let ¢ = 5*, where k is a positive even integer and t is an integer
such that t > —1. Then, the polynomial

us(z) = p(5+20)55 42t 1 g oo (4420)- 5542041 4 o (s420)-58 42643 | o (1420) 55 +20+4 | (20)-55 42145

is a permutation over Fsor if and only if ged(4t +5,5% — 1) = 1.

Proof. The polynomial

us(z) = x(5+2t)-5’“+2t + 48w(4+2t)-5k+2t+1 + 2x(s+2t)-5k+2t+3+

14-2t)-5%+2t+4 2t)-5F +2t4-5
+5z(1+20) + z(2) ,

can be expressed as us(x) = z¥5(2971), where I(x) = 2% (2° + 4sa* + 22° +
sx 4+ 1). According to Remark 3, I(x) has no roots in psr, ;. Using Lemma 1,
the polynomial ug(z) = 24 *51(x971) is a permutation over Fyz if and only if
ged(4t + 5,58 — 1) = 1 and the polynomial vs(z) = 24¥5](2)9~1 permutes pgx_4.
Let x € pskyq, we have

05() = 2445 ()1
— M (2 (0 4 dsat 4 20 4 sz 4 1))4!
_ A5 (z? (25 4 dsz* + 22° + sz + 1)1
22 (25 + 4szt + 225 + sz + 1)
_ A5 (2289 (259 + 45249 + 2059 + sz + 1))
$2t(x5 + 4sxt 4 225 4 sz + 1)
_ s (@@ dset 4 2070 4 sam 4 1)
22t (25 + 4sxt 4 22° + sz + 1)
2° 4 sat + 22575 4+ dsw + 1
T aS sty 25 fsr 1
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5 4 3
x° 4+ 22 +22° + 3z + 1
Put s =2 i btai = .
ut s in v3(z), we obtain vg(x)5 $5t3$4452932+293+1
2 2 3 1
We have to prove that v3(z) = iS 1 3; 1 2; 1 Zi 1 1 permutes fizx 1. Let

T,y € pskyq such that
v3(x) = v3(y)
422t + 223 430 +1 P+t + 23+ 3y +1
25432t 222 + 20+ 1 S+ 3yt + 2242y + 17
Here, we use algebraic curve method to prove that if v3(z) = v3(y), then z = y.
Consider the curve

Alz,y) = (2® + 208 + 223 + 32+ 1)(° + 3y* + 202 + 2y + 1)
— (2 + 3zt 2t 420+ 1)(0 + 2t + 23 + 3y + 1).

Utilizing Lemma 2, the polynomial vi(x) permutes psk, 4 if and only if the curve
A(z,y) does not have any points (z,y) € M?kﬂ off the line z = y.
The factorization of the curve A(z,y) using the MAGMA [6], we get

Alz,y) = (x —y)(y + )y + ') (@ + ®)(z + o'%) B(x, y)C(x, y),

where
B(z,y) = zy +4y + 1,
C(r,y) =zy + 4z + 1,
and « satisfies 22 + 2x + 3 € Fs[z]. Since x = —a®, —a!® and y = —a8, —a!®

this implies that z?*? # 1 and y9*! # 1. This gives us z,y & pgr,,. We
are left with the factors B(z,y) = 2y + 4y + 1 and C(z,y) = vy + 4z + 1. The
resultant(B(z, y), zyB(1, i), y) = %2 and the resultant(C(z, y), zyC (1, %), y) =
z+a® Butx =0,-a® ¢ sk 1, therefore there is no point (x,y) € ugkﬂ
that satisfies (B(x,y),xyB(%,i);y) = 0. Similar justification holds for the
(C(a:,y),xyC(%, i);y). Therefore, we get x = y.

For s = 3, we denote v3(x) by v(z), we get

(2) 254+ 3z + 222 + 20 + 1 1

v(z) = = .
254204 + 223 + 3+ 1 w3(x)

Here, v(z) permutes piseq since v3(x) permutes jigr, ;. <

By putting the values ¢t = —1,0 and s = 2 in the Theorem 3, we get the
following corollaries.



144 P. Agarwal, S. Gupta, M. Singh, S. Vinayak, R. Efendiev, S. Jain

Corollary 9. Let k be an even positive integer, then

1) the polynomial 2352 4 325 1 4 00 4 952 4 25848 4 permutation
over Fgar.

2) the polynomial 2P 4 3L 925548 4 005 4 4 05 i g permutation
over Fyax.

Considering p =5,i =2, j = 1,t = 0 and I(z) = 2° + 32* + 222 + 22+ 1 and
utilizing the Lemma 3 and Theorem 3, we get the following corollary.

Corollary 10. Let k is an even positive integer. Then, the polynomial

rk =k k+1 rk k
Ulz) = 275 — g85+1 _ 57142 _ ;35544 95546 | o7

is a permutation over Fsar if and only if k # 0 (mod 6).

Proof. The polynomial L(z) = (2% + x + 1)(2° + 32 + 222 + 22 + 1) € Fyas,
and the polynomial U(z) can be expressed as z7L(z%" ~1). Let k % 0 (mod 6)
and it is given that k is an even integer. Therefore, ged(5* 4+ 1,3) = 1 and
ged(5F — 1,7) = 1. Utilizing Lemma 3, the polynomial U(z) permutes s,
if and only if V(z) = x5l(x5k_1) permutes sk, 1. According to Theorem 3,
V(z) = x5l(:1c5k_1) permutes figk 1.

Conversely, let U(x) is a permutation over Frax. If £ = 0 (mod 6), then we
deduce that V(z) is not a permutation over psx,, using Lemma 1. Therefore,
U(z) is not a permutation over Fzox which contradicts the hypothesis. «

By putting the values ¢t = —1,0 and s = 3 in the Theorem 3, we get the
following corollaries.

Corollary 11. Let k be an even positive integer, then

1) the polynomial 23572 4 925 -1 4 945" | 0=5"42 4 3,-25"43 4o ¢ permu-
tation over Frak.

2) the polynomial 2P op BT 9352 4 355+ | 05 s g permutation
over Fgar .

Consider p =5,i =2, j = 1,t = 0 and I(z) = 2° + 22* + 223 + 32 + 1, then
utilizing the Lemma 3 and Theorem 3, we get the following corollary.

Corollary 12. Let k is an even positive integer. Then, the polynomial

U(z) = 275 — o8 +1 _ g455 43 _ ;25545 5546 4 o7

is a permutation over Fsor if and only if k # 0 (mod 6).
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Proof. The polynomial L(z) = (2% + x + 1)(z® + 22 + 223 + 32 + 1) € Fyax,
and the polynomial U(z) can be expressed as 7L(z5" ~1). Let k % 0 (mod 6)
and it is given that k is an even integer. Therefore, ged(5* 4+ 1,3) = 1 and
ged(5F — 1,7) = 1. Utilizing Lemma 3, the polynomial U(z) permutes sk 11
if and only if V(z) = 2%(25" 1) permutes psk 1. According to Theorem 3,
V(z) = 251(2° 1) permutes [k g1

Conversely, let U(x) is a permutation over Fror. If £ = 0 (mod 6), then we
deduce that V(z) is not a permutation over psx,; using Lemma 1. Therefore,
U(z) is not a permutation over Fgor which contradicts the fact that U(x) is a
permutation over Frar. «

4. Conclusion

In this paper, we constructed permutation pentanomials of the form
x4t+5l(az5k_1) over Fsor, where I(z) = 22 (2° + c12* + cox® + c3x + 1), for ¢; € F,
i =1,2,3; s € {2,3}. This work advances the study of permutation polyno-
mials over finite fields by introducing and analyzing new classes of permutation
pentanomials over Fxox. It establishes specific conditions under which these pen-
tanomials act as permutations of field elements. The results extend previous
research on permutation trinomials and quadrinomials to higher-degree forms,
thereby broadening the understanding of polynomial mappings over finite fields.
Despite its novel contributions, the study does not investigate the cryptographic
strength or resistance of the obtained polynomials against the algebraic or differ-
ential attacks, which would require a separate line of analysis.

However, the present work can be extended by exploring permutation pen-
tanomials over finite fields of other characteristics and higher extensions. Future
studies may also generalize the proposed construction techniques to higher de-
gree sparse polynomials such as hexanomials and septanomials. Additionally,
the cryptographic properties of the obtained pentanomials such as nonlinearity,
differential uniformity and implementation efficiency can be analyzed to assess
their suitability for practical applications in cryptography and coding theory.
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